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Abstract

The risk-sharing role of redundant assets is not yet fully understood in constrained asset
markets. For example, the well-known notions of arbitrage may fail to explain the viabil-
ity property of asset prices when redundant assets are involved in generating a nontrivial
linear structure of free portfolios in equilibrium in constrained asset markets. This paper
establishes the existence of equilibrium in two-period asset markets which are subject to
portfolio constraints. First, we provide a full analysis of complicated equilibrium behavior
of constrained portfolios with redundant assets by adopting a new notion of arbitrage. To
do this, a technique of portfolio decomposition is developed to identify the linear struc-
ture of free portfolios embedded in the aggregate set of constrained portfolios. Second, we
present a new condition on the aggregate set of portfolios which is indispensable for the
existence of equilibrium in constrained asset markets. The literature assumes that the indi-
vidual portfolio constraint set or the individual marketed set of income transfers is closed
to study the presence of optimal portfolios or viability of asset prices in a partial equilib-
rium framework. As illustrated later, however, this condition alone fails to be sufficient
for the existence of equilibrium. Consequently, we resolve the equilibrium existence issue
with two-period constrained asset markets.

KEYWORDS: equilibrium, portfolio constraints, redundant assets, incomplete markets, ar-
bitrage, viability.
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I. Introduction

Financial derivatives such as call and put options, stock index futures, forward contracts do
not create a new opportunity of risk sharing in frictionless markets because their payoffs can be
freely replicated by portfolios of available assets. Redundant assets can be priced in frictionless
markets by the law of one price.! Thus, there will be no room for financial derivatives in the
literature of general equilibrium with incomplete markets as far as they are redundant.? In the
real world, however, financial derivatives are introduced through costly financial innovation.
The empirical literature also documents that they are frequently mispriced.® This implies that
the law of one price may fail and redundant assets can contribute to risk sharing in the real
world. Thus, empirical evidences lead to tension between risk sharing rationale for redundant
assets and asset pricing theory built upon the law of one price.

Redundant assets may contribute to income spanning under portfolio constraints. Their
risk-sharing role, however, is not yet fully understood in constrained asset markets. For ex-
ample, the well-known notions of arbitrage may fail to explain the viability property of asset
prices when redundant assets are involved in generating a nontrivial linear structure of free
portfolios in equilibrium in constrained asset markets.*

The purpose of this paper is to establish the existence of equilibrium in two-period asset
markets which are subject to portfolio constraints. The main consequences of the paper are
differentiated from the literature in several respects. First, we provide a full analysis of com-
plicated equilibrium behavior of constrained portfolios with redundant assets by adopting a
notion of ‘projective arbitrage.” To do this, a technique of portfolio decomposition is developed
to identify the linear structure of free portfolios embedded in the aggregate set of constrained
portfolios.” To our knowledge, this result is new to the literature. The linear structure of free
portfolios leads to an unbounded multiplicity of portfolio choices in asset market equilibrium.
The multiplicity of optimal portfolio choices is of hybrid type. It is nominal in the sense that
unbounded free portfolios do not affect the choices of optimal consumption but can be real in

the sense that they matter to risk sharing in general. Moreover, the linear structure of free port-

!Formally speaking, an asset is redundant if its return vector is linearly dependent on the return vectors of other
assets.

2See Cass (1984), Werner (1985), Geanakoplos and Polemarchakis (1987), Gottardi and Hens (1996) among others.

*Mispricing refers to the violation of the law of one price. Examples of mispricing are stock index futures (Canina
and Figlewski (1995)), primes and scores (Jarrow and O'Hara (1989)), closed-end funds (Pontiff (1996)).

* Asset prices are viable if they allow agents to find optimal portfolios. See Harrison and Kreps (1979).

>Constrained portfolios are a portfolio which satisfies the portfolio constraints.



folios implies that the law of one price can limitedly hold in constrained asset markets. Thus,
the ‘constrained law of one price” partially mitigates tension between risk sharing rationale and
asset pricing theory for redundant assets and provides a yardstick for judging the properness
of a notion of arbitrage as a conceptual framework of equilibrium analysis. As shown later, pro-
jective arbitrage belongs to the proper class of arbitrages but well-known notions of arbitrage
do not.

To be more specific about the constrained law of one price, we consider an asset A and
a portfolio B which replicates the contingent payoffs of the asset A. A trading strategy of
taking long position with the asset A and short position with the portfolio B constitutes the
null-income portfolio C.® By the law of one price, the value of the asset A equals the value
of the portfolio B and therefore, the null-income portfolio C' has null value in equilibrium of
frictionless markets. Thus, the portfolio C is totally useless in unconstrained markets. This is
not the case with constrained asset markets. When the law of one price fails due to portfolio
constraints, the risk sharing role of the null-income portfolio C' is obvious because the portfo-
lio constraints are binding at the optimal choice of portfolios. A subtle case occurs when the
portfolio C' belongs to the linear structure of free portfolios. In this case, it will have null-value
in equilibrium whether the portfolio constraints are binding or not at the individual choice
of optimal portfolios and thus, the asset A can be priced by the constrained law of one price.
To capture asset pricing implications of null-income portfolios in constrained asset markets,
we need to identify a special type of null-income portfolios called a bridge portfolio. Bridge
portfolios are a null-income portfolio in the linear subspace which is spanned by the set of ag-
gregate constrained null-income portfolios.” As shown later, bridge portfolios always have null
value in equilibrium independently of the allocation of the initial endowments of goods for all
agents. Consequently, bridge portfolios constitute the linear structure of free portfolios in the
aggregate set of constrained portfolios. The other types of constrained null-income portfolios,
however, need not have null value in equilibrium.

To articulate the risk sharing role of redundant assets, the whole space of portfolio choices is
decomposed into the linear subspace of bridge portfolios and its orthogonal complement. The
projection of a constrained portfolio onto the orthogonal complement is called the value port-

folio. The value portfolio generates the same income transfers as the pre-projection portfolio

®Null-income portfolios are ones which pay nothing in future contingencies. Mathematically speaking, they are
in the kernel of the return matrix. For a m x n matrix R, {v € R" : R- v = 0} is the kernel of R.
’Constrained null-income portfolios are a null-income portfolio which satisfies the portfolio constraints.



but need not be feasible. Bridge portfolios have the peculiar property that they are of null value
but may be indispensable for risk sharing because they can complement the value portfolios
to meet feasibility in constrained markets. Thus, a proper class of notions of arbitrage must be
able to capture the asset pricing implications of bridge portfolios.

Second, we present a new condition that the aggregate set of feasible portfolios which yield
nonnegative income in each future contingency for all agents be closed in constrained asset
markets. This condition differentiates the current work from the literature which studies con-
strained asset markets in a partial equilibrium framework. For example, Cvitanic and Karatzas
(1992, 1993), Luttmer (1995), Jouini and Kallal (1999) among others assume that the individual
portfolio constraint set or the individual marketed set of income transfers is closed to study the
presence of optimal portfolios or viability of asset prices in constrained asset markets. As illus-
trated later, however, the closedness condition on the individual choice set alone is no longer
sufficient for the existence of equilibrium in constrained asset markets with redundant assets.
Thus, the conditions required for viability of asset prices may not be sufficient for the exis-
tence of equilibrium. The divergence between viability and equilibrium conditions can arise
in the presence of nonzero bridge portfolios which are actively involved in risk sharing. A
proper understanding of the relationship between the risk-sharing capability and valuation of
constrained null-income portfolios will play a key role in resolving the equilibrium existence
problem with bridge portfolios. As later shown, a full exposition of the properties of bridge
portfolios relies on sophisticated convex analysis on the portfolio constraint sets.

Instead of imposing the closednesss condition on the aggregate set of feasible portfolios, one
might be tempted to replace it by the requirement that the aggregate set of marketed income
transfers be closed. It is shown later, however, that the latter may not be a right substitute for
the former in ensuring the existence of equilibrium in constrained asset markets with nontrivial
bridge portfolios. This means that the closedness condition on both individual and aggregate
marketed income sets may fail as equilibrium conditions. Thus, the reduced-form analysis on
the marketed income sets which is quite popular in the literature of asset pricing may not be
appropriate in characterizing equilibrium asset prices in constrained asset markets with many
agents.

Cass, Siconolfi and Villanacci (2001) notice the difficulty with redundant assets in con-

strained markets as following.



“In this context, Assumption 1 is not at all innocuous.! When their portfolio holdings are

constrained, households may very well benefit from the opportunities afforded by the avail-

ability of additional bonds whose yields are not linearly independent.”
Real complications with redundant assets arise in the case with nonlinear portfolio constraints
which allow bridge portfolios to serve risk s.haring.9 Balasko, Cass, and Siconolfi (1990), and
Benveniste and Ketterer (1992) study economies with linear constraints where individual port-
folios are required to satisfy a systems of linear homogeneous equations. In this case, it is quite
straightforward to identify bridge portfolios because they are determined by the return ma-
trix and the linear constraints. In the case with nonlinear convex constraints, however, bridge
portfolios may not be directly identified from individual constraint sets alone because of their
nonlinearity. The tricky job to extract the linear structure of bridge portfolios from the non-
linear system of individual portfolio constraints is done through a sophisticated process of
portfolio decomposition. Another tough problem arises from the fact that bridge portfolios are
free in equilibrium but may matter to risk sharing. Since bridge portfolios are free in equilib-
rium, agents are allowed to hold long or short a sufficiently large of bridge portfolios. But the
problem is we do not know a priori how much agents need them to meet feasibility in equi-
librium. This fact poses a big trouble to the application of fixed point theorems for verifying
the existence of equilibrium because the set of bridge portfolios may be unbounded in equilib-
rium. These difficulties seem to be a main reason that the existence issue of equilibrium with
nonlinearly constrained markets has not yet been resolved.?

We briefly review the literature on the existence of equilibrium in constrained asset mar-
kets. The existence issue of this paper was initially addressed by Siconolfi (1986), which has
led to important researches like the indeterminacy problem with portfolio constraints of Cass,
Siconolfi and Villanacci (2001). As in this paper, Siconolfi (1986) assumes that asset markets
are subject to convex portfolio constraints. Siconolif (1986), however, imposes a severe restric-
tion on the risk-sharing role of redundant assets by prohibiting agents from possessing large
constrained null-income portfolios.!! Specifically, Siconolfi (1986) does not cover the case with
nonzero bridge portfolios. Balasko, Cass and Siconolfi (1990), and Benveniste and Ketterer

(1992) assume that portfolio constraints are represented by linear homogeneous equations. In

8 Assumption 1 of Cass, Siconolfi and Villanacci (2001) is a condition which assumes away redundant assets.

“Won, D. and G. Hahn (2003) provide interesting examples about the risk sharing role of constrained null-income
portfolios.

0 As reviewed below, the literature with nonlinear portfolio constraints assumes that nonzero bridge portfolios
do not exist.

!Siconolif (1986) assumes that if A@; for each A > 0 is a constrained null-income portfolio for agent i, then ; = 0.
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particular, Balasko, Cass and Siconolfi (1990) develop an ingenious technique to handle the
unboundedness problem with bridge portfolios in the case with linear portfolio constraints.
But their approach is no longer applicable to the case with nonlinear portfolio constraints. An-
geloni and Cornet (2006) provide a general existence theorem of equilibrium for multi-period
stochastic exchange economies which allows to cover financial markets with nominal as well
as real assets. But, they are not concerned about the case where bridge portfolios contribute to
risk sharing.

Constrained asset markets are also differentiated from unconstrained ones in terms of sur-
vival conditions. It is well-known that equilibrium exists in unconstrained asset markets un-
der the strong survival condition that agents’” initial endowments of goods are in the interior
of the consumption set. A great benchmark with survival conditions is Gottardi and Hens
(1996) which provide an extensive study of the survival problem with unconstrained incom-
plete markets. As shown later, however, the strong survival condition with goods markets
alone is not enough to make sure the existence of equilibrium in constrained asset markets.
Thus, the approach of Gottardi and Hens (1996) is not valid here because they start with the
existence theorem for the unconstrained incomplete markets which satisfies the strong survival
condition with goods markets.'?

The rest of this paper is organized as follows. The constrained asset markets under study are
described in Section II. The consequences of portfolio decomposition are provided in Section
II. In Section IV, the notion of projective arbitrage is presented and its comparative advantage
over well-known notions of arbitrage are discussed in terms of the viability property of asset
prices. Section V is devoted to proving the existence of equilibrium. To do this, we provide
the survival condition with asset markets and characterize the boundary behavior of aggregate

demand correspondences. Concluding remarks are made in the last section.

II. The Economy

2They construct a sequence of economies by perturbing the original endowments of goods in a way that the
perturbations belong to the interior of the consumption set. The limit of a sequence of equilibria for the perturbed
economies becomes a quasi-equilibrium of the economy. It becomes equilibrium of the economy under the cheaper
point or irreducibility conditions. As illustrated later, however, equilibrium may not exist under portfolio con-
straints although the endowments of goods are in the interior of the consumption set for all agents. Thus, the
approach of Gottardi and Hens (1996) is not useful for constrained asset markets.



An economy is assumed to persist over two periods. Uncertainty is described by the finite set of
events S = {1,...,S} and resolved in the second period.!®>Assets are traded in the first period
(denoted by 0) and consumptions are allowed only in the second period (denoted by 1).14 As-
sets pay in monetary units in the second period.!® The monetary returns are contingent upon
the event s € S. A set of L consumption goods are available ineach s € S. Let I = {1,2,...,1}
denote the set of agents, J = {1,2,...,J} the set of financial assets, and L = {1,2,..., L} the
set of consumption goods. Each agent i € I has the consumption set X; := R, an initial en-
dowment of goods e; € X;, and the preferences represented by a utility function u; : X; — R.
For a collection of points {y(1),...,y(S)} in RF, we set y = (y(1),...,y(S)). Utility functions

are assumed to satisfy the following properties.

Assumption 2.1: The following hold true.

(¢) Each u; is continuous, strictly increasing, and quasiconcave.16

(i1) ei(s) > 0foreachiand s € S,and >, ; e; > 0.17

The first condition of Assumption 2.1 is quite standard. The second condition is a survival
condition with goods markets which state that each agent has a positive endowment of at least
one good in each state and the aggregate endowments of every good are positive. Asillustrated
later, survival conditions with goods markets are not sufficient for the existence of equilibrium.
A survival condition with asset markets will be introduced to make up for the insufficiency
of (i7) of Assumption 2.1. There has to be a trade-off between the strictness of a ‘good” pair of
survival conditions with goods and asset markets in that if one condition gets tougher, the other
condition must be weakened to make sure the existence of equilibrium. It will be illustrated
that such trade-off occurs to the pair of survival conditions chosen here.

Each asset j € J pays r,; at state s. The vector of asset returns in state s is given by a J-

dimensional row vector r(s) = (rs;)jes and the return of asset j by a S-dimensional column

BWe use the same symbol to denote a set and also its last element: no confusion should arise.

1 As discussed later, the model covers the case where consumption arises in both period.

15 Alternatively we can assume that assets pay units of the numeraire good because nominal assets can be con-
verted into real assets and vice versa. For details, see Magill and Shafer (1991).

!6The function w; is strictly increasing if for any z, 2" in X; with z — 2’ € R* and = # 2/, u;(z) > u;(2').

7Let v and v’ be vectors in an Euclidean space. Then v > v’ implies that v — v" € R%; v > v’ implies that v > v’
and v # v'; v > o' implies that v — v € RY%.



vector 1; = (rs;)ses. The asset payoffs are described by an S x J matrix R = [(r(s))ses]. Here
either S > J or S < J holds. This means that it does not matter whether financial markets are
potentially complete or not. Market incompleteness is rather represented by the opportunity
set ©; of portfolios inR’. Let © = 3., ©;.

For a given pair (p, q) € RLY x RY, each agent i € I chooses (z},07) € X; x ©; to solve the

optimization problem:

ma. U\ s
(2.60) i(@i)

subject to
q-6; <0,
p(s) - (zi(s) —eis)) < r(s)-0;, Vs €S,
0; € ©;, ; € X;

For simplicity, we use the following notation.

p(1) - (zi(1) — ei(1))

p(S) - (i(S) — ei(S))

The budget constraints and demand correspondence for agent 7 are set as

Bi(p,q) = (z4,0;) € X; x ©; : 0 <Wi(q)-0; ¢,
po(x; —e)

&i(pq) = {(:L‘i,ﬁi) € X; x0;:(x;,0;) € argmax uz(x)}
(z,0)€B;(p,q)

Let € = ((Xj, O, u4, €;)icr, R) denote the economy described above. Competitive equilibrium

of the economy € is defined as follows.

Definition 2.2: A pair (p, ¢, z,0) € RYS x R x ([[,c; Xi) x (I];c; ©:) is a competitive equilib-

rium if
(1) (x4,6;) € &(p,q) foreveryi e I,
(2) > icr(xi —e)) =0,

(3) Sier i = 0.



Let V denote the subspace spanned by the row vectors of the return matrix R and V- be its
kernel, i.e, V+ = {# € R/ : R-6 = 0}. Redundant assets exist if and only if V+ # {0}.
In particular, some assets are redundant if the rank of the return matrix R is less than the
minimum of J and S. Portfolios in V1 are called null-income portfolios, which generate null-
income transfer in each state of the second period. In particular, portfolios in ©; NV~ are called
constrained null-income portfolios for agent i. We make the following assumption for each

1€ 1.

Assumption 2.2 : The set ©; is a closed, convex set in R’ with 0 € ©;.

As illustrated in Luttmer (1996), Assumption 2.2 covers market frictions such as short-selling
constraints, bid-ask spreads, and proportional transaction costs. This condition is assumed
in the literature which studies asset pricing in constrained asset markets.!® As shown below,
however, the condition alone is not sufficient for the existence of equilibrium.

Let w; be a vector in R¥. For each i € I, we set ®;(w;) = 0, N{# € R/ : R-0 4+ w; > 0}.
This set contains portfolios in ©; which generate state-contingent incomes at least as much
as —w; for agent i € I. We set ®; = ®;(0) for each ¢ € I. For each i, we define the set
(R); = {u; € RS : y; = R-0; for some 0; € O;}. Instead of Assumption 2.2, one may consider the
condition that the marketed set (R); of income transfers be closed. This condition is assumed in
the literature which conducts the reduced-form analysis to examine the relationship between
viable and arbitrage-free prices. As shown below, however, the closedness condition on (R);’s
is not sufficient for equilibrium to exist either. This is why viability is not enough to ensure
the existence of equilibrium in constrained asset markets with many agents. Consequently,
the presence of optimal portfolios for individual investors may not guarantee the existence
of equilibrium in constrained asset markets. The following condition will make up for the

deficiency of Assumption 2.2.

Assumption 2.3: Forallw; € RS, Y., ®;(w;) is closed in R”.

Assumption 2.3 requires that the aggregate set of feasible portfolios which generate state-

8See Luttmer (1996) and Cvitanic and Karatzas (1992, 1993) among others. The closedness condition on the
individual portfolio constraint set is indispensable for the existence of optimal portfolios in the budget set.



contingent incomes greater than or equal to —w; for each i € I be closed in R’. To our
knowledge, this is a new condition in the literature. Assumption 2.3 turns out to be a mini-
mal requirement for investigating the existence of equilibrium and capturing the asset pricing
implications of bridge portfolios. As shown below, the popular condition of the finance litera-
ture that the individual set of marketed incomes (R); be closed in R® alone may not be sufficient
for the existence of equilibrium when the economy does not satisfy Assumption 2.3. Moreover,
the additional requirement that the aggregate set >_,_;(R); be closed in R® fails to cure the
problem. Thus, the reduced-form approach of the literature may not be valid for conducting
equilibrium analysis in constrained asset markets. Assumption 2.3 trivially holds when either
rank(R) = J or ©; = R’ for all i € I. As shown later in Example 3.2, Assumption 2.3 finds an
interesting application in Balasko, Cass and Siconolfi (1990) where each ©; is a linear subspace
of R7. A class of portfolio constraints which satisfy Assumption 2.3 are discussed in the end of

the current section.

Example 2.1 : We illustrate that an economy may have no equilibrium only because of the
failure of Assumption 2.3 to hold. An interesting point is that the closedness condition on
(R)i’s fails to ensure the existence of equilibrium. We consider an economy where L = 1,
S =3,1 =2,and J = 3. The single good is also used as a numeraire. We assume that the

payoff matrix R is given by the 3 x 3 matrix'’

0 00
R=10 10
010

Then V= is the subspace of R? spanned by the vectors (1,0, 0) and (0,0, 1).

Both agents have the same endowment of goods and distinct preferences.

ui(z) = x(1) + 0.52(2) + 0.52(3), e1 = (1,1,1),
(1) + x(2) + z(3), es = (1,1,1).

uz(x)

The choice of null-return assets in R is a matter of convenience. If R is postmultiplied by a nonsingular matrix

1 0 O 0 0 O
[ 2 1 3 } , then it is transformedinto [ 2 1 3 |, which exhibits linear dependence between nonzero return
0 0 1 2 1 3

vectors. The same arguments as made below will apply to the economy with the transformed return matrix.



We assume that, for each i =1, 2,

0 = {(a,b,e)eR3:a>—-2,b>1/(a+3)—1—c},
0, = {(a,b,c)eR?:a<2, b>—1, c>—1}.

Notice that e; is in the interior of X; = Ri and O; contains 0 in the interior for each i = 1, 2.

Thus, the economy satisfies the strong survival condition. It is straightforward to see that

(R = {(a,b,¢) eR®:b=2¢},

(R)y = {(a,b,é)eR®:b=candé> —1}.

and therefore, (R); is closed for each i = 1,2. Moreover, the aggregate marketed income set
(R)1 + (R)2 is also closed.
Since {# € R3: R-0 >0} = {(a,b,c) € R®: b > 0}, we see that forall i = 1,2,

o = {(a,b0)€R*:a>-2,b>0,b>1/(a+3)—1—c},
dy = {(a,b,c)eR?:a<2,b>0, c>—1}.

Clearly, ®; and ®; are closed.

We claim that ®; + ®, is not closed in R*. To show this, we choose vectors 67 = (n,1 —
1/n+1/(n+3),—-2+1/n) and 63 = (—n,0,—1) in R? for each n. Clearly, we have 07 € ®; for
eachnandi =1,2. Weset 0" =67 + 605 = (0,1 —1/n+1/(n+ 3),—3 + 1/n) for each n. Then
6" converges to § = (0,1, —3). Since 6" € ®; for each n and ¢ = 1,2, we have §" € ®; + ®, for
each n. We have 0 ¢ ®; + ®,.2° Thus, ®; + ®, is not closed.

Now we show that the economy has no equilibrium. We set @, (a, b, ¢) = b+2 and 4z (a, b, c) =
2b + 3. For a price ¢ = (q1, 2, q3), we define the set A;(q) = {(a,b,c) € R3 : q1a + q2b + gsc <
0, (a,b,c) € ©;} for each i = 1,2. The function 1, is a reduced-form utility function defined
over feasible portfolios and A;(¢) is the budget set for agent i at the price ¢q. Then the utility
maximization problem for agent i = 1,2 is reduced to the following relations.

(i) 110
Suppose that there exists an equilibrium {(¢1, 2, ¢3), (a1,b1,¢1), (a2, b2, c2)}. We must have

@1 = 0. Otherwise, agent 1 or 2 could profit from taking an indefinite size of either short or

20Suppose that 6 € ®; + ®,. Then there exists (ai, b;, ¢;) € ®; foreach i = 1,2 such thata; + a2 =0,b1 + b2 =1,
ci+c2=-3,¢1 >1/(az+3)—1—biand ¢z > —1. Sincea; > —2and 0 < b1 < 1,wehavecs > 1/(a2+3)—1—b1 >
—2. On the other hand, ¢1 + c2 = =3 and c2 > —1 imply ¢ < —2, which is impossible.

10



long position with asset 1. We set g2 = 1 by normalizing asset prices. We claim that g3 # 0.
Otherwise, it follows from the budget constraint of agent 1 that b; = —g3c; = 0. Recalling that
(a1,b1,¢1) € ©1, we have ¢; > 1/(a; + 3) —1 > —1. By the market clearing condition on asset
3, this implies that c2 = —c¢; < —1, which contradicts the fact that c; > —1 in Os.

By substituting b; = —gsc; into 4; for each i = 1,2, we obtain
t(a1,b1,¢1) = 2—cigs,
tz(ag, ba,c2) = 3 — 2c2qs.
Since ca > —1, we must have g3 > 0 and c; = —1 for utility maximization of agent 2. Then it

follows from the market clearing condition on asset 3 that ¢; = 1. This result is contradictory
because 4 (a1, b1,¢1) =2—¢3 < 41(0,0,0) = 2and (0,0,0) € A;(q). Thus, no equilibrium exists

for the economy. O

We introduce more notation for subsequent analysis. Let A be a nonempty convex subset in R™

for some positive integer m. We denote the closure of A by c¢/(A), the interior of A by int(A),

and the boundary of A with respect to the relative topology by 0A. The relative interior of A4,

denoted by 7i(A), is the interior of A in the smallest affine subspace of R™ which contains A.
The asymptotic cone of A is the set

K(A) = {v € R™:F{z"}in Aand {a"} in R with a" — 0 such that v = lim a"x”} .

n—oo

It is well-known that K(A) is closed, and K(A) = K(cl(A)) = K(ri(A)). Moreover, when A is
closed, X(A) coincides with the recession cone of A defined by the set {v € R™ : A+ v C A}.2
Thus, v € K(A) is a direction of recession of A when A is closed. If C is not closed, its recession
need not be closed. In this case, K(A) may differ from the recession cone of A. Clearly, X(A) C
A whenever 0 € A and A is closed. For a convex set in R™ with 0 € A, let £L(A) denote the
set {v € R™ : v € A forall A € R}. Clearly, £(A) is not empty and a linear subspace of
R™. Notice that £(A) is the maximal subspace contained in A. When A is closed, £(A) is the
lineality space of X(A).%

We set C; = X(©;) and G; = X(®;) for each i € I. By Corollary 8.3.3 of Rockafellar
(1970), we have G; = C; N {0 € R/:R-0> 0}. A pointin C; N V1 is a constrained null-income

*'When A is obviously closed and convex, we rather prefer to call X(A) the recession cone of A. Rockafellar
(1970) is a great reference to the properties of recession cone.
22Gee Rockafellar (1970).
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portfolio that constitutes a direction of recession of ©;. Let N denote the set £ [, (C; N V+)].
If N # {0}, there exists a set of nonzero portfolios in C; N V= that jointly span N. Let M
denote the orthogonal complement of N in VL. For each i € I, let ©; and C; denote the
projections of ©; and C; onto V + M, respectively. Notice that ©; and C; need not be closed.
Similarly, let ®; and G; denote the projections of ®; and G; onto V + M, respectively. It is clear
that &, = 6, N{# € R’ : R-0 > 0}and G; = C;N{A € R/ : R-6 > 0}. Recalling that
Vic {0 eR/:R-0>0},itisobvious that &, NV+ =0, NV, G;NVE =C; NV forall
i€land L[>, (GiNnVH)] =N.

For each i € I, let w; be a point in R® with ®;(w;) # 0. Since {# € R’ : R- 0 + w; > 0} is the
translation of the cone {# € R’ : R-0 > 0} by —w;, wehave X [{# € R’ : R- 0 +w; > 0}] = {6 €
R/:R-6> 0}. By Corollary 8.3.3 of Rockafellar (1970), G; is the recession cone of ®;(w;), i.e.,
Gi = K [®;(w;)]. Weset N(w) = L ¥,/ (K(P®s(w;)) N VE)] and let M (w) denote the orthogonal

complement of N (w) in V. It follows that

N(w) =L ) (K(®i(w)) NV = N.

i€l

=LY (GinVH

el

These results are summarized as following.

Lemma 2.1: Suppose that ®;(w;) # 0 for a point w; € R®. Then the following hold for each
(AN

(i) Gi=K[®i(w)]=C;Nn{0eR’:R-0>0}and G; =Cin{#eR’:R-0>0}.
(i) &;NVE=0,nVE,Gnvi=cnVvtandGinVE=CnVE

(131) N(w) =N and M (w) = M.

The following lemma presents a condition under which Assumption 2.3 holds.

Lemma 2.2: Suppose that {C; N V+, i € I} is positively semi-independent.?> Then for each
w; € RY, > icr Pi(w;) is closed in R7.

PROOF : See the appendix. [ |

B A collection {T},i € I} of nonempty convex sets in R® is positively semi-independent if v; € T; for all i € T
and ), ; v; = 0 implies that v; = O forall i € I.
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Notice that if N = {0}, then {C; N V1,4 € I} is positively semi-independent. As a corollary of
Lemma 2.2, Assumption 2.3 holds trivially when C; N V+ = {0} for each i € I.2* Assumption
2.3 is strictly general than the positive semi-independence of {C; N V+,i € I}. For example, it
will be shown in Example 3.2 that Assumption 2.3 is fulfilled in the constrained asset markets of
Balasko, Cass and Siconolfi (1990) where each ©; is a linear subspace of R’ and {C;NV*,i € I}

need not be positively semi-independent.

III. Portfolio Decomposition

As emphasized in the Preface, it is important to identify the set of bridge portfolios in terms of
arbitrage pricing and the existence of equilibrium. In this section, we characterize the proper-
ties of bridge portfolios and examine analytically the way in which a portfolio is decomposed
into the bridge and value portfolios. The consequences of portfolio decomposition will pro-
vide a cornerstone for investigating an appropriate notion of arbitrage and the existence of

equilibrium in constrained asset markets.

Definition 3.1: A null-income portfolio 1 in V= is called a bridge portfolio if for all A > 0, it
satisfies both A\n € Y-, ;(©; N V) and A\(—n) € 3,;c;(0; N V). Let NV denote the set of bridge
portfolios.”> The projection 7 of a portfolio § € R’ onto N is called the bridge component (or
bridge portfolio) of § and ¢ — 1) is called the value component (or value portfolio) of 6.

As shown below, the bridge component of a portfolio does not create any value, but may mat-
ter to risk sharing because the value component alone need not be feasible under the port-
folio constraints. It is clear that N = L[Y,.;(©; N V1)], and by (ii) of Lemma 2.1, N' =
L[> ;c;(®;NVE)]. Let M denote the orthogonal complement of A in V+. As shown later, V'
is closely related to the set N. The following theorem shows that bridge portfolios have null

value in equilibrium.

Theorem 3.1: Let ¢ be an equilibrium asset price of €. Then ¢-6 = 0 forall 6 € NV.

2This condition is assumed in Siconolfi (1986).
It is easy to see that \V is a subspace of R”.
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PROOF : See the appendix. [ |

Theorem 3.1 states that bridge portfolios are always free in equilibrium regardless of the distrib-
ution of initial endowments over agents. Since elements in A are a null-income portfolio which
provides a formula of replicating redundant assets, Theorem 3.1 amounts to a constrained ver-
sion of the law of one price that holds for asset positions which constitute a portfolio in A".2¢ In
this respect, bridge portfolios are a special type of null-income portfolios because other types of
null-income portfolios may have nonzero value under portfolio constraints. The bridge com-
ponent of optimal portfolios for agents looks trivial in terms of valuation but is complementary
in risk sharing to the value component which need not be feasible in constrained asset markets.

As remarked before, bridge portfolios are unnecessary for risk sharing in unconstrained
markets. In this case, there are two conceivable ways of eliminating nontrivial bridge portfo-
lios. The first one is to remove all the redundant assets from the asset markets. In this case,
the rank of the return matrix without redundant assets has full rank and therefore, the only
bridge portfolio is the null portfolio. This approach will be called the exclusion method, which
is adopted in handling redundant assets by the classical literature of incomplete markets such
as Werner (1985) and Balasko and Cass (1989). The second one is to project portfolios in RS
onto V. Since N' = V+ in unconstrained markets, the projection method allows us to remove
nonzero bridge portfolios in V- from R” and keep value portfolios in V. By definition, the null
portfolio is the unique bridge portfolio in V. In unconstrained asset markets, both methods are
indistinguishable in terms of income transfers.

Null-income portfolios, however, are of distinct nature in constrained markets in several
respects. First, they need not be a bridge portfolio because of the ‘shadow price” of the port-
folio constraints. The exclusion method is not appropriate in handling constrained portfolios
because, as shown below, the elimination of redundant assets may lead to sharp reduction in
income transfer opportunities. The projection method is also problematic because the projec-
tion of feasible portfolios onto V need not be feasible in constrained markets.”’ Nonetheless,
the projection method will give an insight into the decomposition of constrained portfolios into

the bridge and value components.

%The set A equals V1 in unconstrained asset markets. In this case, Theorem 3.1 is a verification of the law of one
price in equilibrium.

#To take an example, we consider a two-asset, two-state economy such that both assets are risk free. Suppose
that the first asset pays one dollar in each state and the second asset pays two dollars in each state. In this case, V' is
a subspace of R? spanned by the vector (1,2). We assume that ©; = {(a,b) € R : @ > —1 and b > 0}. It is easy to
see that the projection of (—1,0) € ©; onto V is not in ©; and thus, not feasible.

14



Example 3.1: It is illustrated here that the exclusion approach can lead to drastic reduction in
income spanning opportunities under short-selling restrictions. We consider two asset struc-

tures represented by the payoff matrix

11 1101
Ry = , Rp=

0 1 0110
The asset structure 1 is a sub-structure of the asset structure 2 which does not contain the
redundant assets 3 and 4. Clearly, both asset structures have R? as the set of income transfers
when they are not subject to portfolio constraints. To apply the projection method to the asset
structure 2, we decompose R* as the direct sum of R* = V + V- where V is the subspace of R*
spanned by the rows of Ry and V= its orthogonal complement in R*. A simple linear algebra
shows that the set of portfolios in V generates the same set R? of income transfers as R*.

The two ways of treating null-income portfolios have different consequences when asset
markets are subject to short-selling restrictions. Consider the case where the set of feasible
portfolios is equal to R% under the asset structure 1 and to R} under the asset structure 2. In this
case, the sets of income transfers for the asset structures 1 and 2 are RZ N {(z,y) € R? : y < 2}
and Ri, respectively. This result illustrates that the removal of redundant assets leads to a
drastic change in the set of risk-sharing opportunities under the short-selling restrictions.

Now each # € RY is uniquely decomposed as § = 0+ 60 where § € V and § € V-. The point
0 is the projection of ¢ onto V. Since Ry - § = R - 0 for all & € R4, the set of income transfers
is kept intact under the projection of portfolios in R onto V. In this respect, the projection
method is in contrast to the exclusion method. As mentioned above, however, the projection
method may fail to keep feasibility with the income-keeping portfolio § € V in general. O

In the rest of the section, we will search for an appropriate way of decomposing constrained
portfolios into the bridge and value components by modifying the projection method in a so-
phisticated way. As shown later in this section, the consequences of portfolio decomposition
allow us to construct an artificial economy which is free from bridge portfolios and moreover,
is indistinguishable from the original economy in terms of optimal consumptions and income
transfers. The properties of the artificial economy will be exploited in verifying the existence

of equilibrium of the original economy.

3.1. CONE CONSTRAINTS
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First, we consider the case that each ©; is a convex cone with vertex.28 In this case, the decom-
position of constrained portfolios into the bridge and value portfolios is finalized with their
one-shot projection onto V' + M. As shown later, however, the decomposition process with
convex constraints is much trickier because it involves a series of deliberately-chosen multi-

stage projections.

Proposition 3.1: Suppose that 0 € ©; and ©; is a closed convex cone with vertex for all i € I.

Then the following results hold true.

(Z) Zie] (I)Z =N+ Ziel (Apl

(i1) If Y ,c; @;is closed in R/, then Y, ; ®; is closed in R and Yicr cl(®;) = Y icr i

(73t) For eachi € I, let w; be a point in RS such that ®;(w;) # (. If each ©; is closed in RY, then
£ [SierK(@i(w)) N M)| = £ [y (Gin M) = {0}

(iv) If each ©; is closed in R/, then N = .

PROOF : See the appendix. [ |

The first part of Proposition 3.1 states that aggregate portfolios in ), ; ®; are orthogonally
decomposed into portfolios in N and ®;’s. If > ies @i is closed in R, it follows from (i) and
(ii) of Proposition 3.1that ), ., ®; = N+, ; cf(®;). By (iii) of Proposition 3.1, the maximal
subspace contained in ), ; (K (®;(w;)) N M) is the null vector when each ©; is closed in R’ and
each ®;(w;) is not empty. The last part of Proposition 3.1 shows that if each ©; is closed in R”,
then N coincides with the set N of bridge portfolios. As illustrated later, however, (iii) and (iv)
of Proposition 3.1 are no longer true in the case that ©; is a non-conic convex set. We notice that
if ®;(w;) # 0 for a point w; € RS, by Lemma 2.1, (i) and (i7) of Proposition 3.1 also hold for the
case where ®;’s are replaced by ®;(w;)’s.

We can apply the consequences of Proposition 3.1 to Balasko, Cass and Siconolfi (1990)
where portfolio constraints are expressed as a homogeneous system of linear equations. In

particular, Assumption 2.3 is fulfilled in Balasko, Cass and Siconolfi (1990).

*For a positive integer m, a set A in R™ is a cone if \v € A for allv € A and all A > 0. The set A is a cone with
vertex if A — v is a cone for some v € R™.
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Example 3.2: We consider the constrained markets of Balasko, Cass and Siconolfi (1990) where
each O; is represented by the set {6; € R/ . B; -0, = 0} for some m; x J matrix B; with the
nonnegative integer m,. For analytical convenience, we suppose that there exists w; € ©; for
each i € I such that R - w; > 0.2 Let @; denote the projection of w; onto V + M. Then we have
R - w; > 0. Since ©; is a subspace of R/, wehave C; = ©; and ©, N V+ = {6, € R :R-6,=0
and B; - 0; =0} foralli € [,and N =Y, _,(©; N V1).

Notice that the result of Lemma 2.2 is not applicable here because {C;NV1} is not positively
semi-independent in general. To check that Assumption 2.3 holds here, let w; be a point in R®
for each 4. Since ©; is a subspace in this example, it is trivially closed and therefore, ®;(w;) =
6;N {6 € R:R-0+w; > 0} is closed for each i € I. In particular, ®, is closed. It follows from
Lemma 2.1 and Proposition 3.1 that

D @i(wi) =N+ Piws). (1)
i€l i€l

A N

First we show that ), _; ®;(w;) is closed. To prove the claim, we choose {v"} in ), ; ®;(w;)

el
which converges to a point v. For each i € I and n, there exists v}’ € il(wl) such that v" =
> icr Vi~ Let 9™ and 0" denote the projection of v onto V' and M, respectively, and ¢;* and o'
the projection of v} onto V' and M, respectively. Then vj* = ;' + ;' for each i, and 0" = >, ; 07
and 9" = ) ..; 0. Since {R - 9"} is bounded and R - 0} > w; for each i € I and n, each
{R - 0"} is bounded. Noting that 97" € V for all i € I and n, this implies that {0} is bounded.
We claim that each {}'} is bounded. Suppose otherwise. Then we have a™ = >, [|7}'|| — oc.
Since {0]'/a™} is bounded, without loss of generality, we can assume that it converges to a point
n; € M. Recalling that {0'} is bounded, we have v!'/a" — n; for all i € I. This implies that
n; € fK((i)l(wz)) and therefore, n; € fK((i)Z(wz)) N M. Since ), ;n; = 0 and n; # 0 for some i € I,
we have £ [Zle (K (®;(w;)) N M) | # {0}, which contradicts (i77) of Proposition 3.1. Thus, each
{v!"} is bounded and has a subsequence convergent to a point v;. Since ®;(w;) is closed, v; is
in ®;(w;) for each i € I and therefore, v is in Yier ®;(w;). Thus, Yicr ®;(w;) is closed. On the
other hand, },; ®i(w;) CV + M and (V + M) NN = {0}. This implies that Yicr ®;(w;) and

N are positively semi-independent. Thus, N + >, _; ®;(w;) is closed, and by (1), >°,.; Pi(w;) is

closed. Consequently, Assumption 2.3 is fulfilled in this example. O

Let € denote the economy which is the same as £ except that ©; is replaced by (:)i for each i. We

claim that

¥ As shown in Proposition A1 of the appendix, this condition can be assumed without loss of generality.
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i) if € has an equilibrium (p, ¢, z,6), then (p, ¢, z, 0) is an equilibrium of & where 0; is the

projection of §; onto V' + M, and

ii) if € has an equilibrium (p, ¢, z,0*) with ¢ € V + M, then there exists ; € ©; for each i
such that (p, ¢, z, 0) is an equilibrium of €.

By Theorem 3.1 and (iv) of Proposition 3.1, ¢ is in V' + M. We decompose the portfolio
0, € ©;as0; = 0; +0; where §; € V + M and §; € N. The proof of the statement i) is immediate
from the result that W (q) - 6; = W(q) - 6;.

To verify ii), we have to find an optimal portfolio for each i which generates the same
income transfers as 6% and clears asset markets. Notice that 67 € ©; need not be feasible in &,
ie, 0 ¢ ©; in general. By Lemma 2.1, we can apply the consequences of Proposition 3.1 to
®;(—R - 0})’s. Since 0} € (fi(—R - 0%), by (i) of Proposition 3.1, there exists §; € 0; such that
R-0;>R-0;forallic Iand ), ;07 = >, ;0;. The condition ), ;07 = >, ; 6; implies that
R-0;=R-0;forallicIand) ; ;0; =0. Now show thatq-60; = 0foralli € I. Let 6; denote
the projection of #; onto V' + M. Then 0}- € O, foralli € I. Since R - w; > 0, we must have
q - 0; > 0. Otherwise, by the monotonicity of u;, agent i could get better than at z; by adding a
little bit of «; to 6; in the economy &, which contradicts the optimality of (x;, §;) in the budget
set. Since ), ; 0, =0, q - 0; > 0foralli € I implies that ¢ - 0, = 0foralli € I. Recalling that
qeV +M,wehaveq-60; =0foralli € I. Thus, (p, q, z, ) is an equilibrium of €. O

In the previous example, the set N of bridge portfolios is relatively easier to identify because
each portfolio constraint ©; is a subspace of R”. In this example, the economies & and & face
distinct portfolio constraints but they are indistinguishable in equilibrium in terms of optimal
consumption and income transfers. The consequences of Example 3.2 will be extended to gen-
eral cases where each ©; need not be a cone.

Proposition 3.1 summarizes the results of portfolio decomposition when ©; is a convex cone
with vertex for each i € I. The following example, however, shows that Proposition 3.1 is no

longer applicable to the case where ©;’s are a non-conic convex set.

Example 3.3: We consider an economy with L = 1,1 = 2,and S = J = 3 where the 3 x 3
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return matrix has the form
0 0 1

R=10 0 2

00 3
The return vectors 1 and rs are trivially linearly dependent on r3.3° We see that V is a line
spanned by (0,0, 1) and V* a plane spanned by (1,0, 0) and (0, 1,0), i.e., V is the z-axis and V*

is the zy-plane in the three dimensional Euclidean space. We suppose that
0, = {(a,b,C)GR3:aZb2+02, b>0, 020}7
Oy = {(a,b,c) eR:—a>b2+2 b<0, CZO}.
Clearly, C; = {(a,0,0) : a > 0} and C = {(a,0,0) : a < 0}. Then we see that &; = ©, and

G; = C; foreachi e I.

The set G; + G5 coincides with the z-axis of R? and therefore,
N=°L(GiNVH+(GonVI)) =G +GaC V.

This example is depicted graphically in Figure 1.
Since N = G; + G is the z-axis and V1 is the zy-plane of R3, M is the y-axis of R3. It
follows that

'_CP>
Il
'_I-leo
Il
=~

(él):{(a,b,C)GR?’:a:O, b>0, 620},

A~ A ~

(®2) = {(a,b,c) eR*:a=0,b<0, c>0}.

N
|
|
=

Clearly, M = L[(K(®1)NM)+(K(®2)NM)]. Since M # {0}, this implies that (ii7) of Proposition
3.1 is not valid any more. As shown later, N is identified with V-4 in this example. Since

N # V1, (iv) of Proposition 3.1 is violated as well. O

%The choice of null-return assets in R is just a matter of convenience. If R is multiplied by a nonsingular matrix

W N =
— 1

[ 1 0 0 '| [ 3 2
0 1 0 |,thenitistransformedinto | 6 4
[ 9 6

[321J

vectors.

J , which exhibits linear dependence between nonzero return

19



[Figure 1]

3.2. GENERAL CONVEX CONSTRAINTS

The previous example illustrates that it is much subtler to implement the portfolio decompo-
sition in the case with non-conic portfolio constraints. The following is a generalization of

Proposition 3.1 to the case that the convex sets ®;’s need not be a cone.

Proposition 3.2 : Under Assumptions 2.2 and 2.3, there exists a pair of subspaces M and N in

R/ with N C N that satisfy the following relations
(i) Vt=M+N, MnN = {0},
(i1) e ®i =N+, P;and Y, ; ; is closed in R7,
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@id) Yier ®i = Yier l(Pi),
() L[¥ie,(GinM)] = {0},
where each ®; is the orthogonal projection of ®; onto V + M and G; = X(®;), and it holds that
(v) Y (®iNV4)is closed in R7,

(vi) N =N,
PROOF : See the appendix. [ |

The first part of Proposition 3.2 states that V! is the direct sum of M and N. The first part

of (i7) of Proposition 3.2 shows that aggregate portfolios in ) ,_; ®; are orthogonally decom-

i€l
posed into portfolios in N and ®;’s. The fourth part of Proposition 3.2 means that the subspace
L[> ;c;(G; N M)] is the null vector. The fifth part of Proposition 3.2 states that >, (®; N V)
are closed in R’ while the last one shows that N coincides with the set NV of bridge portfolios.
From now on, N and M will replace V' and M to indicate the set of bridge portfolios and its
orthogonal complement in V', respectively. As illustrated in Example 3.3, Proposition 3.2 is
a strict generalization of Proposition 3.1 to the case that ®;’s are a convex set. The following

consequences are immediate from Proposition 3.2.

Corollary 3.1: The following results hold true under Assumptions 2.2 and 2.3.
@ii) £ [Yies(cl(@) N M)] = L[, (GinM)] = {0}

(i17) 3;e; cl(®;) is closed in R7.

It is worth noting that if ®;(w;) # 0 for a point w; € RS, by Lemma 2.1, the consequences of
Proposition 3.2 and Corollary 3.1 also hold for the case where ®;’s are replaced by ®;(w;)’s.
They will play a crucial role in investigating the properties of equilibrium asset prices and the

existence of equilibrium. It is illustrated below how Proposition 3.2 is fulfilled in Example 3.3.
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Example 3.4. (Continued) : To apply the results of Proposition 3.2 to Example 3.3, let ®; denote
the projection of ®; onto V, and G, the set K (®;) for each i = 1,2. Then we see that for each
1=1,2,

61-:52-:{(@,13,0)6]1%3:@:6:0, cZO}.

Weset N = N + M and M = {0}. Since N = V*, N is the zy-plane of R3. The subspaces M
and N are depicted in Figure 1. It follows that

() VA =N+ M, N = {0},

(@) Pier®i =N+ Xier i
(iii) (G;inV4i) = (GinVvt) ={0},

(iv) N =L(®1NVE)+ (22N VL)).

() Yy @ = {(a,b,¢c) €ER?:a=b=0, ¢>0} is closed in R.

In this example, the one-shot projection was not enough to obtain the results of Proposition 3.1

while the two-shot projections lead to the consequences explained in Proposition 3.2. O

Let ©; denote the projection of ©; onto V + M and C; the set X(©;) for each i € I. Let € denote
the economy which is the same as £ except that ©; is replaced by c/(0;) for each i.3! The
consequences of Proposition 3.2 play a critical role in verifying the following generalization of

the statements made in Example 3.2.

Theorem 3.2: The following hold true under Assumptions 2.1-2.3.

i) If & has an equilibrium (p, ¢, z, §) where each ©; possesses (; with ¢-(; < 0, then (p, ¢, 7, 0)

is an equilibrium of € where 6; is the projection of §; onto V + M.

ii) If € has an equilibrium (p, ¢, z,6*) with ¢ € V + M, then there exists §; € ©; for each i
such that (p, ¢, z, 0) is an equilibrium of €.

PROOF : See the appendix. [ ]

*IThe reason for taking c£(9;) instead of ©; is that ©; is not closed in general.
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The consequences of Theorem 3.2 will be useful in showing the existence of equilibrium for the
economy €. It is worth noting that a portfolio §; € c¢/(©;) may not be feasible in the economy
€, ie., 0; ¢ O, in general. That is, € looks different from € in terms of feasible portfolios.
Nonetheless, they are indistinguishable in equilibrium in terms of consumptions and income

transfers.

IV. Projective Arbitrage

In the first part of the section, we briefly review well-known notions of arbitrage and show
that the no arbitrage conditions may not be compatible with viability of asset prices in con-
strained asset markets. Then we introduce the notion of projective arbitrage and characterize
equilibrium prices in terms of projective arbitrage. It is shown that projective arbitrage has a
comparative advantage over the existing notions of arbitrage in explaining the viability prop-

erty of asset prices.

4.1. ARBITRAGE AND VIABILITY

We discuss well-known notions of arbitrage and check their consistency with the properties of
equilibrium asset prices. The following is a typical form of arbitrage for unconstrained asset

markets.

Definition 4.1 : Suppose that ©; = R” for all i € I. Then an asset price ¢ € R’ admits no

unconstrained arbitrage if there is no v € R’ which satisfies W (q) - v > 0.

Werner (1985) among others investigates the existence of equilibrium with incomplete markets

1.32

by taking advantage of Definition 4.1.° The following is one of the extensions of Definition 4.1

to the constrained asset markets of the economy €.

Definition 4.2 : A price vector ¢ € R/ admits no constrained arbitrage for agent i in the

*Magill and Quinzii (1996) are a great reference on the classical notion of arbitrage.
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economy £ if there is no v; € C; such that W(q) - v; > 0. A price vector ¢ € R’ admits no
constrained arbitrage for the economy € if it admits no constrained arbitrage for every agent

1€ 1.

The above notion of arbitrage is extensively used in the literature ( Luttmer (1996), Chen (1995),
Pham and Touzi (1999), Cvitanic and Karatzas (1993), and Broadie, Cvitanic and Soner (1998)
among others).

Let Q" and Q¢ denote the set of prices which do not admit an unconstrained arbitrage and
constrained arbitrage for agent i, respectively. We set Q¢ = (,c; QY. The set Q¢ denotes the
set of prices which do not admit constrained arbitrage for the economy. Noting that ©; C R’
for all i € I, we have QY C QC. But the converse is not true in general.:‘”3

Let Q* denote the set of equilibrium prices for €. Then Q* C Q¢ i.e., the no constrained ar-
bitrage condition holds in equilibrium.>* As shown below, however, () can be excessively large
to contain equilibrium prices. To examine the relationship between equilibrium and arbitrage-

free prices, we define the viability of asset prices as follows.

Definition 4.3: An asset prices ¢ € R’ is said to be viable if &;(p, q) # () for some p € ]RJLFS and
allie 1.

By Harrison and and Kreps (1979), asset prices which admit no unconstrained arbitrage are
viable in unconstrained markets. Thus, we are tempted to believe that each ¢ € QC is viable in
the constrained markets. As shown below, however, prices in Q¢ need not be viable. That is,

QY may overestimate the set of viable prices.

Example 4.1: We consider the economy of Example 3.3 where for each ¢ = 1,2, u; satisfies
Assumption 2.1. It should be noticed that the following arguments do not rely on a specific

choice of either utility functions or the initial endowments of goods. Let ¢ = (g1, g2, ¢3) denote

BIf ©, = C; and O, is a strict subset of {v € R’ : R-v > 0} forall i € I, then Q° ¢ Q".
34Suppose that there exists an equilibrium (p, g, z, ) of € where g admits a constrained arbitrage for some i € I.
Then there exists v; € C; such that W(q) - v; > 0. It follows that

0i +vi € ©;, and W(q) - (6i +v:i) > W(q) - b:.

For the price system (p, g), this implies that (z;, §;) cannot be an optimal choice of agent 7 in the economy &, which
leads to a contradiction.
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an asset price. It is clear that Q¢ = {g € R : ¢; > 0} and QY = {q € R? : ¢ < 0} and therefore,
QY=0QfNQY ={qgeR: q =0}.

We claim that Q* = {(q1, ¢2,43) € R® : 1 = g2 = 0, g3 > 0} or each ¢ € Q\Q* is not viable.
Suppose that ¢* = (¢}, ¢35, ¢5) and 0; = (ai, b;, ¢;) are an equilibrium asset price and an optimal
portfolio for each i = 1,2, respectively. We claim that ¢* € Q*. Since ¢* € QY, ¢f = 0. We have
only to show that ¢5 = 0 and ¢3 > 0.

First, to show that ¢5 = 0, consider the case with ¢5 > 0. Since 62 € O3, we have that
—(az—1) > (b2)?+(c2)?. Thus there exists a number € > 0 such that —(ag —1) > (by —¢)?+ (c2)?
and therefore,

(ag —1,by — g,c2) = (ag, by, c2) + (1,—¢€,0) € Oq.

Since ¢* - (a2 — 1,by — €,¢2) = ¢* - 02 — e¢5 < ¢* - 03 and (—1,—¢,0) € V+, we must have
W(q*) - (az —1,by —€,c2) > W(¢*) - 62 which contradicts the optimality of the choices of agent
2 in equilibrium. In the case with ¢; < 0, we can obtain a contradiction by applying the same
argument for agent 1. Thus any ¢* € Q¢ with ¢} # 0 does not allow an agent to find optimal
portfolios, which is impossible. Therefore we have ¢5 = 0.

Now, to show ¢5 > 0, suppose that g5 < 0. Since 6; € ©1, we have that a; +1 > (b1)%+ (c1)>.
Thus there exists a number ¢ > 0 such that a; + 1 > (b1)? + (¢1 + £)? and therefore,

(a1 +1,b1,¢1 +¢) = (a1,b1,¢1) + (1,0,¢) € O;.

Since ¢*- (a1, b1, c1+¢) = q¢*-01+eq5 < ¢*-01and R-(a1+1,b1,¢1+¢) = R-61+R-(1,0,¢) > R-6;,
we must have W (¢*) - (a1, b1, c1 +¢) > W (q*)-6; which contradicts the optimality of the choices
of agent 1 in equilibrium. Therefore, we conclude that any equilibrium prices must be in Q* or

for each ¢ € Q€ \ Q*, there exists i € {1,2} which cannot find optimal portfolios. O

The above example shows that the notion of constrained arbitrage fails to characterize the set

of viable prices.

4.2. PROJECTIVE ARBITRAGE

We provide the notion of projective arbitrage for €& which turns out to give a more precise

description of equilibrium conditions for €.
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Definition 4.4 : A price vector ¢ € V + M admits no projective arbitrage for agent i in the
economy & if there is no §; € ©; such that 0; € C; and W(q) - 6; > 0, where 0; is the projection
of §; onto V + M. A price vector ¢ € V + M admits no projective arbitrage for the economy &

if it admits no projective arbitrage for every agent i € I.

No projective arbitrage prices are in V + M. This means that bridge portfolios must have
null value at no projective arbitrage prices. If N = {0}, then both constrained and projective
arbitrages coincide. Their equivalence is also true when I consists of a single agent.> As shown
below, however, they differ in general. Let @); denote the set of no projective arbitrage prices
for agent i. We set Q = (),c; Qi- Then @ denotes the set of prices which admit no projective
arbitrage for the economy €. The following results show that equilibrium prices satisfy the no

projective arbitrage condition.

Proposition 4.2 : Let ¢ be an equilibrium asset price of €. Then the following hold true.

(7) If there exists (; € ©; for each i € I such that ¢ - (; < 0, then ¢ is in Q.

(i7) If ©, is closed for each i € I, then ¢ is in Q.
PROOF : See the appendix. [ |

The following result shows the relationship between constrained and projective arbitrages.

Proposition 4.3 : Then the following hold under Assumption 2.2.

(¢) Suppose that for each ¢ € I, there exists w; € C; such that R-w; > 0. Then forall i € I, we
have Q; = {q€V+M:q-60; >0,V0; € ©; s.t. 6, € C; & R-6; > 0} where §; denotes
the projection of 6; onto V + M.

(i) @ € Q“.
(iii) Suppose that each ©; is a closed convex cone with vertex and C; is closed in R”. Then we

have Q = Q°.

*To show this, let © denote the portfolio constraint imposed on the single agent and C' the recession cone of ©.
Thenwehave N =N =CNV+, M = M,and © = © = ©n (V + M). By Corollary 8.3.3 of Rockafellar (1970), we
obtain C = C' N (V + M) = C. It follows that for a point § € C, W(q) - § > 0 if and only if W(q) -6 >0and 8 € C
where 0 is the projection of § onto V + M. Thus ¢ € Q if and only if ¢ admits no projective arbitrage.
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PROOF : See the appendix. [ |

The first part of Proposition 4.2 provides a slightly different characterization of the projective
arbitrage-free prices, and the second part shows that Q is a subset of Q©. The third part of
Proposition 4.2 states that as far as portfolio constraints are expressed as a closed convex cone
with vertex, the no constrained arbitrage condition is equivalent to the no projective arbitrage
condition. As illustrated below, projective arbitrage may differ from constrained arbitrage in
multi-agent markets and moreover, is more relevant to characterizing the viability property of
asset prices than constrained arbitrage in general when ©; is a non-conic convex set for some

1€ 1.

Example 4.2 : We consider the economy of Examples 3.3 and 4.1. It is illustrated that Q* is

much smaller than Q©. Recalling from Example 3.3 that for each i = 1,2,
0,=C; = {(a,b,c) eR*:a=b=0, 020},

we have Q = {(q1,92,q3) ER*: ¢ = g2 =0, g3 > 0} and therefore, @ = Q*. As shown in
Example 4.1, any ¢ € Q\Q is not viable. O

The above example shows that projective arbitrage exactly characterizes the viability property

of asset prices while constrained arbitrage may not.

V. The Existence of Equilibrium

If agents are endowed with a positive amount of some commodities in each state of the second
period, they always survive in unconstrained asset markets.?® This is not the case, however,
with constrained asset markets. As illustrated below, equilibrium may fail to exist in con-
strained asset markets when each agent has the endowment of commodities in the interior of
the consumption set. We provide a survival condition with constrained asset markets which is

indispensable for the existence of equilibrium. An important corollary is that the asset-market

%Gottardi and Hens (1996) treat exhaustively the survival problem with unconstrained asset markets.
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survival condition is unnecessary for the existence of equilibrium in markets where agents are
endowed with a positive amount of some commodities in the beginning period.*”

Another difficulty arises with the Cass trick. The method of Cass (1984) does not directly
apply to the case where no agent is allowed to behave in equilibrium as if in complete mar-
kets. It should be noted that such an ideal agent is only an instrument to verify the boundary
behavior of excess demand functions, as in complete markets. It is demonstrated in the ap-
pendix that if asset markets are subject to portfolio constraints, then goods and asset markets
are jointly responsible for the boundary behavior of the excess demand correspondence. In
particular, survival conditions with asset markets are needed to guarantee not only the conti-
nuity of demand correspondences but also the desired boundary behavior of excess demand in

constrained markets. We impose the following condition on €.

Assumption 5.1: For each g € (), thereis§; € ©; foralli € I such thatq-6; < 0.

Assumption 5.1 requires that agents be able to have positive income in the first period through
asset markets at each ¢ € @. It is worth noting that the condition is imposed on prices in @

alone but not on prices in the set c/(Q)\ Q. A special remark is in order.

Remark 5.1: There are two types of survival condition involved in verifying the existence of
equilibrium in the economy € in general. One is for goods markets such as (i¢) of Assumption
2.1, and the other is for asset markets such as Assumption 5.1. A good pair of survival con-
ditions will reveal tension between the two conditions in that if one condition gets stronger,
the other condition can get loose. Example 5.1 below illustrates that the combination of (i) of

Assumption 2.1 and Assumption 5.1 are qualified as a good pairing. O

We are ready to provide the main theorem of the paper.

Theorem 5.1 : Under Assumptions 2.1, 2.2, 2.3, and 5.1, there exists an equilibrium for the

economy €.

%7 As shown below, the survival conditions with asset markets introduced in Siconolfi (1986), and Cass, Siconolfi
and Villanacci (2001) are unnecessary for the existence of equilibrium.
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PROOF : See the appendix. [ |

We provide an example where the absence of equilibrium is attributed to the failure of the
economy to fulfill Assumption 5.1. It is worth noting that the following example goes beyond
the asset market framework of Siconolfi (1986) which assumes that C; N V- = {0} for each
el

Example 5.1: To illustrate that Assumption 5.1 cannot be dispensed with, we consider a two-
state two-agent economy where two Arrow-Debreu securities and one redundant assets are
traded and only one good is consumed in each state. The good is also used as a numeraire. We

assume that the payoff matrix is given by the 2 x 3 matrix

Then we have V+ = {v € R® : \(1,—1,1) for some A € R}. Both agents have the same

endowment of goods and distinct preferences.

u(z) = 2/x(1) + 1+ /xz(2), e =(1,1),
us(x) = /x(1) +1+2z(2), ex=(1,1).

We assume that for eachi = 1,2,
0; = {(a,b,c) ER3:a+b> 0,c > 0}.

Clearly, C; = ©; foralli = 1,2, and N = {0}. Thus, the economy satisfies Assumptions 2.1, 2.2,
and 2.3. It is worth noting that C; N V+ # {0} for each i € I.

Consider an asset price ¢ = (1, 1,0). We claim that ¢ € Q, i.e., ¢ is a no projection arbitrage
price. Let & = (a,b,c) be any portfolio in C; such that R - § > 0. Then we have a +b > 0.
Since ¢ - = a+ b > 0, it holds that ¢ € (). Now we show that the current economy fails to
fulfill Assumption 5.1. Let # = (a, b, ¢) be a point in ©;. In particular, we have a + b > 0. Since
q-0 =a+b>0, Assumption 5.1 does not hold for q.

Now we show that the economy has no equilibrium. We set i1 (a,b,c) = 2/a—c+2 +
Vb+c+T1and ds(a,b,c) = vVa—c+2+2Vb+c+1,and A;(q) = {(a,b,c) € R3: qra + q2b +

gsc < 0, (a,b,c) € O;} for each i = 1,2. The function 4, is a reduced-form utility function
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defined over feasible portfolios and A;(q) is the budget set for agent 1 at the price ¢q. Then the
utility maximization problem for agent i = 1,2 is reduced to the following relations.

max  u;i(a,b,c).
(a,b,c)eA;i(q)

Suppose that there exists an equilibrium {(q1, g2, ¢3), (a1,b1,¢1), (a2, b2,c2)}. The no arbi-
trage condition implies that ¢; > 0 and ¢ > 0. Since a; + b, > 0 and ¢; > 0 foreach i = 1,2,
by the market clearing condition we have a; + b; = 0 and ¢; = 0. In particular, the first order

conditions for utility maximization at equilibrium choices yield the following relations

1 1
A — — =0, XM >0,
1@ QQ)+\/2+Q1 = a 1

1 1
A — — =0, X>0,
2(q1 QQ)+2\/2_(11 T a 2

(g1 —q2)a1 =0,

where the last equation is derived from the budget constraint of each agent, and A\; and A, are
the Lagrangian multipliers for the budget constraint of agent 1 and 2, respectively.

The relation (¢1 —g2)a; = 0implies that ¢; = g2 or a; = 0. If g1 = g, then the first and second
equations are not compatible. Suppose that a; = 0. Then A\;(¢1 — ¢2) > 0 and X2(q1 — ¢2) <0,

which is impossible. Therefore, we conclude that the economy has no equilibrium.

Remark 5.2: The results of Theorem 5.1 can be applied to show the existence of equilibrium in
the economy where agents are allowed to consume and have a positive endowment of goods
in the beginning period. Let & be the economy with the same asset market characteristics as
€ where consumption is allowed to arise in the first period. More precisely, the consumption
space of & is augmented by adding R to R5. It is assumed that agent i has the consumption
set X! := RZ x X; and the endowment of goods (e;(0), e;) where ¢;(0) € R\ {0} for each
i € I. Let v; denote a utility function in RY x X; for agent i which is continuous and strictly
increasing. Then for a given price pair (p,q) € ]Ri(sﬂ) x R7, agent i is supposed to choose

(¥;,0;) which maximizes v; in the budget set

p(0) - (i(0) — €;(0)) +¢-0; <0,
p(s) - (yi(s) —ei(s)) <r(s) -0, Vs €5,
0; € 91‘7 Y; € XZ’
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The economy €&’ is summarized as the profile ((X/, ©;, v;, (¢;(0), €;))icr, R). We assume that it

satisfies the following conditions.

Assumption 2.1 : The following hold true.
(¢) Eachw; : Ri(sﬂ) — R is continuous, strictly increasing, and quasiconcave.

(ii) ei(s) > O0foreachiand s =0,1,...,5,and >, ;(e;(0),e;) > 0.

Assumption 2.1’ is the &’ version of Assumption 2.1 for the economy £. Now we show that &’
can be transformed into the economy of the same type as € where no consumption arises in the
beginning period. To do this, we add state 0 to the second period and introduce asset 0 which
pays one unit of money in state 0 and nothing in the other states of the second period. Thus,

the new asset structure is described by the (S + 1) x (J + 1) return matrix R :

10
0 R

R=

Let gop and 7;(0) denote a price and amount of asset 0 held by agent i, respectively. We assume
that no short-selling restriction is imposed on asset 0. For each y;(0) and p(0), we set 1;(0) =

p(0) - (yi(0) — ei(0)) and ¢ = (go, ¢)- Then the budget set for agent i is transformed as

The second inequality can be considered as the budget set which faces agent ¢ in the state 0
of the second period. Let &” = ((X/, 0;, v, (¢i(0), €;))icr, R) denote the transformed economy
where no consumption arises in the initial period and agent i has the portfolio constraint set
0,. Let Assumptions 2.2”,2.3” and 5.1” denote the £” version of Assumptions 2.2, 2.3 and 5.1,
respectively. It is straightforward to see that if &’ satisfies Assumptions 2.2 and 2.3, then &”
satisfies Assumptions 2.2” and 2.3".

Now we show that Assumption 5.1” is always fulfilled in £”. Let ¢ = (qo, ¢) be a price which

admits no projective arbitrage for £”. Then we must have gy > 0 because v; is strictly increasing
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and asset 0 delivers positive income transfer. Since (—1,0) € R x ©; and (go,q) - (—1,0) =
—qo < 0 forall ¢ € R”, £" satisfies Assumption 5.1”. Thus, if £” satisfies Assumptions 2.1/, 2.2
and 2.3”, by Theorem 5.1 it has an equilibrium. Therefore, there exists an equilibrium of the
economy & if it satisfies Assumptions 2.1/, 2.2 and 2.3. This fact implies that the asset-market

survival condition is unnecessary for the existence of equilibrium of the economy ¢&’. O

The existence of equilibrium for the economy &’ is immediate from Theorem 5.1 and Remark

5.2.

Corollary 5.1: Under Assumptions 2.1/, 2.2 and 2.3, there exists an equilibrium of the economy
.

In particular, Corollary 5.1 can be applied to Siconolfi (1986) which examines the existence of

equilibrium of &’. Siconolfi (1986) assumes that (GMS) (e;(0),e;) > 0 foralli € I, and

(AMS) for every j € J, there exist 67 € ©,+ and 6~ € ©,- for some zj and i; in I such that
J J
pri(0%) > 0if k= jand pr(0T) = 0if k # j,and pri(0~) < 0if k = jand pr(67) = 0if k # J,

where pry(v) for some v € R/ denotes the kth coordinate of v.

It is easy to check that (AMS) implies that (AMS') 0 € int(}_,.; ©’). As remarked above, (AMS')

is unnecessary for the existence of equilibrium of £’ as far as &’ satisfies (GMS).

VI. Concluding Remarks

We have shown the existence of equilibrium in the asset markets where portfolio constraints
are expressed as a convex set. The consequence of the paper is a substantial extension of the lit-
erature of equilibrium theory on constrained asset markets. A main difficulty with constrained
asset markets is the presence of an unbounded amount of bridge portfolios in N which matter
to risk sharing in general and have information on no arbitrage prices. The presence of nonzero
bridge portfolios invalidates the closedness condition on either the individual portfolio con-
straint set or the marketed set of income transfers as a sufficient condition for the existence of

optimal portfolios or equilibrium. To address the puzzling problem with bridge portfolios, we
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relies on the new condition that the aggregate set of feasible portfolios which yield nonnegative
income in all future states for each agent be closed.

To analyze the effect of constrained null-income portfolios on equilibrium prices, we have
developed the portfolio decomposition technique which leads to Propositions 3.1 and 3.2.
These propositions provide a basis for identifying the set N of bridge portfolios which are
free in equilibrium, and enable us to get the notion of projective arbitrage for the economy
€. As shown in Example 4.2, projective arbitrage gives a precise description of equilibrium
prices but constrained arbitrage may not. Thus, projective arbitrage seems to be more relevant
to studying arbitrage pricing theory in the case where asset markets are subject to non-conic
convex portfolio constraints.

Portfolio constraints also raise a survival problem with asset markets. Specifically, Assump-
tion 5.1 is introduced as a survival condition with constrained markets. As illustrated in Ex-
ample 5.1, the asset-market survival condition is quite tight when it is combined with (ii) of
Assumption 2.1 which imposes a survival condition on goods markets.

This paper can be extended in some ways. A challenging issue is to investigate the existence
of equilibrium with constrained markets in a multi-period economy by fully accounting for the
effect of bridge portfolios on equilibrium.3® It will be also interesting to study the implications
of projective arbitrage to arbitrage pricing in constrained markets where ©;’s are a convex
subset of an infinite-dimensional portfolio space. Another interesting theme is to extend the

consequence of the paper to the case that portfolio constraints are endogenously determined.

3¥Equilibrium may not exist even in unconstrained multi-period markets because the prices of long-lived assets
are involved in spanning state-contingent incomes. See Magill and Quinzii (1996).
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APPENDIX

PROOF OF LEMMA 2.2 : Letw; be a point in RS for each i € I. If ®;(w;) is empty for some i € I,
then ), ; ®;(w;) is empty and thus, trivially closed. Thus, without loss of generality, we can
assume that ®;(w;) # () for each i € I. Let {6} be a sequence in }_,_; ®;(w;) which converges
to 0. For each n, we pick 0} for eachn and i € I suchthat 0" =, ;07 and 0} € ®;.

We claim that {6}'} is bounded for all i € I. Otherwise, >, ; [|6}'|| — oo. We set a" =
1/> 1 167 for all n. By multiplying both sides of ), ; 07" = 0" by a™, we obtain ) _,_; a"0}' =
a"d". Since {a"0!} is bounded for each i € I, it has a subsequence which converges to a point
0;. Tt is clear that 6; € C; for each i € I, Yicr 0; = 0, and Y el 16;]| = 1. On the other hand, we
know that R - ' + w; > 0 for each n. By multiplying both sides of R - ' + w; > 0 by a”, we
obtain R - (a"0}') + a"w; > 0 for all n and ¢ € I. By passing to the limit, we have R - 6; > 0 for
all i € I. Recalling that ), _; 6, = 0, this implies that R - 0; = 0 and therefore, §; € V- for all
i € I. It follows that §; € C;NV=+ foralli € I and Yier 6, = 0 where 6, # 0 for some i € I. This
contradicts the positive semi-independence of {C; N V+,i € I}. Thus, {67} is bounded for all
1€ 1.

Since {6} is bounded for all i € I, it has a bounded subsequence which converges to a
point 6;. Since ®; is closed for each i € I, we have 0; € ®;(w;) for all i € I and therefore,

0=>icrti € icr Pi(w;). Thus, we conclude that ), ; ®;(w;) is closed. [ |

To facilitate subsequent analysis, we will take advantage of the following condition.

PV : For each i € I, there exists w; € C; which satisfies R - w; > 0.

This condition turns out to be very convenient in characterizing equilibrium prices as well as
arbitrage-free prices but can be assumed without loss of generality. To show that the condition
PV is innocuous, we introduce an augmented asset structure by adding a fictitious asset 0 with
the return ro = (rs0)ses to the original asset structure .J. We assume that asset 0 is riskless, i.e.,
rso = 1 forall s € S. Weset J* = {0} U J. Let R* = [rg,r1,...,7;] denote the S x (J + 1) return
matrix and ¢y denote a price of the riskless asset. We define the set O = R, x ©; for eachi € I.
Let C¢ denote the recession cone of ©¢ for each i € I. Then we have C" = Ry x C;. Let ¢

denote the economy which is the same as € except that J and ©; are replaced by J* and ©¢ for
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each i € I, respectively. Then the set Of can be considered the portfolio constraint on agent i in
the economy £¢. The following lemma shows that £¢ satisfies the £ version of the condition
PV, and if £ has an equilibrium, then € has an equilibrium which is indistinguishable from

that of £% in terms of income transfers and consumption.

Proposition A1: The following hold true.
(7) For each i € I, there exists a nonzero portfolio w§ € Cf such that R* - w{ > 0.

(i) If (p, (qo, q), z, (b0, 0:)icr) is an equilibrium of £¢, then (p, ¢, z, §) is an equilibrium of €.

PROOF : (i) For each i € I, let w? denote the vector in R/*! where the first element is 1 and the
other elements are zero. Clearly, w{’ € C{ and R* - w{ > 0 forall ¢ € I. O

(1) Suppose that (p, (g0, q), x, (fi0, bi)icr) is an equilibrium of £%. Since 65, > 0 for all i € I
and ), ; 0io = 0, we must have 0;0 = 0 for all i € I. Thus, (p,q,z,0) is an equilibrium of &. W

The original economy € can be transformed into £* which satisfies (i) of Proposition A1l. By (i)
of Proposition Al, £ will have equilibrium if £* does. Thus, without loss of generality, we can

assume that € satisfies the condition PV in investigating the existence of equilibrium of €.

PROOF OF THEOREM 3.1 : Let (p,q,z,0) be an equilibrium of €. Suppose that there exists
v € N such that ¢ - v # 0. Since —v € N, without loss of generality we may assume that
q-v <0.Foreach A > 0and i € I, we pick v;(A) € ©; N V+ such that \%v = 3, _; v;(A). Since
lmy oo Ag - 0 = imy oo Y e ¢ - [05(A)/A] = —co and A?v € N for all A > 0, there exists i € I
such that limy_, g - [v;(A)/A] = —oo. Without loss of generality, we will assume that i = 1.

On the other hand, by the condition PV, we have w; € C; with R-w; > 0. Then there exists
§ > 0in RSL such that uj (z14+6) > wy(z1) and po (v1+6 —e1) < R- (61 +w1). By the continuity
of uq, there exists A1 > 0 such that for all A > )\,

up (1= 1/A)(z1 4+ 9)) > ur(z1).

Clearly, for all A > 0 we have po[(1 — 1/A\)(z1 +0) —e1] < R-[(1 —1/A)(01 + w1)]. Since
limy—00 ¢ - [V1(A\)/A] = —o0, there exists A2 > 0 such that ¢ - [(1 — 1/A)(61 +w1) +v1(A\)/A] <0
for all A > Xy. Recalling that v1(\) € V*, we have R - [(1 — 1/\)(61 + w1) + v1(N\)/A] =
R-[(1—1/A)(61 + wy)]. It follows that for all A > max{A1, A2},
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(a) [(1—=1/N)(z1+0),(1—1/A)(61 +w1) +v1(A)/A] € Bi(p,q), and
(b) ur[(1 —1/A)(z1 + 0)] > ui(x1).

This contradicts the optimality of (z1,6;) in B1(p, q¢). Thus, we conclude that ¢ - v = 0 for all
veN. [ |

PROOF OF PROPOSITION 3.1 : (i) First show that 3,.; ®; C N + Y_,_; ®;. Let 6; be a point in
®; for each i € I. We have the decomposition 0; = 0; + n; where 0; € V+ M and n; € N. Then
we see

Z@‘ :Zm—i—zéi € N+Z(i)i-

i€l iel iel iel

Conversely, let # be a pointin N + > ®,;. Then there exist n € N and 0, € ®, for each

el
i€ Isuchthatd =n+3 . ; 6;. We choose n; € N such that 0; + n; € ®;. On the other hand,
wehave C;N VL c ©,NV+ c @, foralli € I. This implies that N C L(},.; ®;) and therefore,

N+ > e @i C >0 icr ©i. It follows that

O=n+) 0;= (n—znz) +Y Gi+m)eN+D & C Y ;.

icl iel icl icl icl
It implies that N + ", ., ®; € 3_..; ®; and therefore, N + 3, ; ®; = >,c; ®;. O O

(ii) Suppose that 3°,_; ®; is closed. Let {v"} be a sequence in 3", ; ®; which converges to a
pointv € V + M. Since 0 € N, the result of (i) implies that {v"}isin ), ; ®;. Since ) ,_; ®; is
.c; ®; and therefore, in N +Y",_, ®;. Since (V +M)NN = {0},
it follows that visin ), ; ®,. Thus, the set Yicr d, is closed.

Clearly, > ,; d; C Y el cl(®;). Let f be a point in Yicr cf(®;). Then there exists 0; € c/(®;)
for each i € I such that = )
> icr 07 is in the closed set ), ; ®;, its limit 6 = Yoicrfiisin Yo ; ®; as well. Thus, we
conclude that ) 7, ; cl(®;) D ier ®; and therefore, Yicr d; = Y ier (D). O

(i11) For each i € I, let ¢); denote the vertex of ©;. Since C; is the recession cone of ©;, we
have ©; = C; + v;. The point v; has the decomposition v; = 1&1 + 121 where 1&1 €V + M and
¥; € N. Clearly, 0, =C; —1—772}@- and ®; = (CA’l —1—1211) N{0 € R/ : R-0 > 0} for each i € I. Since
©, is closed, C; is closed. For each i € I, let w; be a point in RS with ®;(w;) # 0. It follows by
Corollary 8.3.3 of Rockafellar (1970) that for each i € I, G; = K[(C; + ¢;) N {0 € R :R-6>
0] =Cin{# eR’: R-0 >0} and K(®i(w;)) = K[(Ci+)N{# e R : R-0 > —w;}] =

closed, this implies that visin ) | icl

ser i We pick {67} in ®; which converges to ;. Since each
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CiN {§ c R’ : R-60 > 0}. Since G, =C;n {6 € R7 : R-0 > 0}, it holds that fK(Ci),(wz)) = G, for
eachi e I.

To show that £ [Zlel(fK(@(wz)) N M)} = {0}, we choose v € L [ZzEI(K((i)Z) N M)|. By the
previous result, v is in £ [Zle I(G‘i NnM )} . For each i € I, we pick v; and v} in G; N M such that
v="> crviand —v =Y, ;vj. Since v; € G; and v; € Gj, there exists 7; and 7; in N forall i € I

such that v; +1n; € G; and v. + 1} € G;. Before going further, we verify the following result.
i T M gomng y g

CLAIM : For each i € I, let 4; be a nonempty convex set in R” and £ the lineality space of
> icr XK(A;). Then we have

£=) (X(A4)ng).

il

PROOF OF THE CLAIM: lItisclear that) , ;(X(4;)NE) C £. We have only to show the converse.
Let v be a point in £. Pick v; € X(A4;) such that v = ), _; v;. We introduce a set

H={zeR’:z=ay(-v)+ Zaivi for some o = (ay, ..., ar) € REF}.
icl
We claim that H is a subspace of R’. Let x and y be points in H. Then there exist a and 3 in

Rfl such that

x = ap(—v) + Zaivi, y = Po(—v) + Zﬁivi.

i€l iel

For any real numbers a and b, we set
¢ =max{|aa; +bG;| : 1 =0,...,T}.

Then it is clear that ¢ + ac; +b3; > 0 foralli =0,...,I. Since —v + ), ; v; = 0, it follows that
and
ax + by = (¢ + acp + bFo)(—v) + Z(c + aq; + bB;)v;.
i€l

This implies that ax + by € H for any real numbers a and b and therefore, H is a subspace of
R7.

Since —v € £ and v; € K(A;) foralli € I, the set H is in a convex cone ), ; K(4;) + £. On
the other hand, the cone ), ; X(A4;) + £ has the lineality space £. These results imply H C £.

In particular, we see each v; € £ and therefore, v; € X(4;) N Land v € Y, (K(A4;) N L). I
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It follows from the above claim that
N=}" [(G,- nvi)n N] =3 (GinN).
il iel
Since — ) ,c;(mi + ;) € N, we can choose 7; € G; N N such that Y, ;7 = — >,/ (mi + 7). It
follows that for all 7 € I,

vi+m €GNVE, vl +nj+7; € GinVE,

and

D (it v+ ni+n+i) =Y (vi+v) =v—v=0

icl icl
The last relation implies that

= i) =) (Wi+mi i) €D (GinVh).
icl icl icl

Thus, we see that >,/ (vi+ 1) € >/ (GiNVE)and — 3, (vi+mi) € 3, (GiNVE). Noting
that IV is the lineality space of »,_;(G; N V1), we have > icr(vi +m) € N, and therefore,
Y icrVi € N. Since v; € M for all i € I, This implies that > ,_;v; € M N N and therefore,
v =) ;v = 0. Thus, we conclude that £ [ZZGI(K(@(%)) N M)} =L [Ziel(éi N M)} =
{0}. O

(iv) Since C; N V+ C ©; N V= for each i, by definition, N = L[} ,.,(C; N V)] C N =
L[> ,c1(0; N V)] To show the converse, we choose a point v € L[Y,.;(©; N V*)]. Then for
each n, there exists 6;(n) € ©; N V= such that nv = 3, ., 0;(n). Since }_,.;(©; NV+) C VE, we
have the orthogonal decompositions v = &+ and 6;(n) = ;(n)+6;(n) where ¢ and ;(n) are in
M, and # and 6;(n) are in N. It follows that 0;(n) € ®; for each i and ni = 3
there exists 0;(—n) € ©,NV+ such that —nv = Y, 6;(—n). Let 0;(—n) denote the projection of
0;(—n) onto M for each i. It follows that §;(—n) € ®; for each i and —nd = 3
we have Ziel(éi(n) +6;(—n)) = 0.

We claim that © = 0. Otherwise, ZzEI(HéZ(n)H + |6;(=n)|)) — oo. For each n, we set
an =1/ ,c;(10:(n)|| + [|6:(—n)|). Since {a,,0;(n)} and {an0;(—n)} is bounded for each i, they
have a subsequence convergent to v;” and v; in M, respectively. It follows that v;” and v; are
in K(®; N M) for each i, 3", ; (v +v;) = 0,and 3", (v || + |lv; ||) = 1. Since K(®; N M) C
K (®;)NM, both v;” and v;~ are in K(®;)NM. These results imply thatE[ZieI(JC(tﬁi)ﬂM)] # {0},
which contradicts (iii). Thus, we conclude that v = & € N and therefore, L[}, ,;(©;nV+)] C N.
|

ier0i(n). Similarly

~

ieri(—=n). Then
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PROOF OF PROPOSITION 3.2 : Since (4), (i7) and (iii) are interrelated to each other, they will
be verified at the same time. To do this, we conduct a series of orthogonal projections with ®;
in the following way. For notational consistence, we set M? = M, N = N and Y = &, and

GY = G, for all i. The space R is expressed as the direct sum
R/ =VeN' &M

In the first stage of decomposition, let ®} denote the orthogonal projection of ®; onto V + M?,
G! the asymptotic cone K(®}), N! the subspace L[}, ;(G} N M?)], and M the orthogonal
complement of N! in MY. By the same arguments made in the proof of (i) and (i7) of Proposition
3.1,itholds that >, ., ®; = N+ >, , @} = N0+ Y, c{(®}),and 3., @} and Y, ; cl(D})
are closed.

In the 2nd stage, let ®? be the orthogonal projection of c/(®}) onto V + M?, G? the as-
ymptotic cone K(®?), N2 the subspace L[}, ;(GZN M')], and M? the orthogonal complement
of N? in M'. Since Y, ; cl(®}) is closed, it follows from the same arguments made in the
proof of (i) and (ii) of Proposition 3.1 that }~, ., cl(®}) = N' + 3., @2, >, ., 7 is closed, and
Sicr @2 =", cl(®?). In particular, we have

dd o= NOD e(@))

i€l iel
= NOH N el(d)).
iel

In the t-th stage (t > 1), let ®! be the orthogonal projection of c/(®!~!) onto V + M1,
G! the asymptotic cone K(®!), N* the subspace L[>, ;(G: N M*~1)], and M" the orthogonal
complement of N* in M*~L. Since ", _; c/(®! ") is closed, again by the same arguments made
in the proof of (i) and (ii) of Proposition 3.1, we see that ., ; c{(®!™1) = Nt=1 + 3., &,
>ier @lis closed, and Y-, L = >, cl(®h). It follows that

Yo = N cl(®))

el el

= NO+ N'4+ NP> (@)
el

= N4 N'+. 4+ N4 ().
el
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Moreover, R’ is orthogonally decomposed as
RJ:V@NO@"'@Nt_l@Mt_I.

Suppose N # {0}. Then we go to the (¢ + 1)-th round of decomposition. The process
will stop at some integer T with N7 = {0}. In fact, T must satisfy 1 < T < J— dim(V),
because the dimension of M" strictly decreases as the decomposition process goes on. We set
Ny=N"@®.--®& Ntforeacht >0, N = Np_1, M = M7}, and ®; = ! and G; = G! for each
i € 1. It follows that

Gi=%X(®), Vt=M+N, MnN={0}, R“ =VeMa&N,

and moreover, > ,.; ®; = N + > .., Pi, > ic; Piis closed, and Y-, @i = D, (D). O

(iv) The result is immediate from the fact that N7 = {0}. O

(v) Let v be a point in ¢/ (3, (®; N V). Since .., ®; is closed, v is in Y, .; ®;. Then
there exists w; € ®; for each i € I such that v = . ;w;. Recalling that R - v = 0 and
R-w; > 0, we have R - w; = 0 and thus, w; € V* foralli € I. Consequently, we have
V= ;Wi = Y ;s (®; N V). Therefore, we conclude that Y, ,(®; N V) is closed. O

(vi) First, we show that L[}, (®;nV+)] C N. To do this, we choose a pointv € L[Y,;(6:N
V1)]. Then for each n, there exists 0;(n) € ©; NV such that nv = ", 6;(n). Since >°,_,(0; N
V1) ¢ VI, we have the orthogonal decompositions v = T + @ and 6;(n) = 6;(n) + 6;(n)
where T and 6;(n) are in M, and % and 6;(n) are in N. It follows that ;(n) € ®; for each i and
nv = Y ,c;0i(n). Similarly there exists 6;(—n) € ©; N V=+ such that —nv = Y, 6;(—n). Let
0;(—n) denote the projection of §;(—n) onto M for each i. It follows that 6;(—n) € ®; for each i
and —nv = Y, ; 0;(—n). Then we have Y, ,(6;(n) + ;(—n)) = 0.

We claim that 7 = 0. Otherwise, >, ;(||0i(n)|| + [|6;(—n)|) — oc. For each n, we set
an = 1/3c,(10:(n)|| + |6;(—n)]|). Since {a,0;(n)} and {a,0;(—n)} is bounded for each i,
they have a subsequence convergent to v;” and v; in M, respectively. It follows that v;" and
v; are in K(®; N M) for each i, Y, ;(v;f +v;) = 0, and > ,c;(lvj || + |lv; ) = 1. Since
K(®; " M) C K(®;) N M = G; N M. Thus, v;" and v; are in G; N M for each i. These results
imply that £[>",.;(G; N M)] # {0}, which contradicts (iv). Thus, we conclude thatv =0 € N
and therefore, L[}, (0, N V+)] C N.

To show the converse, let v € N. By the first result of (i) of Proposition 3.2, v is in > icr @i

Thus, there exists w; € ®; for each i € I such that v = ), ; w;. In particular, each w; € ®;
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satisfies R-w; > 0. Since R-v = 0, this implies that R-w; = 0 or w; € VL. Thus, w; € &;NV+ =
©; N V= for each i € I and therefore, v € Y,;(©; N V). By applying the same arguments
to \v for each A € R, we can show that A\v € Y.;(©; N V) for all A € R. This implies that
v € L[> ;c;(0; N V)] and therefore, N C L[>,.,(0; N V1)) |

PROOF OF THEOREM 3.2 : Let B/(p, ¢) and &/(p, ¢) indicate the budget constraint and demand
correspondence for the economy &

i) By Theorem 3.1, ¢ is in V + M and by the monotonicity of u;, p > 0. We decompose
the portfolio 6; € ©; as ; = 0; + 6; where 6; € V 4+ M and §; € N. It s clear that §; € ©;,
> icrbi = 0,and W(q) - 0; = W(q) - 0; for each i € I. We claim that (z;,6;) € &(p, q) for each
i € I. Suppose otherwise. Then there exists v; € ¢f(0;) and y; € X; for some i € I such that
(yi,vi) € Bi(p,q) and u;(y;) > wi(x;). Since p > 0, there exists a < 1 such that u;(ow;) > u;(x;)
and po(ay; — e;) < R - (aw;). Recalling that v; € ¢/(0;), we can pick {v'} in ©; such that
v — v;. Then for sufficiently large n, we have po (ay; — e;) < R - (aw!). We choose n* € N
for each n such that v + ' € ©,. Since ¢ € V + M, we have ¢ - n?* = 0 for each n and thus,
q- (W +n') = q-v; = 0. Let (; be a point in ©; with ¢ - (; < 0. Then for sufficiently large n,
there exists § € (0, 1) such that Sa(v} +n') + (1 — B)¢ € Oy, ¢ - [Ba(v} +1') + (1 — B)¢] <0,
and po(ay; — ;) < R - [Ba(v] + ') + (1 — B)¢]. In short, u;(aw;) > ui(x;) and for sufficiently
large n, (ay;, Ba(v] +n') + (1 —B3)¢) € Bi(p, ¢) which contradicts the fact that (z;,6;) € &(p, q).
Thus, (p, ¢, 7, 0) is an equilibrium of the economy €. O

i1) The results of the theorem will be verified by applying Corollary 3.1 to find an optimal
portfolio for each i which generates the same income transfers as ¢; and clears asset markets.
By Proposition A1, without loss of generality, we can assume the condition PV for the economy
€. Then we can pick w; € C; which satisfies R - w; > 0. Let w; denote the projection of w; onto
V + M. Then we have R - w; > 0 and w; € C;. Thus, for any v; € ©;, we have v; + w; € c/(0;)
and R - (v; + w;) > R - v;. This implies that there exists y; € ri(0;) sufficiently close to v; + w;
such that R - 3; > R - v;. Thus, we see that 7i(0;) N7i({v/ € R : R-v' — R-v; > 0}) # (. It
follows from Theorem 6.5 of Rockafellar that

(B (—R-v3)) =cl(©)N{v e R :R-v' — R-v; > 0}. (2)
Since 07 € c£(6;), 0F isin cf(©;) N {v' € R/ : R-v' — R- 6 > 0}. Thus, by (2) we have 0} €

cl(®(—R-6})). By Lemma 2.1, we can apply the consequences of Corollary 3.1 to ®;(—R - 6})’s.
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Since 0] € c/(®(—R - 6})) and >_,.; 07 = 0, we see that

0N+ cl(®i(~R-0))).
icl
By (i) of Corollary 3.1, this implies that 0 € ) _,.; ®;(—R - 0;). Thus, there exists 6; € ©; such
that R-6; > R-6; foralli € [ and ),
alli e I.
Now we show that g - §; = 0 for all i € I. Let §; denote the projection of 6; onto V' + M for

ic1%i = 0. These results also imply that R - §; = R - 0] for

each i. Then §; € ©; for all i € I. We claim that ¢-6; > 0 foralli € I. Suppose otherwise. Then
there exists i € I such that ¢ -6; < 0.

Let c be a positive number such that q-0; +q- (cw;) < 0. Since R-w; > 0, we pick s* € S with
r(s*) - (cw;) > 0. Then there exists a consumption 7 € R% | such that p(s*) - 7 < r(s*) - (cw;).
Choose ¢ € Rl such thate(s) = 7if s = s* and e(s) = 0if s € S\{s*}. Clearly, u;(2;+¢) > u;(z;)
and poe < R - (cw;). Then there exists @ € (0,1) which satisfies u;(ax; + ) > w;(x;) and
q- (af; + cw;) < 0 for all a € [@,1). Since e;(s) > 0 for all s € S and the strict monotonicity of

u; implies p > 0, we can choose a € (@, 1) such that

0 < —q-(ab; + cw;),

po(azi+e—e) < R-(ab; + cw,).

Recalling that w; € K(©;), we have af; +cw; € c/(0;). Consequently, it holds that u; (cx; +¢) >
ui(z;) and (ax; + ¢, ab; + cw;) € Bl(p, q), which contradicts the optimality of (z;, 6;) in B.(p, q).

Since },.;0; = 0,¢-0; > 0foralli € I implies that ¢ - §; = 0 for all i € I. Recalling that
q€V + M,wehaveq-0; =0foralli € I. Thus, (p, g, ,0) is an equilibrium of €. [ ]

PROOF OF PROPOSITION 4.2 : Let (p, ¢, z,6) be an equilibrium of €. Suppose that ¢ admits a
projective arbitrage v; € ©; for some i € I. For each i € I, let 0; and 7; denote the projection of
0; and v; onto V + M, respectively. It is clear that §; € ©;, v; € C;, and W(q) - v; > 0 for each
1€ 1.

(i) By i) of Theorem 3.2, (p, q, 7, 6) is an equilibrium of £. But the result that 0; + v; € c/(©;)
and W (q)-(0;4+7v;) > W (q)-0; contradicts the optimality of (z;, 6;) in the budget for the economy
€. Consequently, g is in Q. O

(i) Since ©; is closed and convex, C; coincides with the recession cone of ©;. Thus, we have

A\v; € ©; forall A > 0. We pick 1;(A\) € N such that A\v; +n;(\) € ©;. Since ¢ € V + M, it follows
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that forall A > 0, (1 — 1/A)6; + (1/\)(v; + ni(N\)) € ©; and

Wig) - [(1 =1/X)0; + (1/N) @i +mi(N)] = W(g) - [(1 = 1/X)0; + i
> Wig)-[(1—1/X)6i].

On the other hand, R - 7; > 0. Let s’ be a state in .S with r(s’) - 7; > 0. Then we can pick a
consumption 7 € RY | such that p(s') - 7 < 7(s') - ;. Choose £ € R such thate(s) = 7 if s = &’
and (s) = 01if s # §'. Clearly, u;(z; + ¢) > u;(z;). Thus, for sufficiently large A > 0, we have
ui((1 = 1/N)ax; + &) > ui(x;). On the other hand, it holds that for all A > 1,

po [(1 — 1/)\)-Tz — 61'] < R [(1 — 1/)\)01]
< R-[(1—=1/0)0; + (1/N) (@ +n: (V)]

It follows that for sufficiently large A > 0, ((1 — 1/A\)6; + (1/A) (Wi + ni(N)), (1 — 1/XN)x; +€) €
Bi(p,q) and u;((1 — 1/N)x; + &) > u;i(x;), which contradicts the fact that (z;,6;) € &(p,q). N

PROOF OF PROPOSITION 4.3 : (i) For every i € I, we define the set
Qi={qeV+M:q-6;>0,VY6; € ©; such thatf; € C;and R- 6, > 0} .

If ¢ € Q;, thenitis clear that ¢ € )} and therefore, Q; C Q. Suppose that there exists ¢ € Q\ Q;.
Since ¢ & Q;, there exists ; € ©; such that §; € C; and W (q) - §; > 0 where 0; is the projection
of 6; onto V + M. There are two possibilities, (a) ¢ - 6; < 0and R-6; > 0 or (b) ¢ 0; < 0 and
R - 0; = 0. The case (a) leads to an immediate contradiction to the fact that ¢ € Q). Consider
the case (b). Let w; denote the projection of w; onto V + M. Then we have R - w; > 0. Since
C; C ©; and C; = K(©;), w; is in C;. Thus, we can choose a small number a > 0 such that
aw; + (1—a)b; € C;, q-(aw; +(1—a)b;) = q- (aw; + (1 —a)b;) < 0and R- (cw; + (1 — a)b;) =
R - (cw; + (1 — )#;) > 0, which contradicts the fact that ¢ € Q) as well. Thus, we conclude that
foreachi e I, Q; = Q). O

(i7) Let ¢ be a price in Q. Suppose that ¢ ¢ Q€. Then there exists i € I such that W (q)-v; > 0
for some v; € C;. Let 9; be the projection of v; onto V + M. Since C; C ©; and C; = X(6;), it
holds that v; is in C; and W (q) - v; = W (q) - v; > 0, , which contradicts the fact that ¢ € Q. [

(#3¢) By (i7), we have Q) C Q€. Thus, we have only to show that Q¢ c Q. Suppose that there
exists ¢ € Q©\ Q. Then there exists v; € ©; for some i € I such that 7; € C; and W (q) - 7; > 0.

Since ©; is a closed convex cone with vertex for all < € I, by Proposition 3.1 and 3.2, we have
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N = N and M = M. By (iii) of Proposition 3.1, we have C; = ¢/(C;). Since C; is closed, 7; is in
C;. Let9; bea point in N such that ©; + 0; € C;. Since W (q) - v; = 0, we have W (q) - (0; +7;) > 0
which contradicts the fact that ¢ € Q. |

Now we investigate the properties of demand correspondences for €. Let K be a closed rec-
tangle in R5% x R’ with center at the origin. We set P = (R% \ {0})°. The set P denotes the
set of nonnegative prices which excludes the zero price in each contingency of the second pe-
riod. For each (p, q) € P x ¢/(Q), we define the budget set B,(p, ¢; K) = B;(p,q¢) N K for every
i € I, which is a compact truncation of the budget set B;(p, ¢). We are ready to define demand

correspondences with respect to the truncated budget set:

§i(p, s K) = (w3,0;) € Xy x O 1 (w,0;) €  argmax  w(w) p .
(,0)€B;(p,q;K)

As implicitly shown in Example 5.1, the correspondence &;(p, ¢; K') may fail to be continuous at
asset prices which do not allow income transfer from the beginning period to the next period.
To circumvent this problem, we introduce the following artifact. For a point (p,q) € P x ¢/(Q)

which satisfies either (p, q) ¢ }Rﬂ; X @ or min g - ©; = 0, we define the set

3{(17”7 qTL)} in Riﬁ» X Q such that (pn7 qn) - (p7 q>7
0i(p,¢; K) = < (z4,6;) € X; x ©; | ming" - ©; < 0 for each n, and
(', 0%) — (x4, 0;) for some (z?,607) € &(p", ¢"; K)

1771 1771

We claim that ¢;(p, ¢; K) is closed. Let {(z7,0!")} be a sequence in ¢;(p, ¢; K') which con-

1771
verges to some point (z;,6;) in X; x ©;. Then there exists (p™™,¢™™) — (p,q) such that
(pv™, ¢™™m) € RYE x @Q for each m, and (2™, 0;"™) — (a1, 07) which satisfies (z["",0;"™) €

&(p™™, ¢™m™; K) for each m. Recalling that (z7,0") — (z;,0;), by the diagonal sequence theo-

rem there exists {n} such that (z}""*,0;""*) — (x;,6;). Thus we have (z;,0;) € ¢;(p, ¢; K).*

We define the correspondence £, on P x ¢/(Q) by.

&ip,; K), if (p,q) € R¥L x Q and ming-©; <0,

&p,q; K) = .
vi(p,q; K), otherwise.

Let & (p, ¢; K) and ¢;(p, ¢; K) denote the convex hull of & (p, ¢; K) and ¢;(p, ¢; K), respectively.
Since ¢;(p, ¢; K) is compact, so is @;(p, ¢; K).

¥The reader is referred to Kantorvich and Akilov (1982) for the diagonal sequence theorem.
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Lemma A1: Each &(p, ¢; K) is upper hemicontinuous with nonempty compact convex values

ateach (p,q) € P x ¢l(Q).

PROOF : Since K is compact and u; is continuous, & (p, ¢; K) is nonempty and compact. If ¢/
is upper hemicontinuous, so is the convex hull £.4 Thus we have only to show the upper
hemicontinuity of ¢/. Choose a sequence {(p", ¢", =7, 01") } which converges to (p, ¢, z;, 0;) such
that (27',0") € £(p™, ¢™; K).

1771

Suppose that (p, ) € [P xc/(Q)\(R% x Q) or min ¢-©; = 0. Then there are two possibilities;
(a) (p",q") € RYL x @ and ming"” - ©; < 0 for infinitely many n’s or
(b) (p" q") € [P x cl(Q)\(RL x Q) or ming"-©; = 0 for infinitely many n’s.

If (a) holds, then (27, 01") € & (p™, ¢"; K) for infinitely many n. By definition, (x;, 0;) € vi(p, ¢; K)

and therefore, (z;,0;) € &(p,q; K). If (b) holds, then (2',0") € ¢;(p",q"; K) for infinitely

1771

many n’s. Without loss of generality, we may assume that (z7,6') € ¢;(p",¢"; K) for all n.

177

Then there exists {(p™"™,¢™"™)} in Riﬁ x @ for each n such that min ¢™™ - ©; < 0 for all m,
™™, ¢"™") — (p",¢") and (27", 6;"") — (27, 07) with (277", 0"™) € &(P™™, ¢""; K). Re-

i 07 PR AR ]

calling that (z]',0) — (x;,0;), by the diagonal sequence theorem there exists {n;} such that

(", 0" ) — (x4, 0;). Thus we have (z;,6;) € i(p, ¢; K) and therefore, (2;,6;) € & (p, ¢; K).
We turn to the case that (p,q) € Riﬁ X @ and ming - ©; < 0. Suppose that (z;,0;) €
Bi(p,q; K)\&(p, q; K). Then there is (z},0;) € B,(p,q; K) such that u;(z}) > w;(x;). It follows
from the continuity of preferences that for some a € (0, 1), u;(ax}) > wu;(x;). Since ¢; > 0 and
p(s) > 0forall s € S, we see that ¢ - (af}) < 0and po (az] —e;) < R- (abl).
Since ming - ©; < 0, we can choose (; € O; with ¢ - (; < 0. Then there exists a positive
number § < 1 which satisfies ¢ - (Bab; + (1 — 3)¢;) < 0, po(Bax} — ;) < R- (Bab; + (1 — 5)¢)

and u;(Bazx]) > ui(x;). Then for sufficiently large n, we have
ui(Boxf) > ui(zf) and (Bazf, Bad; + (1 - B)G) € Bi(p", q"; K).

This contradicts the optimality of (z7,0!) in B;(p", ¢"; K). [ |

1771

Foreachi € I, wesetl; = {v; € C; : R-v; > 0and Ip; € N s.t. v; +n; € ©;}. Bach T} is
nonempty under the condition PV. We define the sets I' = >, (I U{0}) and T' = Y=, cf(I;).

The sets Q and I" are characterized as following.

“For details on this point, see Hildenbrand (1974).
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Lemma A2: The sets @ and I" have the following property.

(7) Q:{qEV+M:q-v>O,Vv€F\{O}}.

(i) The set T is a closed convex pointed cone.*!

PROOF : (i) Letq € {¢ € V+ M : ¢ -v > 0 for allnonzero v € I'}. Since I'; C T for each i € I,
we see that ¢ - v; > 0 for all v; € I';. It implies that ¢ € Q; for all « € I and therefore, ¢ € Q. To
prove the converse, let ¢ € Q. Then g € Q; for all ¢ € I. For a nonzero point v € T, there exists
v; € I'; U {0} for each i € I such thatv = ), ;v;. Then we have ¢ -v; > 0 for all i € I with
v; # 0 and therefore, ¢ - v > 0. Thuswehaveg € {¢ € V+ M : ¢ -v >0, Vv € T\{0}}. O

(i1) Clearly, I is convex. For closedness, it suffices to show that {c/(T';) : i € I} are positively
semi-independent, since c¢/(I;) is itself a closed convex cone. Pick §; € c/(I';) for every i € I
such that > ,_;0; = 0. Then R - (},.;6;) = 0. Since ¢; € c{(I;) implies R - 6; > 0, we see
that R-0; = 0, i.e.,, §; € M. We know that I'; C G;, and therefore c/(I';) C G; for each i € I.
Thus, we have 0; € G; N M for every i € I. By (iv) of Proposition 3.2, we see that each 6; is
equal to 0. Hence {c/(T';) : i € I} are positively semi-independent. To show that I is pointed,
pick § € T'N (-T). Then there exist §; € c/(I;) and ¢, € c/(T;) such that § = >._;6; and
—0 =>"._; 0., respectively. Since R-6; > 0and R- 6. > 0,wehave R-0 > 0and R - (—0) > 0,

el Vir
which implies R - 6 = 0. It follows that §; € G; N M and ¢! € G; N M for all i € I and therefore
0e>c(GinM)and —0 € >, ;(G; N M). By (iv) of Proposition 3.2, we have 6 = 0. |

We show that there exists at least one agent that has ‘large” purchasing power around the
boundary of P x ¢/(Q). This leads to the explosion of aggregate demand on the relevant
boundary of P x ¢/(Q) in frictional markets. Let {K,} be an increasing sequence of rectan-

gles in R®L x R/ which satisfies | J,, K;,, = R%L x R”.

Proposition A2 : Let {(p",¢")} be a sequence of prices in P x c/(Q)) convergent to a point
(p,q) € [Pxcl(Q)\(R3L x Q). Then for a sequence of allocations {(z", 8")} such that (27, 07) €

1771

&(p", ¢"; K,,) for all n and all i € I, we have Yier llzf|| — oo.

PROOF : Since &(p", ¢"; K,,) is the convex hull of &(p", q"; Ky,) for each n, we have only to

verify the current proposition for ¢/. Thus without loss of generality we may assume that

YA cone C is pointed if C N (—C) = {0}.
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(x},07) € &(p™, ¢"; Ky) for all n. To the contrary, suppose that {3",_; [|z}'[|} is bounded. Then,
{27} is bounded for every i € I. Decompose §* = 67 + §* where 67 € V and " € V. Then
we see that for every n,

plo(al—e)=R-0"=R-06;".

Suppose that {0} is unbounded. Since {67 /||67|} is bounded, it has a subsequence converging
to a nonzero vector v; € V. Recalling that {z'} and {p"} are bounded, we have R - v; = 0.
This implies v; = 0, which is impossible. Since the sequence {éf} is bounded, without loss of
generality we can take {(z7, é?)} as a convergent subsequence. Let (z;, §;) denote its limit point
in X; x V.

We can consider two possibilities for {(p",¢")}; either (a) (p", ¢") € RYL x Q and ming" -
©, < 0 for infinitely many n’s or (b) (p",¢q") € [P x c£(Q)]\(R?L x Q) or ming™ - ©; = 0 for
infinitely many n’s. Suppose that (a) holds. Then (z},6}') € &(p", ¢"; K") for infinitely many
n. Suppose that (b) holds. Then (z7,0!") € ¢;(p", ¢"; K™) for infinitely many n. By definition,
there exists a sequence {(p™™,¢™™)} in RS x @ such that min¢™™ - ©; < 0, (p»™, ¢™™) —
(p™,q") and (x]"™,00"™) — (aP,00) with (z;"™,60;"™) € &(p™™,¢"™; K™) for each m. Since
' — x; and (p",¢") — (p,q), by the diagonal sequence theorem there exists {n;} such that
(p™e, g"™"™) — (p, q) and z""* — ;. In particular, (z;""*, 6;""*) is in & (p™"k, "™k K™).

Thus without loss of generality, we may assume that (p", ¢") € Riﬁ X @, ming™ - ©; < 0,
and (2, 07) € &(p", ¢ K™) for all n and all i € I. Since (p,q) € [P x c£(Q)]\ (R}L x Q),
either (CASE 1) p"(s) — p(s) € ORZ\ {0} for some s € S or (CASE 2) ¢" — ¢ € c¢/(Q)\Q and
pt—p>0.

(CASE 1) Suppose that p"(s) — p(s) € dR%\{0} for some s € S. Then we can set § in a way
that§(s) > 0and 0(s') = 0if s # s. Since ), €; > 0, there exists i € I such that p(s)-e;(s) > 0.
Then we have p(s) - [a(z;(s)+0(s))] < p(s)-ei(s)+7(s)- (ad;) and us[a(x;40)] > ui(z;) for some
a € (0,1). Thus, for sufficiently large n, we see that p"(s) - [a(2'(s) +d(s))] < p™(s)-ei(s)+7r(s)-
(a0?) and u;[a(z? + §)] > u;(z}). Since (27, 01) € Bi(p™, ¢"; K,,), it holds that for each s’ # s
and each n, p"(s') - [ax? (s')] < p™(s') -ei(s") +r(s’) - (aBF). It follows that u;[a(z] +0)] > u;(z})
and (a(z] + 6),ab!) € B;i(p",q"; K,,) for sufficiently large n, which contradicts the fact that
(27, 67) € &(P", 4" Kn). |

(CASE 2) Suppose that ¢" — ¢ € ¢/(Q)\Q and p™ — p > 0. First of all, we claim that there
exists v € I'\ {0} such that ¢ - v = 0. Since ' C ' and ¢ € ¢/(Q), ¢- v > 0 for all y/ € T'. Now

suppose that ¢ - v/ > 0 for all nonzero 4/ € I'. Then by (i) of Lemma A2, we must have ¢ € Q,
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which is impossible. This proves the claim. I

For each i € I, we pick 7; € I'; U {0} such that y = . _;v;. Sinceqg-v > 0,qg-v =0
implies that ¢ - 7; = 0 for each i € I. Recalling that v # 0, we can pick ¢ € I such that y; # 0
and therefore, R - v; > 0. Since min¢" - ©; < 0, there exists (/' € ©; for each n which satisfies
¢" - ¢ < 0. On the other hand, R - v; > 0. Let s* be a state in S with r(s*) - 7; > 0. Then we can
pick a consumption 7 € RY, such that p(s*) - 7 < r(s*) - ;. Choose ¢ € R such that e(s) = 7
if s = s*and e(s) = 0if s € S\{s*}. Clearly, u;(z; + ¢) > u;(x;). Then there exists & € (0, 1)
which satisfies u;(ax; +¢) > wui(x;) for all o € [@, 1). Recalling that ¢™ - 67 < 0and ¢" - (* <0,
we have ¢" - (af? + (1 — a)¢*) < 0 for sufficiently large n. Let {7'} be a sequence in 7i(C;)
with " — ;. Since ri(C;) is a subset of the recession cone of ©;, for each A > 0 and n, we have
M € ©;. We choose n*(\) € N such that Ay +7/"()) € ©;. Recalling that ¢ € V + M, we have
W(q)-n(A) =0forall A > 0and n. Since p > 0,¢-v; =0and R - y; > 0, we can choose o < 1
such that for sufficiently large nand A > 0, ((1—-1/X)(a0+(1—a)¢")+(1/A) (M +ni(N)) € Oy,

and

0 < —=¢"-[(1=1/A)(af + (1 —a){") +7],
profazi+e—e) < R-[(1-1/N)(ab] + (1 - a)") +77.

This implies that for sufficiently large n, u;(az; +¢) > u;(2) and (ax; + ¢, (1 — 1/A) (b +
(1 —a)C™) + (/)M + (M) € Bi(p™, q™; K,). This contradicts the fact that (27,0") €
&i(P", 4" Kn).

Proposition A2 states that if the sequence of optimal choices {(z,6!")} is bounded for each i,

then {(p", ¢")} in P x ¢/(Q) converges to the point (p, q) € Riﬁ X @, 1.e.,p>0and g € Q. This

result is used to show that equilibrium prices of € are in RY% x Q.

Proof of Theorem 5.1

The proof of Theorem 5.1 needs several preliminary steps. By Proposition Al, an equilibrium
will exist in the economy €& if an equilibrium exists in the economy €¢. To work on £%, as
alluded before, we adopt the same notational scheme in £ as in € by attaching the superscript
a to the notation of €. The following conditions are a £ version of Assumptions 2.2, 2.3 and

5.1 for the economy €&.
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Assumption 2.2a: The set ©f is a closed, convex set in R/ with 0 € o¢.
Assumption 2.3a: Theset Y, ; ®¢ is closed in R/*1.

Assumption 5.1a: For each ¢* € Q¢, thereis 6} € ©f for all i € I such that ¢* - 6 < 0.

Proposition A3 : If € satisfies Assumptions 2.2, 2.3 and 5.1, then £ satisfies Assumptions 2.2a,
2.3a and 5.1a.

PROOF : Assumptions 2.2a trivially holds when Assumptions 2.2 holds. For each v¢ € R’*1,
we will write v® = (vg,v) where vy € R and v € R’. We denote the £% version of Proposition
3.2 and Corollary 3.1 by Proposition 3.2 and Corollary 3.1¢, respectively. Let V* denote the
subspace spanned by the row vectors of R% and V¢ its orthogonal complement in R/*?, and
M" and N“ the subspaces of V¢ obtained in Proposition 3.2¢.

First we claim that N* = {0} x N and V* + M“ = R x (V 4+ M). Let §* be a pointin N =
L[>c;(0¢ N VL)), Then there exist v¢ and 2¢ in ©¢ N V14 for each i such that % = >, v¢
and -0 =, _; z{". In particular, we have 0f = >, ; v§, and —0f = >, 2. This implies that
Yicr(V + 2i) = 0. Since v, > 0 and 2§, > 0, this in turn implies that v§, = zj; = 0 for all
i € I. Thus, we have §* = (0,0), v{ = (0,v;), R-v; =0,and 2! = (0,2;), R- z; = 0foralli € I.
Since § =3 ,c;vi €3y (©iNVE)and =0 = 3., 2 € 3,.,(0;N V1), this implies that € N
and therefore, N* C {0} x N. For a point § € N, clearly we have (0,0) € N® and therefore,
{0} x N ¢ N“. Thus, we conclude that N* = {0} x N and V* + M" =R x (V + M).

Now we show that Assumption 2.3 implies Assumption 2.3a. Suppose that ), ; ®; is
closed inR”. Let {#*"} be a sequencein ", ;
and n, we choose 0;"" = (0, 07") in ®¢ such that §>™ = Y, _; 0"". Then we have 0 = >, 0%

)

and R - 67 + 6j,ro > 0. Since 6 — 6y and 0}, € R for eachn and i € I, each {6} } is bounded

®¢ which converges to §* = (6y, 0). Foreachi € I

and therefore, has a subsequence convergent to a point 6;p € R.

Now for each nand i € I, we let 6" and 6, denote the projection of #” and 6} onto V + M
for each n and i € I. Then it is clear that §; € ®; foreachi € Iand 6" = Y, 0;. We claim
that each {0, } is bounded. Suppose otherwise. Then Yicr [6;| — oco. For each n, we set
a” = 1/3,c; 107 |- Clearly, 3., |a"@; || = 1 for all n and therefore, each {a"@; } is bounded.
Thus, it has a subsequence convergent to a point v; € G;. Since {#"} is bounded, by passing

to the limit the relation a”0" = ", ; a"0; , we obtain 3", ; v; = 0. On the other hand, we have
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R - (a"0]) > —(a"0fyro) for each n. By passing it to the limit, we obtain R - v; > 0. Since
>ies i = 0, it implies that R - v; = 0. Combining v; € V + M with v; € V-, we have v; € M.
Consequently, we have v; € G; N M and therefore, v; € Y_,.;(G; N M). On the other hand,
vi = 352~V € X jer —(Gj N M). Thus, we have v; € L [3,;(G;N M)] for each i € I. Tt
follows from (iv) of Proposition 3.2 that v; = 0 for all ¢ € I, which contradicts the fact that
>ier llvill = 1.

Thus, each {0?} has a subsequence convergent to a point §; € c/(©;). Since R-0;+0;0r¢ > 0,
it implies that 6; € c/(®;(6;0r0)). Then we see that 0 = >, 6, € > .., cl(®;(Fioro)) and
therefore, § = (0 —0) + 0 € N + >, cl(®;(fior0)). By (i) of Corollary 3.1, we have § €
> icr Pi(bioro). Then there exists §; € ®;(0;0r0) such that § = ., 0;. It follows that (0,0, 0;) €
©¢ and (0;0,0!) € {6¢ € R/*t . R*. 92 > 0} for each i € I, and therefore, 0% = (0y,0) =
Yici(0io, 0)) € >, ®F. Thus, we conclude that ), ; ®¢ is closed.

We show that if Assumption 5.1 holds for the economy &, then Assumption 5.1a holds for
the economy £?. Let Q® denote the set of no projective arbitrage prices for £*. We claim that
Q* C Ri4 x Q. Let ¢* = (qo, q) be a point in Q* and W*(¢®) the matrix W (g) augmented with
the asset 0. Since ro > 0, by the monotonicity of u; it holds trivially that gy > 0. Suppose that
q ¢ Q. Then there exists §; € ©; for some i € I such that 6; € C; and W(q) - 6; > 0 where ; is
the projection of §; onto V + M. Recalling that V* + M* = R x (V + M), we have C; = Ry x C;.
Thus, (0,6;) € C. It follows that (0,6;) € %, W2(¢*) - (0,6;) = W(q) - §; > 0, and (0, §;) is the
projection of (0, 6;) onto V¢ + M®. This implies that ¢® admits a projective arbitrage (0, §;) for
&%, which is impossible. Thus, we have Q* C R4 x Q.

By Assumption 5.1, for all i € I, there exists §; € ©; which satisfies ¢-6; < 0 forall ¢ € Q. Let
q* = (qo, q) be apointin R, ; x @ for some ¢p > 0. Since 6 = (0, 6;) isin ©f and ¢*-0¢ = ¢-0; < 0
for each i € I, Assumption 5.1a holds for £°. [ |

To apply fixed point theorems, we need to find a compact convex set of nonzero prices that
generates c/((QQ) as its conic expansion. If T has the empty interior in V + M, however, c/(Q)
is not a pointed cone and therefore, it is impossible to find a compact, convex price simplex
which corresponds to ¢/(Q). To circumvent the dilemma, we will generalize the approach of

Debreu (1962) to the current setting. We set
Q°*={qeV+M:q-v>0 forallveT\{0}}.
By (i7) of Lemma A2, ° is an open set in V + M which is not a subspace. Lemma 8 of Debreu
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(1962) enables us to find a nondecreasing sequence of pointed convex cones in Q° U {0} whose

union contains Q°.

Lemma A3 : There exists a nondecreasing sequence {Q"} of pointed closed convex cones

which satisfies in Q" C Q° U {0} for all n and Q° U {0} = J,, Q™.

PROOF : By Lemma 8 of Debreu (1962), there exists a nondecreasing sequence {Q"} of closed,
convex cones in Q° U {0} such that J,, Q" contains the relative interior of ° U {0}. Since Q°
is openin V + M, we see that Q° C |J,, @™ C Q° U {0} and therefore, | J, Q" = Q° U {0}. We
claim that each Q" is pointed. Suppose that Q™ is not pointed for some m. Let L,, denote
the nonzero lineality space of Q™. Since L,, C Q" for all ’ > m, we have L,, C |, Q" and
therefore, L,,, C Q° U {0}. Let ¢ be a nonzero point in L,,. Then —g¢ is also in L,,. Since ¢ € Q)°,
we have ¢ - v > 0 for all nonzero v € T. This implies that —¢ ¢ Q°, which contradicts the fact
that —q € L, \{0} C @Q°. [

Since Q° is open in V + M, we may assume that each Q" has the nonempty interior in V + M.

For each n, we define the set
mM={yeV+M:q-v>0,VYgeQ"}.

Each I'" is a pointed closed convex cone. Lemma A3 leads to the following result.

Lemma A4 : The sequence {I'"™} is nonincreasing and satisfies (), [ =T

PROOF : Since {Q"} is nondecreasing, {I'"} is nonincreasing. By Lemma A3, I is in ' for each
n and therefore, I' C [, I'. Suppose that there exists v € ((,, [)\I'. Then v € I'" for all n and
v € T. Werecall that Q°isopeninV+Mand ' = {y e V+M :q-v>0,Vg€ Q°}. Thusy ¢ T
implies that ¢ - v < 0 for some ¢ € Q°. By Lemma A3, there exists m which satisfies ¢ € Q™.
Since v € I'™, we have ¢ - v > 0, which is contradictory. We conclude that (), I'" = T. [ |

Since Q™ is pointed, I'"™ has the nonempty interior in V + M. Pick a portfolio 6! in the relative
interior of ¢/(I';) for each i € I. Then a portfolio #° = 3", 67 is in the relative interior of .
Clearly ¢-6° > 0 for all ¢ in ¢/(Q)\{0}. By Lemma A4, ¢° is in the relative interior of " in V + M

for all n. Then we see that ¢ - §° > 0 for all nonzero ¢ € Q™. We define the sets of normalized
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prices.

>
I

{(p, q) e RS x ct(Q) : |g| = 1,2]9@(3) =1forall s € S} ,

leL

A = {(p,q) ERY xQ: gl =1,> pe(s) =1foralls € S},
leL

A" = {(1%‘]) GRiL x Q" ql| = LZM(S) =1foralls e S},

lel
A" = {(p,q) c RSE xQ”:q-90—1,Zpg(s)—1foralls€S}.
teL

where || - || denotes the Euclidean norm. Clearly, A" is closed and A™ C A for all n.

PROOF OF THEOREM 5.1 : By Theorem 3.2, it is enough to show the existence of equilibrium
in the projection economy £&. To do this, we need to check Assumptions 2.1-2.3 and 5.1 in terms
of €. It should be noticed that the portfolio constraint for agent i € I in the economy € is
not ©; but c¢/(6;). Let Assumptions 2.1p-2.3p and 5.1p, and the condition PVp denote the &
of Assumptions 2.1-2.3 and 5.1, and the condition PV, respectively. Obviously, Assumptions
2.1p, 2.2p and 5.1p hold for & if Assumptions 2.1 and 5.1 hold for €. By (iii) of Corollary 3.1,
> icr cl(®;) is closed. By the same arguments made in the proof of (ii) of Theorem 3.2, we have
cl(®;) = cl(©;) N {v € R’ : R-v > 0}. Thus, Assumption 2.3p holds for €. For each i € I, let
w; be a point in C; which satisfies the condition PV. Then the projection w; of w; onto V + M
satisfies w; € C; and R - w; > 0. Thus, the condition PVp holds for & as well.

Allowing for some notational abuse in the rest of the proof, we keep the same notation
for the budget and demand correspondences B;, & and fz in the economy & as in the original
economy &.

(STEP 1) First, we apply the fixed point theorem to the truncated demand correspondences
of the economy €. Let K be a rectangle in R x (V' 4 M) sufficiently large such that it contains

(>";cs €i,0). Let A’ denote a nonempty, convex and compact set in P x c£(Q).

We define the correspondence ¥(-; K) = ¢(-; K)x7(-; K) : A’xK — 2A/XKby U(p,q,z,w; K)

(p, ¢; K) x7(2, w; K) for each ((p, ), (2,w)) € A" x K, where ¢(z,w; K) = {(p,q) € A" : q-w =
¢ w, poz>poz,V(p,¢)eANand n(p,¢; K) = e, &0, 6 K) — (X,e; €, 0). By Lemma
A1, we can show that ¥( -; K) is upper hemicontinuous with nonempty compact convex val-

ues. By Kakutani’s fixed point theorem, there is a fixed point (p, g, z, w) € ¥(m; K).
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(STEP 2) Let {K,,} be an increasing sequence of rectangles in RS" x R’ such that |, K,, =
R5L x RY. By applying the result of STEP 1 to the case where A’ and K are replaced by A™ and
K, there exists a fixed point (p", ¢", 2", w") for ¥(-; K,,). Since (2", w") € 7(p", ¢"; K,), there
is an allocation (z", 6") such that (z7,0") € &(p™, ¢"; K,) for each i, Yicr(@d —e;) = 2" and

> icr 07 = w™. The fact that (p”, ¢") € p(2",w™; K,) for all n implies that p" o >,/ (z} —e;) >
po Y e (@l —e;) forallp € (RJLF\{O})S and ¢-w" < 0 for each ¢ € Q" which satisfies ¢- 0% = 1.
In particular, the second result gives —w™ € I'" for each n. Since 0 < p" oz} < p"oe; + R -0}
for all i € I and n and {p" ce;} is bounded, there exists w; € R for each i € I such that
R - 0" + w; > 0 and therefore, 0" € ®;(w;) for all i € I and n.

(STEP 3) We show that {z'} and {6}'} are bounded for all i € I. Suppose that >, [|lz}| +
Y icr 107 + ||lw™|| — oo, where || - || denotes the Euclidean norm. We set a™ = 1/(3_,c; [|=}|| +
Y icr 107 4 ||lw™|]). Then a™ — 0. Since {a"w"}, and {a,z} } and {a,0} } are bounded for each
i € I, they have a subsequence convergent to a point 1, #;, and ;, respectively. Recalling that
0" € ;(w;), we have 6; € G; for each i € I. On the other hand, {p"} is bounded so that it has a
subsequence convergent to a point p* in R,

We claim that —i € T'. Suppose not. Then by Lemma A4, there exists 7 such that —i ¢ '™
and I'" C IT'™ for all n > n. Since I'" is closed, there exists an open neighborhood B of —w in
V + M such that I N B = (). We also have I'" N B = () for all n > 7. Since —a™w" € I'", it
implies that —a"w"™ ¢ B for all n > n. It contradicts the fact that —w is an accumulation point
of {—a"w"}.

Let p be a pointin (Ri\{O})S Sincepo Y, (@] —e;) <p"o Y (@) —e;) = R-w™ for each
n, we see that po },_;(a"z} — a"e;) < R - (a"w"). Passing to the limit, we have po ), &; <
R - 4. On the other hand, —w € T means that R - w < 0. It follows that po > icr&i < 0 for all
pE (Rﬁ\{()})s, and therefore, Y, @; < 0. Since @; > 0 for all i € I, we see that &; = 0 for all
1€ 1.

Now by passing to the limit the relation p™ o (a"z] — a"e;) = R - (a"0}'), we see that 0 =
p*oi; = R-6; or §; € M for each i € I. Recalling that §; € G;, we must have §; € G; N M
for each i. Again by multiplying the relation ), ; 6" = w" by a" and passing to the limit, we
obtain ), ., 0; = uw and thus, R - @ = 0. Since —w € T, there exists w; € c/(T';) C G; for each i
such that ), ; w; = —u. The fact that R -w = 0 and R - ; > 0 for each i € I yields R - w; = 0
for all i € I. Consequently, we have 1, € G; N M foralli € I.

It follows that Ziel(éi + ;) = 0and 6; + uw; € G; N M forall i € I. By (iv) of Proposition
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3.2, we must have §; = w; = 0 for all i € I. Thus, we see that @ = 0, and 4; = 0 and §; = 0 for

each ¢ € I. But this result leads to the following contradiction

1 . - ,
l=a"1 = Do llataf 4+ a0l + flamw" = Yl + Y 16l + ol = o.

icl iel icl icl
Therefore, we conclude that {z'} and {6!'} are bounded for all i € I.
(STEP 4) Now we set

=L

g™l
Clearly, {¢"} is bounded and (p", ") € A™ C A for all n. Without loss of generality, we can
assume that ((p", ¢"), 2", 2™, 0") — ((p*,q*),z*,2*,0) € A x RSE x R x ([, cl(©;)). We

notice that §; need not be in ©; because ©; is not closed in general.

Since each {6} is bounded, so is {w"}. Thus it has a subsequence convergent to a point w*.
Recalling from Step 2 that —w™ € I'" for all n, we have —w* € I. Thus R - w* < 0 and therefore,
z* < 0. Since ¢" - w™ = 0 for all n, we have ¢* - w* = 0.

(STEP 5) Now we check the asset market clearing condition. We choose w; € c¢/(T';) C G; for
each i such that —w* = ), ; w;. Thus, we have 0; +w; € cl(©;) foralli € I and Yier(Oitw;) =
0. For each i € I, we set 07 = 0; +w;,. For a sufficiently large rectangle K in RS% x (V + M), each
(z*,67) is in the interior of K. By Lemma A1, we see (z*,0}) € &(p*, ¢*; K). Since (p*, §") € A

for all n, Proposition A2 allows us to have (p*, ¢*) € A and therefore, (z7,0}) € &(p*, ¢*; K).?

1771

Since K is not binding at (z7, §}), it is in &;(p*, ¢*). On the other hand, the Walras’ law implies
that p* 0 2* = 0. Since z* < 0 and p* > 0, we see that z* = 0 or ), ; (2} — e;) = 0. Therefore,
the profile (p*, ¢*, z*,0%) € A x RYL! x ([],c; ¢€(©;)) is an equilibrium of the economy €. By ii)

of Theorem 3.2, we conclude that there exists an equilibrium of the economy €. [
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