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Abstract

The paper analyzes the properties of cores with differential information,
as economies converge to complete information. Two core concepts are in-
vestigated: the private core, in which agents’ net trades are measurable with
respect to agents’ private information, and the incentive compatible core, in
which coalitions of agents are restricted to incentive compatible allocations.
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1 Introduction

The main focus of this paper can be seen in two ways. First, is the complete
information core a good predictor in environments with “almost complete” infor-
mation? Second, are existing notions of a core with differential information close
to the complete information core when informational asymmetries are small?

We consider two alternative core concepts with differential information that
represent the main approaches in the literature. The first concept is that of the pri-
vate core of Yannelis (1991). In his concept coalitions of agents are restricted to al-
locations that are measurable with respect to each agent’s private information. The
second concept that we consider is the incentive compatible core of Allen (1994),
Ichiishi and ldzik (1996), and Vohra (1999). In this concept coalitions of agents
are restricted to those allocations that are Bayesian incentive compatible. These
two approaches differ substantially. However, because there is no clear benchmark
against which the predictions of these two very different concepts can be compared
when there are significant asymmetries of information, one of the main motivations
of this paper is to compare them when informational asymmetries are small and
when the standard (complete information) core can be used as such a benchmark.

Consider a pure exchange economy with differential information in which each
agent receives a possibly noisy signal about the true state. Thus, agents’ informa-
tion can be specified by means of a prior over the signals and the true states. There
is complete information if the prior assigns probability 1 to each agent receiving
the correct signal. In order to describe what it means to be “close to complete infor-
mation,” we use the priors to parameterize economies. Behavior close to complete
information is analyzed by considering sequences of priors that converge to the
complete information prior.

Our first Theorem provides a generic result on the convergence behavior of
the private core. We show that the private core does not converge to the standard
complete information core for all sequences of priors, for which information is
asymmetric before the limit. More precisely, we prove that generically the set of
limit points of private core allocations has empty intersection with the standard
(complete information) core, as the noise in the agents’ signals converges to zero.
Thus, the complete information core cannot be seen as an approximation of private
cores of economies with almost complete information. The intuition for this result
is that the private core models the difficulty of information sharing by assuming
that agents base trades only on their private information. Therefore even “small”
informational asymmetries lead to very different outcomes when compared to the
core with complete information.

Our second and third Theorem analyze the incentive compatible core. In con-
trast to the private core, the incentive compatible core need not exist in general



(Allen (1994), Vohra (1999)). However, in Theorem 2 we show that it does exist
close to complete information. Moreover, Theorem 2 also shows that almost every
standard core allocation is the limit point of incentive compatible core allocations.
Does this imply that the incentive compatible core behaves more like the standard
core close to complete information? It turns out that this is not the case. Theorem 3
shows that there is a robust class of economies for which the set of limit points of
incentive compatible cores is strictly larger than the standard core.

As mentioned above, the two core notions analyzed in this paper are represen-
tative of two tracks of research. Specifically, in the literature on core concepts with
differential information authors either impose restrictions on how information is
shared by coalitions of agents (see Wilson (1978), Yannelis (1991), Allen (1992),
Berliant (1992), Koutsougeras and Yannelis (1993), and Koutsougeras (1998)), or
they impose incentive compatibility restrictions on the allocations a coalition of
agents can obtain ( Boyd, Prescott and Smith (1988), Allen (1994), Ichiishi and
Idzik (1996), Vohra (1999), Ichiishi and Sertel (1998)).

In addition to the private core, the first group of papers also investigates other
core concepts, most notably the coarse core and the fine core. In the coarse core,
coalitions of agent are restricted to trades that are measurable with respect to com-
mon knowledge information. In contrast, in the fine core a coalition can use the
pooled information of its members (c.f., Yannelis (1991) or Koutsougeras and Yan-
nelis (1993)). In this paper, we investigate the private core because it has been
shown to have desirable properties (c.f., Koutsougeras and Yannelis (1993)). That
is, the private core exists in general, it takes informational asymmetries into ac-
count, and it is incentive compatible! Moreover, our main result for the private
core implies that the same result holds for the coarse core.

In the second group of papers, where authors impose incentive compatibility
restrictions, the concepts differ with respect to the participation constrained used,
i.e., whether the blocking notion is ex-ante or interim. In this paper we use the
ex-ante notion, because it avoids information leakage problems that arise when
coalitions can block in the interim period (c.f., Krasa (1999)).

2 TheModed

Consider an exchange economy with nagents, indexed by i € | ={1,...,n}. There
is uncertainty over the state of nature ® € Q, where Q is finite. Each agent i receives
a possibly noisy signal ¢ € ®; about ®. For simplicity assume that @ = Q for all

IKrasa and Yannelis (1994) show that if the grand coalition cannot block, then coalitional incen-
tive compatible notions are fulfilled. These incentive notions are stronger than Bayesian incentive
compatibility, and therefore imply Bayesian incentive compatibility.



agents i. Let ® =TT ;®i. Any ¢ = (d1,...,0n) € @ will be also denoted by
(0_i,0i). Let w be a probability on Q x ® which is the common prior of all agents
over states and signals. Let 1 be the marginal probability on Q.

Assume there are ¢ goods, and let X = R’, be the consumption space of agent i.
Each agent i’s preference ordering is given by a state dependent von Neumann-
Morgenstern utility function y: © x X; — R. Note that an agent’s utility depends
directly only on consumption and the true state w. Consumption itself, however,
will depend on the signals. A consumption bundle for agent i is therefore given by
X QxDd— Rﬂ. An allocation x is a collection of consumption bundles %, i € |
for all agents. Agent i’s ex-ante expected utility is then given by

Vi(Xi):/QXq)Ui (@, % (0,0)) dre(w, 9).

Agenti’s endowment isgivenby g: Q x ® — Rﬂ. We assume that the endowment
g only depends on the true state . Thus, with a slight abuse of notation, we will
often write g () to denote agent i’s endowment in state .

In a complete information economy, each agent i observes the true state w.
Thus, the signal ¢ is given by ¢ = §(®) = (®,... ,0). Let A= {(®,d(w))|o € Q}.
Then w(A) =1 in a complete information economy, and only the consumption in
(m,0(m)) matters. As a consequence, for complete information economies we will
often denote agent i’s consumption in (®,8(®)) by %(w).

Finally, we describe our notion of convergence of allocations of the incomplete
information economies to an allocation in a complete information economy.

For each k € N, let X, i € | be an allocation of the incomplete information
economy with prior m such that limy_...t(A) = 1. Then ka i €1 converges to X,
i €1 iflimy .. X(®,8(m)) = X (0,5(w)) for all ® € Q and all agents i.

3 TheCore Concepts

3.1 Complete Information Economies

Consider an economy, in which the signals perfectly reveal the true state. Thus,
there is uncertainty att = 0 about the state w, but w becomes known to all agents at
t = 1. As mentioned above, a consumption bundle can then be written as a function
of o alone, i.e., %: Q — R,. Agent i’s ex-ante expected utility is then given by
Vi(Xi) = [o Ui(®,% (o)) dp(w). Thus, we can use the standard definition of the core
of an exchange economy.

Definition 1 An allocation x isin the core of the complete information economy if
and only if



(i) Ziei X = Zier @, p-ae. (feasibility);
(if) Thefollowing does not hold:
There exists a coalition SC | and yj: Q — R, i € Swith
(il.i) TiesYi = Xies, p-ae;
@ii.i) Mi(y;) > Vi(x) for all i € S where at least one inequality is strict.
An allocation x is a strict core allocation if x is a core allocation and if the same

utilities cannot be obtained by any strict subcoalition, i.e., there do not exist S |
andyi: Q — R with Ticsyi = Yicse, prae, and Vi(yi) = Vi(x) for all i € S

For example, it is easy to show that if there exists a competitive equilibrium (X, p)
with the property that ¥jcsX # Yics& for all coalitions S& | then x is also a strict
core allocation. Note that under the above assumption, p is no longer a competitive
equilibrium price vector if the economy is decomposed into two parts. Thus, the
existence of a strict core allocation (which we require in Theorem 2 below) can be
viewed as an indecomposibility assumption on the economy.

3.2 Economieswith Differential Information
If the signals are noisy, then agents are differentially informed. We provide two
different core notions for differential information economies.

3.2.1 Definition of the Private Core

In the private core of Yannelis (1991), each agent i is restricted to consumption
bundles that are measurable with respect to his private information K. We first
provide the definition of the private core, and then describe in (1) how F is derived
from the signal ¢; and the observed endowment realization g(w). Also note that
consumption bundles and endowments are now written as functions of @ and ¢.

Definition 2 An allocation x is in the private core of the differential information
economy if and only if

(i) Zie1 % = Xicr &, m-a.e. (feasibility);
(ii) x isFj-measurable for all agentsi.

(iii) Thefollowing does not hold:
There exist a coalition SC | and y: Q x ® — R’ , i € Swith

(iii.i) y isFi-measurablefor all i € S

4



Note that the main difference between the private core and the complete informa-
tion core is the measurability restriction imposed on the core allocation and on any
blocking allocation. Yannelis (1991) provides a very general existence result for
the private core.

It now remains to describe how each agent i’s private information F is derived.
Let 6(g) be the information generated by g, which can be interpreted as a partition
of Q x ®.2 In addition, agent i knows the signal ¢. Thus,

Fi:c(a)v{gxq),ix{q)i}‘q)ie@i}. 1)

For example, consider the case where all agents’ signals are accurate. We now
show that any complete information core allocation x corresponds to a private core
allocation X. Define % (®,d_i,di) = X (i), where (with a slight abuse of notation)
X; (0;) corresponds to agent i’s consumption in the complete information core allo-
cation if the state is = ¢. Then each X is F; measurable. Because the signal is
accurate, Yo % = Yic &, m-a.e., i.e., the allocation is feasible. Finally, X cannot
be dominated by another F-measurable allocation for any coalition S. Thus, X is
in the private core.

3.2.2 Déefinition of the Incentive Compatible Core
We first provide the standard definition of incentive compatibility.

Definition 3 A consumption bundle x is incentive compatible for agent i if and
only if

/Qx(bi Ui (@, % (0,0)) dr (0,0 [ ¢i,&) Z/Qxfb Ui(,%i(0,0-1,67)) dr(,0-i | i, 6&),

for all ¢;,0] € P;.

We now provide the definition of the incentive compatible core. The main differ-
ence between this core and the core of a complete information economy is that
the core allocation itself and any allocation used by a blocking coalition are re-
quired to be incentive compatible. The trades of members of coalition S must be
at least measurable with respect to the pooled information of all of its members.
Otherwise, the coalition could not execute the trades. Again, F is given by (1).

2Thus, o(g) is the information generated by the sets of the form {w|g(®) = &} x @, where
& cR,.



Definition 4 An allocation x isin the incentive compatible core of the differential
information economy if and only if

(i) Sici % = Yier &, m-a.e. (feasibility);
(i) % isincentive compatible and \/;, Fi-measurable for all agentsi € I.

(iii) Thefollowing does not hold:
There exist a coalition SC | and yi: Q x ® — R’ , i € Swith

(iii.i) y isincentive compatible and measurable with respect to\/;csFi for
alies

As indicated in Allen (1994) and Vohra (1999), the incentive compatible core does
not exist in general. However, in Theorem 2 we show that it exists for economies
that are sufficiently close to a complete information economy.

4 The Convergence Results

In this section we analyze whether or not the private core and the incentive com-
patible core are close to the complete information core if the economy is close to a
complete information economy. Our economies can be parameterized by endow-
ments, preferences, and priors. When we characterize properties of the core with
“almost” complete information, we fix endowments and preferences. An economy
is then close to complete information if m(A) is close to 1, i.e., if the probability
that all agents receive the correct signal is close to 1. In all of our Theorems we
therefore consider sequences of priors limg_...mx = &, where w(A) = 1, and inves-
tigate whether or not the limit points of sequences of incomplete information core
allocations coincide with the complete information core. The Theorems investigate
for what type of sequences m, k € N convergence can be obtained.

4.1 Convergence of the Private Core

We now show that private core allocations of economies with almost complete
information will in general differ substantially from complete information core al-
locations. In particular, Theorem 1 below shows that generically the set of limit
points of private core allocations has an empty intersection with the complete in-
formation core. We first illustrate the main intuition of Theorem 1 by means of an
example.



Example 1 Assume there are two agents i = 1,2 and three states @, i = 1,2,3,
each of which occurs with positive probability. There is one good in each state.
The agents’ preferences are given by

\/)_( if o= 0wmq;

) U (@, X) = X, for all o.
X otherwise;

ug(m,X) = {

Each agent has a state independent endowment of 1 unit of the consumption good.

Assume that agent 1 can perfectly observe ay, but that his signals about states
, and w3 are incorrect with probability € > 0. In contrast, agent 2 correctly ob-
serves state 3, but his signals about states w, and m, are also incorrect with prob-
ability €. Because the endowments are state independent, agent i’s consumption
in the private core can only depend on ¢, and can therefore be denoted by % (6;).
Feasibility requires that x, (¢1) +X%2(¢2) = €1 + & for mg a.e. ¢ = (¢1,92). Given
the noise in the signals described above, all ¢ € @ occur with positive probability.
Thus, feasibility implies that x; and x, are independent of the signals. Hence, the
private core consists only of the agents’ endowments.

In contrast, it easy to see that in a complete information core allocation, trade
will always occur. Agent 1 will give up a strictly positive quantity of the good in
state m; in exchange for an increased consumption in states op, w3.

The result illustrated in Example 1 will hold for a generic economy, with gener-
icity over agents’ preferences. It is easy to see that we can only get a generic result.
For example, consider an economy, in which the endowment is Pareto efficient in
the complete information economy. Then no trade is also the only private core
allocation, and both core notions will therefore coincide.

In order to provide a generic result, we parameterize each agent i’s utility func-
tion in state w € Q by 6;(®) € ©; , where ©; , is an open subset of R’. Agenti’s
utility is therefore given by u(m,x,6;(®)). As we allow agent specific perturba-
tions of utility functions in different states , the entire parameter space, ©, has
dimension ¢|Q|n. We say that a result holds for a generic set of economies, if there
exists a set © which is closed in © and has Lebesgue measure 0, such that the result
holds for all economies except possibly those in©.

In the following, let © € ©; ,,, and x € RL. For the genericity argument, the
following standard assumptions must be fulfilled.

Assumption Al

(1) Each ui(w,x,0) is smooth, has strictly positive first derivatives with respect to
x, and has a negative definite matrix of second derivatives DX, Ui (®, X, 8).



(2) DZui(®,x,0) is non-singular.

(3) Forall w € Q, and for all sequence ¥, k € N, with x¢ € RY. | and limy_..X<=0
for some good I, it follows that limy_... || DxUi (®, X<, 8) || = .

(4) Each agent’s endowment is strictly positive.

The main result of this section, Theorem 1, shows that the private core does
not converge to the complete information core as long as for each agent i, one of
the signals is noisy in a state that agent i does not learn about from the endowment
realization.

Theorem 1 Assume that the economy fulfills Assumption Al and that there are at
least two goods in each state. Then for a generic set of economies the following
holds:

Let my — © be an arbitrary sequence of priors that fulfills

1. n(A)=1;

2. for every k € N and for each agent i there exist states i, o] with ei(coi) =

€ () and T (¢ = of | @) > 0.

Let Ex be the economy with prior m. For each k € N, let X< be a private core allo-
cation of Ex. Then none of the limit points of ¥, k € N is a complete information
core allocation.

Before proving the Theorem, we need Lemma 1 below. Lemma 1 shows that
generically Pareto efficient allocations of the complete information economy will
provide agents a different level of consumption in different states. Because there
are n agents, we add more than n independent restrictions on Pareto efficient al-
locations if we require each agent i’s consumption to be the same in two different
states for all goods. Lemma 1 therefore follows from the fact that the Pareto set
itself has only dimension n— 1. The proof of Lemma 1 is in the Appendix.

Lemma 1 For all agentsi, let oy # . Let Py bethe set of all Pareto efficient, (ex-
ante) individually rational allocations with %(;) = Xi(®/), for all agentsi. Then
Po = 0 for generic 6.

We now prove Theorem 1.

Proof of Theorem 1. Let o # of, i € | be arbitrary. Then Lemma 1 implies
that there exists a generic set of economies such that no Pareto efficient allocation
fulfills x; (i) = % (@f). We next show that the limit of private core allocations must
always fulfill such restrictions.



Let X be a private core allocation for the economy with prior m. Then because
each agent i has a noisy signal, there exist §f = @] # wj, such that m(¢}|w;) > 0.
Then

X,k(O)i,S,i((Di),(I)i/) = X,k((DiI,S,i(O)i/),Q)i/), 2

because agent i’s consumption must be measurable with respect to his information
Fi (he can neither distinguish the states from observing his signal, nor from learn-
ing the endowment realization). Now note that in state @, all agents other than
agent i cannot determine whether agent i received signal ¢ or signal ¢;, because
the signal is private information to agent i. Thus ﬁ(mi,S(mi)) = x'j‘((oi,&i(mi),q)i’)
in all private core allocations for all agents j # i. Because the aggregate endow-
ment only depends on ® and not on the signals, and because both ¢ and ¢; can

occur with positive probability in state o, feasibility implies

X<(er, 8(wi)) = X1, 8 i (e), 0f). 3
Thus, (2) and (3), and the fact that «f = ¢] imply
X (w1, 8(e0)) = X (wf, 8(e)). (4)

Now consider a limit point x(w) of the sequence X(w,3(®)), k € N of private core
allocations. We can assume without loss of generality that (4) holds for the same
states wj, of, for all elements in the subsequence of ¥, k € N that converges to
X. Therefore x (i, d(i)) = Xi(of,d(w;)). Thus, for a generic economy the limit
points of private core allocations are not Pareto efficient in the complete informa-
tion economy, and therefore not in the complete information core. This proves the
Theorem. m

4.2 Convergence of the Incentive Compatible Core

We now investigate the convergence of the incentive compatible core. First, we
require that there are at least three agents. If there are only 2 agents, we cannot
expect to get convergence as Example 2 indicates.

Example2 Assume there are two agents i = 1,2 and two states wy, m,. Each state
occurs with probability 1/2. There is one good in each state. Agents’ preferences
are given by

ul(co,x):{\/)_( ifo=ow; uz(m,x):{x ifo=wq;

X if o= 0wy; VX ifo=om.



Each agent has a state independent endowment of one unit of the consumption
good.

First, consider the complete information economy, where each of the agents
learns the state » when it is realized. It is easy to see that any ex-ante individually
rational and feasible allocation x must fulfill x (®1) < 1; x3(wp) > 1; Xo(w1) >
1; and x(m2) < 1. Moreover, at least one of the inequalities must be strict for
complete information core allocations. We now show that no such allocation is the
limit of a sequence of incentive compatible core allocations.

Assume that each agent receives a noisy signal about ®. The signal is correct
with probability 1 —e€, and incorrect with probability €. Let ¥ be an incentive com-
patible core allocations for the economy with noise €. Without loss of generality
assume that X¢(, 8(w)) converges. We denote the limit by X(m).

Because agents’ endowments are state independent, we can write their con-
sumption as a function of the reported signals only. Thus, ¥ (, ®’) denotes agent i’s
consumption if agent 1 reports signal ¢ = ® and agent 2 reports signal ¢, = '
Incentive compatibility of X implies

Eaxa, (Ul(',Xﬁ(Ct)l,')) ‘ b1 = ml) > Eaxa, (Ul(',Xﬁ(COz,')) ‘ = ml) ®)
Eaxo, (U(- (- 02)) | 02 = 02 ) > Envay (W6 (00) |02 =w2)  (6)

where (5) is the incentive constraint for agent 1 if he observes ¢ = w1, and (6) is
the incentive constraint for agent 2 if he observes ¢p = ;.2

If we take the limit on both sides of (5) and (6) for e — 0 we get /X1 (w;1) >
limsup,_,o 1/ (02, 01) and /X2 (,) > limsup,_g /X (a2, 1), which implies

X1 (1) + X (@) > |im5(l)1p><§((02,0)1)+x§(032,(01)' ()
E—
Now assume by way of contradiction that x is a complete information core alloca-
tion. Then as noted above x (1) < 1 and xp(wy) < 1, where at least one inequality
is strict. Thus, (7) implies X (w2, 1) + X5 (02, w1) < 2 for sufficiently small ¢, a
contradiction to feasibility* Therefore any limit of incentive compatible core allo-
cations is not in the complete information core.

Example 2 demonstrates that if there are only two agents, incentive compatible
core allocations do not necessarily converge to complete information core alloca-
tions. The reason for this result is that incentive compatibility would require that

3Note that the expectation operator itself depends on the prior over Q x @, and therefore depends
on €.
4Note that throughout this paper we assume that there is not free disposal.
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both agents are penalized by a low level of consumption when reports ¢ = w, and
0, = my are made. If there are more than two agents, penalties can be executed
by transferring the consumption good to other agents. In fact, Theorem 2 below
shows that with three or more agents convergence can be obtained. That is, we
show that almost every complete information core allocation is the limit of incen-
tive compatible core allocations. In particular, this result also implies existence of
incentive compatible core allocations close to complete information (see the first
statement in Theorem 2). This is a useful result, because as mentioned earlier, the
incentive compatible core may be empty. In an interesting recent paper, McLean
and Postlewaite (2000) provide alternative conditions under which such core allo-
cations exist.
In Theorem 2 we use the following regularity assumptions.

Assumption A2

(1) Each ui(m,x) is smooth, has strictly positive first derivatives with respect to
X€E Rﬂ +» and has a negative definite matrix of second derivatives X, Ui (w,X).

(2) Forall w € Q, and for all sequence ¥, k € N, with x¢ € RY. | and limy_...X<=0
for some good |, it follows that limy_.. || DxU; (@, X<)|| = ce.

(3) Each agent’s endowment is strictly positive.

Theorem 2 Consider an economy where

@) |I] >3, (i.e, at least three agents);

(i) misaprior over Q x Swithm(A) =1 (i.e., signals are not noisy under m);
(iii) assumption A2 holds;

(iv) thereexists a strict core allocation x in the complete information economy.

Let C be the set of core allocations of a complete information economy. Then
there exists a closed set N of lower dimension than C, such that for all sequences
of priors my, k € N that converge to a complete information prior

1. Incentive compatible core allocations exist in the economy with prior 7 for
all sufficiently large k.

2. Every core allocation x € C\ N is the limit of a sequence of incentive com-
patible core allocations of the incompl ete infor mation economies with priors
m, (starting at a sufficiently large k).

11



The proof of Theorem 2 is in the Appendix. We now explain the intuition.

Lemma 3 below demonstrates that any allocation of the complete information
economy is the limit of incentive compatible allocations. Thus, in order to prove
Theorem 2, one must show that the approximating sequence can be chosen to be in
the incentive compatible core.

The existence of a strict core allocation ensures that the core has full dimension
(i.e., dimension n— 1, where n is the number of agents). Using Lemma 2 below,
one can then show that all complete information core allocations except those in a
set N of lower dimension than n— 1 can be approximated by strict core allocations.
Thus, it is sufficient to prove the result for all strict core allocations x.

The proof proceeds by way of contradiction. Assume we have a sequence of
incentive compatible allocations ¥, k € N that converges to a core allocation x of
the complete information economy, but that X is not in the incentive compatible
core for all k. One can show that each ¥ can be selected such that the grand coali-
tion cannot improve upon X by choosing another incentive compatible allocation.
Thus, if XX is not in the incentive compatible core, there must exist a coalition
S; I, which can block it. Taking the limit as k — o implies that there exists a
coalition S;Cé I which can obtain for its members the same utilities as in the strict
core allocation x, a contradiction that proves the Theorem.

Finally, we state Lemma 2 and Lemma 3. The proofs are in the Appendix.

In the following let U (S) be the set of attainable utilities of coalition S Thus,
U(S) = {we R"| there exists x with ¥ csX = ¥ics@ such that w; < Vi(x;), for all
i € S}. Let bdU (S) be the boundary of this set.

Lemma 2 Assumethat A2 holds. Then bdU (S)NbdU (T) has dimension n— 2 for
all coalitionsS# T with0 G ST G 1.

Lemma 3 Assume that:
1. Thereare at least three agents;

2. xisan allocation with ¥, X (o, 8(®)) = Yic & (o) (feasibility if informa-
tion is complete);

3. X(w,8(w) R, foralliel,meQ;
4. m, k € Nisan arbitrary sequence of priors with ¢ — mt, and t(A) = 1.

Then there exists a sequence X, k € N, with limy .. [ ui(-,XK(+)) dmy = Vi (%) for all
i € |, where each X is a Bayesian incentive compatible allocation for the economy
with prior .

12



Let C be the set of limit points of all sequence of incentive compatible core
allocations, for a given sequence of priors m, k € N. Let C denote the set of
core allocations of the complete information economy. Theorem 2 shows thatC
contains C, except possibly for a negligible set. Are there cases whereC is strictly
larger than C? Theorem 3 below shows that this is the case. The intuition for this
result is as follows.

In the incentive compatible core, blocking can be difficult for two agent coali-
tions. We have already pointed this difficulty in Example 2. Thus, in order to find
economies where € is strictly larger than C, it is sufficient to construct economies
in which blocking by two agent coalitions matters. Apart from constructing an
economy that has these required properties, Theorem 3 uses an argument similar to
that of Theorem 2 to show that allocations that can only be blocked by a particular
two agent coalition are limit points of incentive compatible core allocations.

Finally, we state Theorem 3. The proof is in the Appendix.

Theorem 3 Let Q2| >4 and |l| > 3. Thereexist economies that fulfill all conditions
of Theorem 2, but for which the set of limit points of incentive compatible core
allocations € is strictly larger than the complete information core C. The setC \C

is not negligible, and the economies are robust with respect to perturbations of
endowments and preferences.

13



5 Appendix

Proof of Lemma 1. In this proof, let Q = {ay,... ,wq }. For every agent i let
y, ¢ be the two states in which consumption should be the same. We now define

agent i’s expected utility by V((x,6;) = 3, L(®)u; (@, % (), 6 (w)). Then let Py be
the set of all (xq,...,%n, P,A2, ... ,An) Which solve

(E1) DyVi(x1,01) — p=0;

(E2) DyVi(x,8i)) —Aip=0,i=2,...,n;

(E3) e—XL1%=0;

(E4) xi1(ax) — X1 () =0, for i < n; and Xy () —Xnz2(wy,) = 0.

Clearly, Po is homeomorphic to the set of all Pareto efficient allocations for which
(E4) holds, a set that contains Py. Therefore, it is sufficient to prove that P = 0 for
generic 0.

The matrix of derivatives of this system of equations is given by

C B
= (% o)
where C, the matrix of derivatives of (E1)—(E3) with respect to X, ..., X, P, A2,
..., An, IS given by

0 o DLNVI(%,8) - 0 Ml e —p
0 0 <o D2, Va(Xn,6n) —Aal - 0
I I i 0 ... 0

and the matrix of derivatives of (E1)—(E3) with respectto 6, ..., 6, is

D>2<191V1(X1791) 0 0

5_ 0 D>2qeiVi(Xi79i) 0
0 0 Di,,envn(xnen)

0 0 0
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Finally, A= (A1,---,An), where A is the derivative of (E4) with respect to %, A,
and p. The only non-zero entries in matrix A correspond to the derivatives with
respect to Xz (o) and X1 (wy) if i < n, and Xy (w,) and Xz (e, ), otherwise.

We now show that matrix E has full rank. Thus, consider a linear combination
of the rows of E which is equal to 0. The vector of scalars for the rows are denoted
by wy for (E1), W, ... ,wy, for (E2); a for (E3); and b for (E4). Matrix B implies
that WiD)qu\/i (x)=0,i=1,...,n. Because D>2qui (x) has full rank, it follows that
w; =0fori=1,...,n. Letay,k be the scalar multiplier corresponding to the part
of (E3) that ensures feasibility for good 1 in state ax. Because w; = 0, the linear
combination of the column elements of E corresponding to the derivative with
respect to Xu1 (@) Yields & ok = 0. Similarly, it follows that & ,, v = 0. Now let
i < nand consider the linear combination of column elements of E corresponding
to the derivatives with respect to X1 (wy ). Then since w; = 0 and &, = 0 we get
b, = 0. Similarly, we can show that b, = 0. This immediately implies that a = 0.
Hence all scalars are equal to 0 and E has therefore full rank. Because there are
more equations than unknowns, the transversality theorem therefore implies that
Po=0 except for a set © c R’ that has measure 0.

We now show that © is closed. Let 8, k € N be a sequence in O with limy_... 6 =
0. Let (X, p¢,A") be a solution of (E1)-(E4) given 6. Then the associated matrix
E will not have full rank, i.e. some of the rows of E will be collinear. Without loss
of generality we can assume that the same rows are collinear for all k € N. Because
feasible allocations are bounded we can assume without loss of generality that X
converges to x as k — oo. Since all X are individually rational and because of as-
sumption Al it follows that each % is not on the boundary of agent i’s consumption
set. (E1) therefore implies that p¢ converges to p, where p > 0. Thus, (E2) implies
that AX also converges. Therefore, the rows of matrix E are collinear for (x, p,A)
given 0. Thus, 6 € O. m

Proof of Lemma 2. Let esand er be the aggregate endowments of coalitions S
and T, respectively. First, note that u € bdU (S)nbdU (T) if and only if there exist
allocations x, y with the following properties:

x and y are feasible for coalitions Sand T, respectively; x cannot be improved
upon by another allocation X with ¥,;.sX = es, and similar for y; u = Vi(x;) for
ieSandu =Vi(y;), fori eT.

Without loss of generality we renumber the agents such that S= {1,... ,k+j}
and T ={k,... ,k+j,...,m}, where m<n. Then xand y must fulfill the following
equations:

(E1) DyVi(x) ~Aip=0,i €S
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(E2) DyVi(yi) —Ha=0,i €T;
(E3) Vi(x) —Vi(yi) =0,i€ SNT;
(E4) Yics(xi—&)=0;

(ED) Zicr(yi—&)=0;

where Ai, 4 >0, A1 = i =1, and p,q > 0.
We now show that the matrix of derivatives of (E1)—(E5) with respect to X, y,
p, A, g, has full rank. The matrix A of derivatives with respect to x is given by

X1 Xk Xt
D)2(1X1V1 (X]_) e 0 e 0
(E1) 0 o DA () 0
0 0 D>2<k+jxkﬂVk+j(Xk+j)
0 0 0
(E2) ' 5
0 0 0
0 D Vk (%) 0
(E3) : : 5 g :
0 0 ka+jvk+j(xk+j)
(E4) | . | .. I
(E5) 0 0 0

16



The matrix B of derivatives with respect to y is

Yk Yictj Ym
0 0 0
(E1) 5 z 5
0 0 0
DS Vie (Vi) 0 0
(E2) 0 Df,kﬂykﬂvkﬂ-(ykﬂ) 0
0 0 D)Z/mYme(ym)
- DYka(yk) 0 0
(E3) : . :
0 Dy Vet Yiesj) - 0
(E4) 0 0 ... 0
(E5) I | |

Finally, the matrix C of derivatives with respect to the remaining variables is

p Ak My | q .o Hm
—I 0 0 0 ... 0
(E1)| —l —p 0 0 0
— Ay 0 —-p 0 0
0 0 0 —I 0
E2)| o 0 0 —Hjl 0
0 0 0 —MUn -~ —Q
0 0 0 0 ... 0

(E3) : : :
0 0 0 0 ... 0
€4 | o 0 0 0 .. 0
(E5)\ 0 0 0 0 ... 0

We now show that the rows of the matrix (ABC) are linearly independent. That is,
consider an arbitrary linear combination of the rows which is equal to 0. Denote
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the vectors of scalar multipliers corresponding to (E1)—(E5) by w, z, o, & and b,
respectively. We must show that all multipliers are zero.
From the columns corresponding to the derivatives with respect to x we get

W D3, Vi (%) +al =0, fori <k; (8)
wDZ, Vi (%) +oiip+al =0, fori > k. 9)

As A, =1, the column corresponding to the derivative with respect to p yield

k+]
Z 7uiWi =0. (10)
i=1

Finally, from the derivatives with respect to A we get pw; = 0 for i > 2. This, and
(20) implies

pw; =0, foralliecl. (12)

Now multiply from the right both sides of (8) and (9) by w, and use (11). This
yields wiDZ , Vi (% )W; +aw; = 0. Then

k+j
> [kiwi DZ, V(%)W + Ajaw; | = 0. (12)
i—1

Now (10) and (12) imply that 3" Ajw; D, Vi (X )W; = 0. However, since D3, Vi (x)
is negative definite it follows that waq)qVi(xi)wi < 0ifw #0. Thus, w; =0 for
i=1,... k+j. Now equation (8) immediately implies that a = 0. Equation (9)
therefore implies

Wi = — 0 p(DimVi(Xi))fl- (13)

Thus, we get —ocikip(D)Zq)qVi(xi))*lp = 0, when we multiply both sides of (13)
from the right with p, and use (11). Note that p(DZ, V/ (xi))flp < 0 because p#0.
Thus, ajA; = 0. Because A;j # 0, we therefore get o = 0.

Similarly, we can prove that z and b are zero. Thus, the matrix of deriva-
tives of (E1)-(E5) has full rank. Because there are m— 2 more equations than
unknowns, the set of solutions is therefore a m— 2 dimensional manifold. Thus
bdU (S)NbdU (T)NR™ has dimension m— 2. Consequently, bdU (S) NbdU(T)
has dimensionn—2. m

Proof of Lemma 3. First, note that we can assume without loss of generality
that the information an agent receives from observing the endowment realization
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is also contained in the signal. Formally, let ), o € Q with g (®) # a(«’). Then
n(¢p; = w|w’) = 0. We can therefore assume that allocations in the incomplete
information economy depend only on all signals ¢ = (¢, ... ,0n) but not on m.

Now let x be a feasible allocation of the complete information economy. We
define an allocation X of the incomplete information economy as follows.

If ¢ = (o,...,0) then X(¢) = x(w). If 6 = (6_i(0w),w), for ® # o then
% (0) =0and X;(¢) = xj(w)+ (1/(1 —1))x (w). Finally, for all other signal profiles
let X (¢) be the agent’s endowment g(m).

We now show that X() is incentive compatible given prior m for all sufficiently
large k. That is, we must show that

/qu); Ui (0, % (¢-1,01)) dri(0, 0 |05)
- /Qx(l)i Ui (00,% (01, 01)) dri(e>, 0 01). (14)

If kK — oo then nk(m, o \ ;) converges to 1 if o_j = &_i(¢i), & = w, and to O oth-
erwise. Let ; = ¢;. Then the lefthand side of (14) converges to u (i, X(3(di))) =
Ui (i, Xi(o;)). The righthand side of (14) converges to y(wi,X(8_i(¢i),0])) =
Ui (®;,0). Because X (w;j) > 0 and y; is strictly monotone, it follows that

lim Ui (00, % (0, 01)) dmic( 0, 0—i[01) = Ui (i, X (i)

k—oo JQx®_;

> Ui (i, 0) = lim Ui (0, % (¢-i,9})) dric(, 0—i[0i).
k—oo JQx®_;
Thus, for each i € | and ¢ € | there exists Kjy, > 0 such that (14) holds for all
k > Kig,. Because the number of states and agents is finite, we can find K > 0 such
that (14), and hence incentive compatibility holds for all k > K and all ¢.
Because limy_...mx = wand X(3(w)) = x(w) we get

lim [ u(o,%(0,9) dm(0,¢) = / Ui (@, (@,9)) dr(o,0) = Vi(X).
Thus, we can define the sequence of allocations as follows: Let ¥ = % for all k> K
and let X< be an arbitrary incentive compatible allocation for k < K. This proves
the Lemma. m

Proof of Theorem 2. We first show that the core has dimension n— 1. More
precisely, the core contains a set which is homeomorphic to an open subset of
R,
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Because utility is strictly concave, the function y(x) = (M (X1),...,Va(Xn)) is
a homeomorphism between Pareto efficient allocations and U (1). By assumption,
there exists a strict core allocation x. Let u = y(x) be the corresponding vector of
utilities. Then by the definition of a strict core allocation u ¢ U (S) for all S I.

Now recall that U (I) has dimension n—1, i.e., it is homeomorphic to a set
containing an nonempty open subset of R™1. Since u ¢ U (S) for all S# | and
since the sets U (S) are closed it follows that there exists a neighborhood W(u) of
uinU(l) with W(u) NU(S) =0 for all S# 1. Thus, W(u) is homeomorphic to a
subset of the set of core allocations. Because W(u) has dimension n— 1, the core
has dimension n—1.

Now define N = Us .57, bdU (S)NbdU (T). By Lemma 2, N is a closed set
of dimension at most n—2. Let N =y~ *(N). Then the intersection of N with the
set of core allocations has at most dimension n— 2.

Let C be the set of all core allocations y with y(y) ¢ U(S) for all S# 1. Let x
be a core allocation with x ¢ N. We now show that x is in the closure ofC.

Assume that x ¢ C. Then 0 = y(x) € U(S) for a coalition S# |. We now
construct a sequence of allocations ¥, k € N in € that converges to x.

Let X¢, k € N be a sequence of Pareto efficient allocations that fulfill lim_...x< =
x and V;(X) > Vi(x) for all i € S Then G = y(x¥) ¢ U(S). In order to show that
XK e C for sufficiently large k, it is remains to prove that ¢U(T) forall T #1.

Assume by way of contradiction that uc € U(T) for a coalition T # | for all
large k. By construction T # S. Because U (T) is closed, u € U(T). Because X is
a core allocation, it follows that u € bdU (T). Moreover, by assumption u € U(S)
and hence u € bdU (S). This, however, is a contradiction to x ¢ N.

It now remains to prove that every core allocation x ¢ N is the limit of incentive
compatible core allocations of incomplete information economies. Because the set
of limit points of sequences is closed, it is sufficient to provide a proof for all x C.

For any consumption bundle y, let V(i) = [ ui(®,yi(®,0)) dmy. Letx € C. By
Lemma 3 there exists a sequence of Bayesian incentive compatible allocations X,
k € N for the incomplete information economies 7, k € N with limy_.. ViK(xX) =
V(%) for all agents i € I. We show that one can assume X to be constrained Pareto
efficient® for all k.

If X is not constrained Pareto efficient, choose a constrained Pareto efficient
allocation % with VIK(%€) > VIX(xK) for all i € 1. Then because of compactness,
>~<}<, k € N has subsequences that converges. By slight abuse of notation we de-
note this subsequence again by >"{< k € N. Let X be the limit. Clearly, Vi(%) =
limy ... VK(R) > Vi (). However, since x is Pareto efficient and because utility is

SThat is, there does not exist another incentive compatible allocation that makes all agents weakly
and at least some agents strictly better off.
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strictly concave it therefore follows that X = x. Hence, ¥ converges to x.

It now remains to prove that X is in the core for sufficiently large k. We pro-
ceed by way of contradiction. Without loss of generality we can assume that there
exists a coalition Sthat blocks X for all k. Thus, for every k there exist y< with
VK(Y) > VK(X) and Ycsyk = Yicse. By compactness we can assume without
loss of generality that ¢ converges to an allocation y® Then Y.syi = Sics@.
Moreover, Vi (yi) = limg_.. V() > limg_.. VK(X) = Vi (x). Thus, w(x) €U(S), a
contradiction to the assumption that x eC. m

Proof of Theorem 3. The proof proceeds as follows. First, we construct an
economy in which blocking by the two agent coalition {2,3} matters. We denote
by E the set of allocations that are blocked only by {2,3} but not by any other
coalition. In the economy that we construct, E has the same dimension as the core.
The economy has also strict core allocations. Then we show that these properties
are robust if we perturb agents’ utility functions. The perturbed economies have
utility functions that fulfill assumption A2. Finally, we use an argument similar
to that of Theorem 2 to show that the set of limits of incentive compatible core
allocations contains E, and is therefore larger than the core.

To simplify notation in the proof, we will consider the core in the set of attain-
able utilities rather than in the set of allocations. In particular, if U (S) denotes the
set of attainable utilities of coalition S then v is in the core if v e U(l) but not in
the interior of any U(S).

We start by constructing the example economy.

There are n > 3 agents. Assume there are four states, @, i =1,...,4. The
argument immediately generalizes to any number of states greater than four. There
is one consumption good in each state. Agents’ utility functions are given by

ul(m,x):{\/)_( ifo=w; uz(co,x):{\/)_( if ©=mp,ns;

X otherwise; X otherwise;

if o= wy; .
ui(oo,x):{\/)_( "o ?)2 fori>3
X otherwise.

Each agent’s endowment in the four states is (a, a,a,b), where b > (n+1)a. Agents
therefore know at t = 1 whether state 4 has occurred. However, their information
about states w1, wy, and w3 is noisy. Note that state ay is included to make utility

5More precisely, define y,k =y foralli ¢ S The resulting sequence is bounded by the feasibility
restriction for coalition S,
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functions quasilinear and to avoid boundary problems. Thus, for the case of com-
plete information, the economy can be transformed into a game with transferable
utility. In particular, the set of allocations for a coalition S where marginal rates
of substitution are equated have the property that agent i’s consumption is 1/4 in
state o if Uj(,x) = /X and there exists j € Swith uj(®,x) = x.

Now normalize each agent’s utility function such that E[y(g)] =0. Letz=
a—+/a+1/4. Let mbe the number of members of a coalition S. The payoff of any
coalition Swith at least two members is then given by

(i) V(S = (m+1)zif1,2C S
(i) V(S)=nzifleShut2¢ S,
(iii) V(S)=zif2eShut1¢ S

The payoff of any single agent coalition is 0. Let v= (\,...,Vy) be an allocation
of agents’ expected utilities. Let D be the set of all v that fulfill the following
conditions.

vi > (n—1)z, v, >z v; >0, forall j,and 3’ ; vi = (n+1)z Then D is a subset
of the core. In fact, D contains only strict core allocations, because Yicsvi > V(S)
for all ve D, and for all SG |. Moreover, because D has dimension n— 1, the core
has full dimension n— 1.

Let E be the set of all v that fulfill the following conditions.

Vi=4z-1, Vo =, 3 =13, vj=z—-tj, for j> 4, >0foralli, ; <z
Yijzeatj <z andty +t3 =3 3t).

Note that E has dimension n— 1. Moreover, none of the allocations in E is
in the core, because they can be blocked by coalition S= {2,3}. In particular,
V({2,3}) =z However, since 3,3t < z it follows that v, +v3 <z Thus,
{2,3} can block. Also note that {2,3} is the only coalition that can block. In
fact, Yicsvi > V(S), for all coalitions S# 1,{2,3}. That is, all allocations of util-
ities in E are strict in the sense that the same utilities cannot be obtained for its
member by a coalition S# 1,{2,3}.

Because agents’ consumption is strictly greater than 0 in all states, we can
modify agents utility function such that all agents’ marginal utility at O is infinite
in all states. We now perturb the utility functions.

Let € > 0 be arbitrary. Consider the set U, of all utility functions for the n
agents G, i = 1,... ,nwith |ui(w,x) — G (0,x)| <eforall ® € Q,icl and forall
0 <x <Y 6. Clearly, U, contains preferences which are strictly concave. Thus,
the conditions of Theorem 2 are fulfilled for such preferences. Let U(S) andU(S)
be the set of attainable utilities generated by y and by Gi, respectively. Then U (S)
and U (S) will differ by less than e. That is, let v e U(S) be arbitrary. Then there
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exists ¥ € U (S) with ||v— V|| < e. Similarly, for all ¥ € U(S) there exists v e U(S)
with |[v—¥|| <e.

Let v.e D. Then as shown above v ¢ U(S) for all S& 1. Now choose & <
(1/2)dist(x,U(S)). Let W.(v) be an e-neighborhood of v. Then V ¢ U(S) for
all vV e W,(v), where U(S) is generated by utility functions G € U.. The core
of the economy with utility functions § therefore contains all ¥ € bdU (1) with
¥ >V for some V € W,(v). Thus, ¥ ¢ U(S) for all S 1. Thus, there exist strict
core allocations in the perturbed economy. As a consequence, the core has full
dimension n—1.

Similarly, we can pick v € E and prove that there exists a neighborhood W(v)
such that ¥ bdU (1) and ¥ ¢ U (S) for all S#1,{2,3}.

Now pick utility functions in U, that fulfill the assumptions of Theorem 2.
Let v e E, and V be a vector of utilities generated by a Pareto efficient allocation
x with ¥ >V for some V € W (v). Note that the set of all such allocations x has
dimension n— 1. Moreover, x is not in the core as it can be blocked by coalition
S={2,3}. It thus remains to show that x is nevertheless the limit of utilities of
incentive compatible core allocations.

Let mx — 7 such that agents 2 and 3 are not completely informed about states
o1, 2 and o, i.e., T (o = i | 0j) >0, fori,j=1,2,3 and k =2,3. We now
proceed as in the last part of the proof of Theorem 2.

Lemma 3 implies that there exists a sequence of Bayesian incentive com-
patible allocations X, k € N for the economies with priors m, k € N such that
limk ... [ Ui (@, X(o,0))dm = Vi(x). Again, one can assume that X is constrained
Pareto efficient.

Now suppose there exists a coalition Sthat can block . Than as in Theorem 2
one can conclude that Scan block x. Thus, S= {2,3}. In order to prove that X
is an incentive compatible core allocation, it therefore remains to prove that {2,3}
cannot block X for all sufficiently large k.

In order for agent 2 and 3 to improve through trade and receive an allocation
close to x, agent 2 must make a transfer to agent 3 in state ay which is strictly
larger than the transfer in the other states. Thus, similar to Example 2, the trades
are not incentive compatible. Agent 2 is better off reporting s= oy if s= w, or w3
has occurred. Similarly, agent 3 is better off reporting oy when w, has occurred.
Thus, the resulting allocation is not incentive compatible and agents 2 and 3 can
therefore not block. Hence x is a limit of incentive compatible core allocations. m
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