PENALIZED QUANTILE REGRESSION ESTIMATION
FOR A MODEL WITH ENDOGENOUS INDIVIDUAL EFFECTS*
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ABSTRACT. This paper proposes a penalized quantile regression estimator for panel data
that explicitly considers individual heterogeneity associated with the covariates. We pro-
vide conditions under which the estimator is asymptotically unbiased and Gaussian, thus
the harshness of the penalization can be determined by minimizing estimated variance.
We investigate finite sample and asymptotic performance in terms of quadratic loss in a
class of quantile regression estimators. The evidence suggests that the penalized approach
can significantly reduce the variability of existing quantile regression estimators for panel
data models with endogenous regressors, without introducing bias. Three empirical appli-

cations of the method illustrate the approach.
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1. INTRODUCTION

The estimation of panel data models often requires the use of a robust technique that
allows the possibility of estimating covariate effects at different quantiles of the conditional
distribution of the response variable, while controlling for individual heterogeneity. This pa-
per is concerned with the estimation of quantile regression functions for panel data models
that explicitly considers individual time-invariant heterogeneity associated with the inde-

pendent variables. Specifically, we will consider the following model,

(1.1) y = B+a+u
(1.2) 7 # Pla<0lz)

where y is the response variable, x is a vector of independent variables, w is the error
term, and 7 is the median quantile. Equation (1.2) suggests that the individual specific
effect @ may be drawn from a non-zero median distribution function and that the location
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of this distribution is not independent of x. In this framework, it is natural to consider
estimating directly a vector of individual effects, but the procedure inflates the variability of
the estimates of the covariate effects and does not allow estimation of time invariant effects.
In Angrist et al. (2002, 2006) longitudinal analysis of a voucher program and De Silva et
al. (2008) study of a state policy affecting procurement auctions of construction contracts,
it is not possible to estimate time-invariant treatment indicators. This paper presents a
quantile regression approach that both deals with endogeneity and allows identification of
time-invariant effects.

Research on quantile regression models for panel data is relatively new. Koenker (2004)
introduces a class of penalized quantile regression estimators proposing to estimate directly
a vector of individual effects. The estimation of these parameters increases the variability
of the estimates of the B’s, but regularization, or shrinkage reduces the inflation effect.
Lamarche (2006) provides conditions under which it is possible to obtain the minimum
variance estimator in the class of penalized estimators, the analog of the GLS in the class of
penalized least squares estimators for panel data. Geraci and Bottai (2006) and Abrevaya
and Dahl (2005) propose different approaches. The first paper uses a likelihood approach
under asymmetric Laplace distributions and the second paper considers the “correlated
random effects” model of Chamberlain (1982, 1984). While shrinkage produces bias in the
estimate of the covariate effect when P(a < 0|x) is not independent of @, Chamberlain’s
framework adapted for quantile regression inflates the variability of the estimate of the
covariate effect even for a small number of observations on each subject.

This paper proposes a penalized quantile regression method for estimating (1.1)-(1.2),
considering that the location of the distribution of a can be represented as a function of
the covariates h(x). The approach improves the performance of existing quantile regression
methods for panel data by both allowing correlation between & and « and increasing the
precision of the estimate of the 3’s. We provide conditions under which the estimator is
asymptotically unbiased and Gaussian, thus the harshness of the penalization can be deter-
mined by minimizing estimated variance. Monte Carlo evidence reveals that the estimator
can eliminate the bias that arises when the endogeneity of the observables is ignored, and
significantly reduce the variability of existing methods that give unbiased results.

Our approach is closely connected to the correlated random effects framework and re-
lated models that has been largely considered in empirical economics (e.g, Jakubson (1988),
Ashenfelter and Krueger (1994), Carey (1997), Ashenfelter and Rouse (1998), Krashinsky
(2004), Ziliak (2003), among others). We illustrate the use of the method in three applica-
tions. The first example uses a subsample of genetically identical twins from Ashenfelter and
Krueger (1994) to estimate the return of education. In the second application, we investigate
the distributional effect of background risk on wealth considering the framework developed



3

in Carroll and Samwick (1998) and Ziliak (2003). Lastly, we estimate the intertemporal
substitution elasticity of labor-supply using the British Household Panel Survey (BHPS).
These examples show interesting differences among quantile regression approaches for panel
data and demonstrate that the approach offers the possibility of estimating quantile models
with suspected endogenous variables while achieving better performance relative to existing
methods.

The next section presents the model and estimator. Section 3 studies the asymptotic
properties of the estimator and Section 4 offers Monte-Carlo evidence. Section 5 demon-
strates how the penalized estimator can be obtained and used in empirical applications.
Section 6 provides conclusions.

2. MODEL AND ESTIMATOR

Consider the classical Gaussian random effects model
(2.1) Vit = T3 + o + Uy, i=1,.N,t=1,..T

where y;; is the dependent variable, x;; = (1, z,2, ...,a:,-t,p)/ is the vector of independent
variables, the «;’s are unobservable time-invariant effects, and wu; is the error term. We
allow the variable a; and x;; to be stochastically dependent by considering the individual
effect to be drawn from a conditional distribution function with location h(x;) = @7, with
x; = (x;);. This may be seen within the classical context of Chamberlain (1982, 1984)
framework leading to a more familiar representation of the endogenous individual effects,

/
a; = x;7Y + a;.

The individual effect a; is distributed as G;, and by definition, this effect is uncorrelated
with the independent variables.

Although standard panel data methods offer the possibility of estimating conditional
mean models while controlling for individual heterogeneity, until recently, few papers have
estimated conditional quantile functions with individual specific effects. This paper consid-
ers individual heterogeneity associated with the covariates estimating conditional quantile
functions of the form,

Qy,, (TIxis, @i, a;) = 3, B(1) + xy(T) + @i,

for all quantiles 7’s in the interval (0,1). The parameter of interest is B(7). The individual
specific effect a; is a location shift effect on the conditional quantiles of the response as in
Koenker (2004). We will also estimate an alternative version of this model assuming that
the individual effect a; does not represent a distributional shift, since it is unrealistic to
estimate it when the number of observations on each individual is small. In the empirical
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sections, we will occasionally impose the condition that the covariate effect represents both
a location shift v and a distributional shift ~(7).

2.1. Estimation. Naturally, the estimation of the individual effects a;’s in the quantile
regression model increases the variability of the estimators of the covariate effects. As
explained below, we use regularization, or shrinkage of these individual effects to deal with
this problem.

There is an enormous amount of work in statistics and lately in econometrics dealing
with regularization in a wide spectrum of problems including estimation of models with a
large number of parameters (see, e.g., Tibshirani (1996), Koenker (2004), Horowitz and Lee
(2007), Carrasco, Florens and Renault (2007), Chen (2007); see also Bickell and Li (2006)
for a survey in statistics). For estimation of the quantile model with individual effects, we
consider the estimator that solves,

J T N

min Y > Y wipr, (vie — @3,8(75) — @iy (75) — a;) + APen(as),
j=1t=1 i=1
where pr. (u) = u(7; — I(u < 0)) is the quantile loss function, w; is a relative weight given
to the j-th quantile, and X is the Tikhonov regularization parameter or tuning parameter.
The function Pen(a;) is a ¢; penalty term that could be defined as ||a; — a||, where a}
may be close to the unknown location of the distribution. In the Chamberlain’s model by
definition a; has zero mean, so we made use of this information defining the penalty term
as
Pen(a;) = [lai.-

The estimation of the individual effects increases the variability of the estimators of the
covariate effects, but this penalty term that shrinks the fixed effects estimator of the a;’s
toward zero helps to reduce the inflation effect without sacrificing bias. The estimation
method solves a version of the penalized estimator introduced by Koenker (2004), consid-

ering the following design matrix,

[ diag(w) ® X diag(w) ® ZD w® Z
0 0 A ’
where
1 xy Ty, ... xip 10 ... 0
X _ 1z, D ThH  Thy .. Thy g 1 0 .. 0
1 a:’NT_ xh, xhe . Typ 00 .. 1

For identification when A\ — 0, we will need the standard conditions on restricting the
estimation to n — 1 individual specific effects.
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As in any regularization problem, the selection of the tuning parameter \ is of fundamen-
tal interest. In non parametrics, the tuning parameter X is typically selected by generalized
cross validation, in ridge regression by minimizing minimum squared error, and in classical
panel data models by maximum likelihood or generalized least squares (Ruppert, Wang, and
Carroll 2003). In general the ¢; penalty function ||a;|| does not achieve unbiasedness, but
in the case of exchangeable a;’s with zero-median distribution function, shrinkage improves
the slope’s performance without sacrificing bias. The heuristics of finding the optimal value
of the tuning parameter suggests, in the present framework, to find,

A = arginf {trSg},

where X3 is the covariance matrix of the slope parameter. The matrix may be estimated
using the standard bootstrap and alternative resampling methods for quantile regression
that has been investigated, among others, by Buchinsky (1995), Hahn (1995), Horowitz
(1998). The empirical covariance matrix X can be easily computed given A and B bootstrap
estimates {8*(7),9*(7), @*}. These bootstrap estimates are obtained using block or panel
bootstrap, that is, sampling pairs {(y;, ;) : i« = 1,..., N} with replacement. Next section,
after investigating the asymptotic properties of the estimator, provides a more rigorous
approach for A selection based on minimizing asymptotic variance.

3. ASYMPTOTIC PROPERTIES

The asymptotic theory of the penalized estimator can be developed using the existing as-
ymptotic results on panel data (e.g., Koenker 2004). We will employ the following regularity
conditions:

A 1. The variables y;; are independent with conditional distribution Fy;,, and
continuous densities f;; uniformly bounded away from 0 and oo at the points
&i(rj) for j=1,...,J,t=1,...,Tandi=1,...,N.

A 2. The random variables a; are exchangeable, identically, and independently
distributed with unconditional distribution function G; with median zero, and
continuous densities g; for i =1,..., N.

A 3. There exist positive definite matrices Xg, 31, 3o, and X3 such that

O X' WW X ... QX WW,X

N—oo QX' WIWIX ... QX W,W,X



1 le/W{lelX 0
21 = lim —— : .
N—oo 0 e wy XWX WX
X'PlPX ... X'P/P;X
S = lim o : :
27 BTN : ' :
N=eo X'P/\PX ... X'P/P;X
X'P¥P X .. 0
S5 = lim : :
57 AL NT ' :
N=oo 0 ... X'P,OP;X

where Qp = wy (7, A7 — T7)w; and Qp, = 7, (1 — 75y,) for the median 7,,,; W =
I-ZP;, P; = (Z'Y;Z)7'Z'Y;, X; = ®;(I - A;), ®; = diag(fu(8u(7;))),
A; = diag(z(D'Z'®;ZD)1®,;;x;), and ¥ = diag(g;(0)).

A 4. max||zy||/VTN — 0 and max||z;||/vT — 0.

Condition A1l ensures a well defined asymptotic behavior of the estimator by imposing
variability around the J conditional quantiles. Condition A2 may be seen as an extension of
Chamberlain’s (1982) orthogonality assumption between a; and x;;. This condition always
holds in the case of correlated random effects. The existence of the limiting form of the
positive definite matrices, assumed in A3, is needed to invoke the Lindeberg-Feller Central
Limit Theorem. Condition A4 is important for the Lindeberg condition and for ensuring
the finite dimensional convergence of the objective function.

3.1. Asymtotic Normality. Under the previous conditions, it is possible to show that
the penalized estimator is asymptotically unbiased and Gaussian. The argument given in
the Appendix follows closely Koenker (2004) overcoming the difficulties associated with the
infinite dimension of v and a by concentrating out these effects in the objective function.
The idea is to focus on the limiting behavior of the penalized slope ,B(T, A).

Theorem 1. Under regularity conditions A1-A4, and provided that N¢/T — 0 for some ¢ >
1 and Ay /T — X\ > 0, the penalized quantile regression estimator ,B(T, A) is asymptotically
normally distributed with mean B(7) and covariance matriz,

(31 4+ A23) (g + A2X0) (2 4+ A23) L.
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Remark 1. When the a’s are exchangeable and drawn from a conditional distribution
function with location zero, shrinkage that forces some individual specific effect estimates
a’s to be zero does not impose bias and affects the performance of the estimator of the
parameter of interest 3(7).

Remark 2. The estimation of the asymptotic covariance matrix can be accomplished by ob-
taining estimates of the conditional density f at the conditional quantile £(7) and the density
of the individual effects g(0). The estimation of f(£(7)) in iid and non-iid settings requires
the use of standard quantile regression methods, considering the conditional quantile func-
tion evaluated at \ equal to zero, £(7,0). The interested reader will find in Koenker (2005)
detailed explanations on the existing approaches. The estimation of g(0) can be performed
considering a sample of normalized individual effects estimates {a;(0), az(0),...,an(0)} and
classical kernel methods, (1/(Nhy)) Zfil K (a;(0)/hn), where hy is a bandwidth and a;(0)
is the “unpunished” estimate of the individual effect a;.

3.2. Asymptotic Relative Efficiency. We compare the performance of three estimators
of B: the estimator that penalizes uncorrelated individual effects ,B(T,/\), the estimator
that penalizes correlated individual effects ,@(T, A), and the quantile regression estimator
for the correlated random effects model B(r,0). The estimator B(7,)) is similar to the
estimator considered in Koenker (2004) when the location of the distribution of the #id
«;’s is different than zero, and B(T,O) is similar to the estimator considered in Abrevaya
and Dahl (2005) replacing the time effects by individual effects. Below, we facilitate the
comparison restricting attention to estimators in the class of penalized quantile regression
estimators, considering the median quantile 7 and normalized matrices A denoted by A,.

The estimator that shrinks the individual specific effects a; converges in distribution to

the normal random variable v,
VNT(B(1,\) = B(7)) ~ (Hy + AH3) " (B+ \C) = v

where B is a Gaussian vector independent of C' with covariance Hy = 7(1—7) X, M, M,X,,
C is a Gaussian vector with covariance Hy = 7(1—7) X, Py Ps X,, Hy = X, M| ®,M,X,,
and Hy = XP;¥,P5X,. The weighted projection matrices are M, = I — Z,Pg and
Py = (Z/®,Z,)"'Z'®,. While B is a mean zero variable because the error term and the
covariates are stochastically independent, the vector C' is an non-zero mean vector because
the sign of a and the independent variables are correlated. Consequently, we have that

B(7, A) is asymptotically biased for positive values of the tuning parameter A:
Abias(B(r,\)) = Ev = (H, + \H3) 'E(B + \C) = (H; + \H3)"')\S,,

with EC = S,. Note that the bias may be not negligible even for small values of A and
the absolute value asymptotic bias increases at a decreasing rate as A — oco. Moreover, the
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asymptotic variance of the penalized estimator is convex in A and equal to,
Avar(VNT(B(r,\)) = (Hy + \H3) "' (Hy + N Ho)(H, + \H3)™!

We now turn to the estimator that shrinks the “pure” random effects a;’s. Theorem 1
establishes that the estimator is asymptotically unbiased and has asymptotic variance equal
to,
Avar(VNT(B(,))) = (21 4 AZ3) 1B + A280) (B + AZ3) 71,
where ¥y = 7(1 — )X, W/W,X,, 1 = XWX, W,X,, ¥y = 7(1 — )X P Py X,
33 = X, Py ¥,PyX,. The weighted projection matrices are W, = I, — Z,Py and Py =
(Z!X,Z,)"'Z'Y,. In what follows, we let L = M,X, and R = W,X,,.
The matrices P and Py produce the same transformation. Note that,
PrX = (Z'vz)'Z'rX

(Z'®(I-NZ)'ZdI-AN)X
= (TZ'®I-MNZ)'TZ'®(I-AN)X

(Z'(I-MNZZ'®Z)'Z'(I1-NZZ' ®X

(Z'®Z)" 1 (Z'(I-MN2Z)'Z(I-ANZZ'®X

= (Z'®2)'Z'®X = PpX.

Since the previous result implies that Py X, is equal to P X, we have that Hy = Xy = Jy,
Hs =35 = Js, and Hs = X3 = J3. Therefore, the asymptotic relative efficiency between

B(r,\) and ,@(7‘, A) is determined by
H - = L'®L-RYR=L(®-7Y)L
= L'®AL = ||L|5, > 0.
with the inequality indicating that H; — X is positive definite and implying that the as-

ymptotic variance of the penalized estimator 3 (7, A) is smaller than the asymptotic variance
of B(r, ) for all Xs in Ry.

Theorem 2. Under the conditions of Theorem 1, for A € (0,00), the penalized estimator
that shrinks endogenous individual effects, B(T, A), and the penalized estimator that shrinks

erogenous individual effects, B(T, A), have covariance matrices,
Avar(VNT(B(7, ) = (Hy + As) ™ (Jo + N2Jo) (Hy + M\Js) ™,

Avar(vVNT(B(1,0)) = (21 + M3) L (Jo + A20) (21 + AJs) 7Y,
and Avar(B(r, \)) < Avar(B(t,\)). Also,

|Abias(B(T, A)| > |Abias(B (7‘ A)| = |Abias(B (T 0))| =0.
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Remark 3. The result could be interpreted in terms of asymptotic mean squared error
(AMSE). Note that although B(T, A) is asymptotically biased, it may have asymptotically
significantly smaller variance than the unbiased estimators B(T, A) and B(T, 0). We find

that the trace of the asymptotic mean squared error is:

- P CHCE+A?) (5,A?
AMSE(ﬁ(ﬂ )\)) = ; (C}z(é + )\))2 + (_a(@; + /\))2
. LGS A
AMSE(B(T,N) = D
I Iy

Gt
(G

)

where the (’s are positive eigenvalues of the matrices A=A= X'PO¥PX, C = C =
T(1—7)X'PPX, D=D=7(1-7)C'L'L, B=A"'L'®L and B= A~'L'YL. Note
that while ¢! = ¢!, ¢! = ¢} and Cfl- = (3,

B

AMSE(B(r,0)) =

G>¢ v
The AMSE of the penalized estimator B(T, A) is a function of the eigenvalues of the as-
ymptotic quadratic bias term. The largest eigenvalue is defined as (g, = max{(éo, e ,(go}

and, ¢z and C_B are the corresponding eigenvalues. From the expressions, it is immediately
apparent than for (g, sufficiently small,

~ ~

AMSE(B(r, \)) < AMSE(3(r, \)),

but the inequality is reversed if the bias and the tuning parameter are large. For A suffi-
ciently small, we have that

AMSE(B(1,A)) < AMSE(3(7,0)),

suggesting that shrinking the individual effects a’s is worthwhile. It is obvious that a critical
aspect of this estimation technique is the ability to do A selection, so we investigate this
issue in the next section.

3.3. Optimal Shrinkage. We consider choosing A to minimize AMSE, which for the case
of ,B(T, A) implies choosing A to minimize asymptotic variance. The primary objective is
now to show that the trace of the asymptotic covariance matrix is convex in A, therefore a
unique value of \ exists.

Theorem 3. Under the conditions of Theorem 1, there exists a unique variance minimizing
parameter,

M = argmin{tr(Z1 3271 31) (21 + A3) " HZo + A2 Z9) (21 + AZ3) )
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Remark 4. Theorem 3 demonstrates that it is possible to obtain an “optimal” tuning
parameter defined as the minimizer of the trace of the asymptotic covariance matrix. Note
that the selection of A\* is not sensitive to scale effects because we consider normalized
asymptotic variances Avar(, (15, A))/Avar (B (75,0)).

Remark 5. In the case of p = 1, it may be advantageous to consider the optimal tuning
parameter as the minimizer of the j-th diagonal element,
eX'W'WXe+ \e X' PyPrXe
(e’ X'W' YW Xe + e/ X' P ¥ Py Xe)?

where e is a vector containing an indicator variable for the covariate. For values of A — 0,

a small increase in the shrinkage parameter reduces the variance of the estimator, and for
values A — 00, the variance increases. The variance is continuous and strictly convex,
therefore \* exists and is,
., €X'WWXee X' PLU¥PyXe
T EX'WYW Xee' X' PPy Xe
In the case of a; and w; distributed as iid Gaussian variables, the densities g; and f;; are
constant and equal to g and f. Note that W X = M X, with M being idempotent. Under

these conditions, the optimal tuning parameter is A* = c¢g/f for a constant ¢ > 1.

Remark 6. Under the previous regularity conditions and considering the methods de-
scribed in Remark 2, a “plug-in” estimator A\ consistently estimates the optimal degree of
shrinkage A*, therefore the feasible estimator B(T, 5\) should be indistinguishable from the
unfeasible estimator B(T, A*) as the sample size increases.

4. MONTE CARLO

This section reports the results of several simulation experiments designed to evaluate
the performance of the method in finite samples. First, we will briefly investigate the bias
and variance of the penalized estimator in models with endogenous regressors. Second, we
will contrast the performance of the penalized quantile regression estimator for the corre-
lated random effects model with classical least squares estimators and quantile regression
estimators. Lastly, we will evaluate the efficiency of the penalized estimator relative to

existing approaches for panel data quantile regression.

4.1. Experiment Design. We generate the dependent variable considering the following
equations,

yit = o+ bz + i + (1 + 0xi)uit

Tig = T+ Vit

Qi = Y0+ Y1Ti + e FVTTT + Q



y=0.02 y=0.02

0.05

0.05
|
-0.05

bias By
0.00
Var 1

-0.15

-0.05

-0.10
1
t
T U
82
2
-0.25
1

0.5 1.0 15 20 0.5 1.0 15 20
A A
y=0.05 y=0.05
0
S
S
)
= 4 o
(=} o
S
o
= 4
2 .
g
& 8 @ S
o o = T
£ E
° .
<]
S o
N
] ?
°
o
1 -~
o
— o
2 @ ]
T T T T T ? T T T T
0.5 1.0 15 20 0.5 1.0 15 20
A A
y=0.10 y=0.10
o | o
S S
o
S ] !
= @
5 @@ T
@ o
<
£ 2 >
o
S -
1
=]
]
@
ba ?
S 4
! T T T T T T T T
0.5 1.0 15 20 0.5 1.0 15 20
A A

FIGURE 4.1. Quantile regression estimation for the correlated effects model
when v’s are positive and small. The left panels show the bias and the right
panels the variance percentage change. PQR stands for the estimator that
penalizes “endogenous” individual effects, and PCQR stands for the esti-
mator that penalizes “exogemous” individual effects. Fach dot represents a
statistic based on 400 randomly generated samples.
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Estimators
Least Squares Quantile Regression

LS GLS QR PQR PCQRd PCQRI CQR

N T Statistics N(0,1) distributions

100 2 Bias 0.4578 0.3900 0.4573 0.4070 -0.0086 -0.0104 -0.0077
Std Dev  0.0435 0.0408 0.0523 0.0494 0.1144 0.1063  0.1395
100 4 Bias 0.4355 0.2877 0.4360 0.2986  0.0038  0.0046  0.0001
Std Dev  0.0395 0.0345 0.0470 0.0458 0.0719  0.0638 0.0812
100 12 Bias 0.4235 0.1496 0.4229 0.1397 0.0019  0.0021  0.0023
Std Dev  0.0391 0.0263 0.0415 0.0314 0.0387  0.0346 0.0421

250 2 Bias 0.4594 0.3955 0.4599 0.4109 -0.0001 -0.0011 -0.0014
Std Dev  0.0285 0.0272 0.0337 0.0326 0.0757  0.0706  0.0887
250 4 Bias 0.4407 0.3006 0.4412 0.3112 0.0006 -0.0003 0.0007
Std Dev  0.0243 0.0212 0.0283 0.0287 0.0416  0.0374 0.0515
250 12 Bias 0.4322 0.1650 0.4324 0.1513 0.0004 -0.0003 0.0007
Std Dev  0.0238 0.0151 0.0252 0.0186 0.0246  0.0219  0.0279

500 2 Bias 0.4644 0.4077 0.4646 0.4213 0.0024 0.0012  0.0050
Std Dev  0.0190 0.0181 0.0233 0.0229 0.0529  0.0468 0.0623
500 4 Bias 0.4490 0.3175 0.4495 0.3289 -0.0014 -0.0018 -0.0010
Std Dev  0.0175 0.0154 0.0197 0.0193 0.0310  0.0275  0.0389
500 12 Bias 0.4404 0.1801 0.4407 0.1654 -0.0001 -0.0003 -0.0008
Std Dev  0.0151 0.0106 0.0165 0.0139 0.0163 0.0145 0.0178

N T  Statistics t3 distributions

100 2 Bias 0.4608 0.3933 0.4600 0.4110 0.0012  0.0013  0.0056
Std Dev  0.0818 0.0770 0.0716 0.0673 0.1393  0.1340 0.1739
100 4 Bias 0.4312 0.2819 0.4323 0.2975 -0.0045 -0.0048 -0.0038
Std Dev  0.0705 0.0604 0.0569 0.0532 0.0847  0.0750 0.0971
100 12 Bias 0.4242 0.1483 0.4212 0.1403 -0.0015 -0.0010 -0.0006
Std Dev  0.0703 0.0409 0.0518 0.0364 0.0421  0.0390 0.0530

250 2 Bias 0.4601 0.3969 0.4602 0.4123 -0.0016 -0.0006 -0.0036
Std Dev  0.0480 0.0441 0.0426 0.0419 0.0866  0.0830  0.1003
250 4 Bias 0.4423 0.3008 0.4409 0.3150 -0.0047 -0.0032 -0.0050
Std Dev  0.0448 0.0382 0.0353 0.0309 0.0507  0.0484 0.0630
250 12 Bias 0.4313 0.1651 0.4316 0.1570 0.0011  0.0009 0.0014
Std Dev  0.0404 0.0274 0.0294 0.0237 0.0250  0.0241 0.0318

500 2 Bias 0.4644 0.4081 0.4644 0.4226 0.0014  0.0031 0.0015
Std Dev  0.0338 0.0322 0.0294 0.0284 0.0633  0.0576  0.0728
500 4 Bias 0.4498 0.3179 0.4498 0.3338  0.0007  -0.0005 0.0007
Std Dev  0.0300 0.0270 0.0238 0.0238 0.0385  0.0349  0.0455
500 12 Bias 0.4385 0.1792 0.4389 0.1696 -0.0004 -0.0002 -0.0005
Std Dev  0.0264 0.0187 0.0217 0.0168 0.0203  0.0183  0.0240

TABLE 4.1. Bias and Standard Deviation of the Estimators. Both the pe-
nalizes estimator quantile regression estimator (PQR) and the penalized es-
timator for the correlated random effects (PCQR) are defined for \*. The
table presents two versions of the estimator: PCQRd estimates the model
considering ¥(7) and PCQRI considers (1) = ~.



Asymptotic Theory Bootstrap
Quantiles
0.25 0.5 0.75 0.25 0.5 0.75
N T Statistics N(0,1) distributions
100 2 Bias 0.0104 0.0120 0.0079 0.0081 0.0192 0.0038
Std Err  0.1467 0.1142 0.1397 0.1414 0.1258 0.1356
RE 0.9329 0.7922 0.8887 0.8991 0.8722 0.8629
100 4 Bias 0.0008 -0.0002 -0.0009 0.0015 0.0003 -0.0009
Std Err  0.0780 0.0680 0.0786 0.0773 0.0674 0.0772
RE 0.9264 0.8577 0.9046 0.9179 0.8499 0.8893
100 12 Bias 0.0017 -0.0006 -0.0039 0.0021 -0.0007 -0.0030
Std Err  0.0416  0.0377  0.0408 0.0409 0.0384 0.0414
RE 0.8437 0.8644 0.9251 0.8292 0.8794  0.9408
250 2 Bias -0.0009 -0.0051 -0.0030 0.0015 -0.0065 -0.0043
Std Err  0.0965 0.0768 0.0925 0.0986 0.0789  0.0925
RE 1.0213 0.8724 0.9620 1.0433 0.8961 0.9618
250 4 Bias 0.0026  0.0001 -0.0023 0.0035 0.0006 -0.0021
Std Err  0.0493 0.0435 0.0529 0.0504 0.0466 0.0493
RE 0.8926  0.8440 0.9620 0.9129 0.9044 0.8971
250 12 Bias 0.0006 -0.0006 0.0003 0.0005 -0.0007 0.0003
Std Err  0.0248 0.0220 0.0259 0.0256  0.0224  0.0260
RE 0.7700 0.8781 0.9360 0.7960 0.8965 0.9378
500 2 Bias -0.0020 -0.0021 -0.0006 -0.0033 0.0003 -0.0007
Std Err  0.0656  0.0520 0.0687 0.0629 0.0544 0.0646
RE 0.9662 0.8378 1.0303 0.9268 0.8770 0.9682
500 4 Bias -0.0009 -0.0010 -0.0020 -0.0009 -0.0007 -0.0013
Std Err  0.0362 0.0322 0.0378 0.0367 0.0330 0.0360
RE 0.8538 0.8946 0.9336 0.8664 0.9179  0.8889
500 12 Bias -0.0004 -0.0005 -0.0009 -0.0005 -0.0006 -0.0010
Std Err  0.0193 0.0169 0.0182 0.0195 0.0167 0.0180
RE 0.8862 0.8646 0.8913 0.8980 0.8572 0.8783
N T  Statistics t3 distributions
100 2 Bias -0.0002 -0.0013 0.0003 -0.0011 0.0044 0.0045
Std Err  0.1872  0.1429 0.1796 0.1795 0.1499 0.1781
RE 0.8604 0.8185 0.8196 0.8253 0.8585 0.8125
100 4 Bias 0.0032 -0.0011 0.0027 -0.0004 0.0011 0.0039
Std Err  0.1036  0.0829 0.0967 0.1041 0.0820 0.0965
RE 0.8685 0.7743 0.8300 0.8724 0.7662 0.8287
100 12 Bias -0.0020 -0.0007 -0.0025 -0.0015 -0.0008 -0.0031
Std Err  0.0497  0.0407 0.0513 0.0500 0.0412 0.0515
RE 0.8613 0.8188 0.8052 0.8672 0.8289  0.8081
250 2 Bias -0.0005 -0.0032 -0.0034 0.0008 -0.0018 -0.0075
Std Err  0.1170 0.0885 0.1085 0.1229 0.0873  0.1149
RE 0.9126 0.8753 0.8900 0.9591 0.8640 0.9421
250 4 Bias 0.0032 0.0012 0.0013 0.0047 0.0009 0.0002
Std Err  0.0630 0.0512 0.0625 0.0639 0.0515 0.0625
RE 0.7982  0.8908 0.7962 0.8096 0.8974 0.7970
250 12 Bias -0.0005 0.0006 0.0020 0.0002 0.0006 0.0020
Std Err  0.0319 0.0254 0.0305 0.0323 0.0253  0.0309
RE 0.7947 0.8038 0.8302 0.8056 0.8020 0.8411
500 2 Bias -0.0004 0.0031 0.0067 0.0008 0.0025 0.0055
Std Err  0.0865 0.0655 0.0815 0.0834 0.0666 0.0796
RE 0.9838 0.8774 0.9130 0.9493 0.8912 0.8919
500 4 Bias -0.0003 -0.0011 0.0007 -0.0003 -0.0026 0.0001
Std Err  0.0442 0.0398 0.0465 0.0472 0.0385 0.0476
RE 0.8412 0.8854 0.8971 0.8975 0.8563 0.9175
500 12 Bias 0.0015 -0.0004 0.0005 0.0013 -0.0004 0.0003
Std Err  0.0229 0.0192 0.0238 0.0236  0.0195 0.0241
RE 0.7753  0.8504 0.8590 0.8017 0.8642 0.8701

TABLE 4.2. Feasible PCQRd estimation. The table considers
using asymptotic and bootstrapped variance. RE stands for the relative ef-

ficiency of Abrevaya and Dahl’s estimator (PCQ) relative to the penalized
estimator (PCQRd).

\* estimated

13
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Asymptotic Theory Bootstrap
Quantiles
0.25 0.5 0.75 0.25 0.5 0.75
N T Statistics N(0,1) distributions
100 2 Bias 0.0072  0.0103 0.0098 0.0122 0.0152 0.0123
Std Err  0.1099  0.1075 0.1083 0.1099 0.1094 0.1080
RE 0.6987  0.7456  0.6889  0.6989  0.7587  0.6871
100 4 Bias 0.0004 -0.0008 0.0001 0.0006 -0.0003 0.0003
Std Err  0.0611 0.0601 0.0607 0.0609 0.0601 0.0609
RE 0.7257  0.7585 0.6995 0.7239 0.7581 0.7011
100 12 Bias -0.0002 -0.0006 -0.0003 -0.0003 -0.0004 -0.0005
Std Err  0.0347  0.0348 0.0349 0.0351 0.0349 0.0351
RE 0.7042 0.7980 0.7914 0.7115 0.8002 0.7976
250 2 Bias -0.0033 -0.0036 -0.0054 -0.0024 -0.0039 -0.0049
Std Err  0.0727 0.0706 0.0720 0.0680 0.0712  0.0698
RE 0.7694 0.8019 0.7484 0.7192 0.8089 0.7253
250 4 Bias -0.0003 -0.0002 -0.0013 0.0011 0.0010 -0.0002
Std Err  0.0403 0.0388 0.0404 0.0413 0.0400 0.0409
RE 0.7287  0.7539  0.7347 0.7472  0.7767 0.7435
250 12 Bias 0.0003 -0.0004 -0.0001 0.0003 -0.0004 -0.0003
Std Err  0.0201  0.0201 0.0203  0.0203  0.0202  0.0202
RE 0.6254  0.8038 0.7324 0.6316 0.8090 0.7294
500 2 Bias -0.0015 -0.0020 -0.0022 -0.0011 -0.0017 -0.0019
Std Err  0.0496  0.0475 0.0488 0.0492 0.0479  0.0487
RE 0.7304 0.7646 0.7312 0.7249 0.7718 0.7302
500 4 Bias -0.0011 -0.0012 -0.0004 -0.0009 -0.0009 0.0000
Std Err  0.0293  0.0292 0.0295 0.0292 0.0295 0.0294
RE 0.6910 0.8105 0.7296 0.6893 0.8202 0.7258
500 12 Bias -0.0005 -0.0007 -0.0005 -0.0007 -0.0008 -0.0007
Std Err  0.0154 0.0152 0.0154 0.0152 0.0150 0.0152
RE 0.7076  0.7784  0.7529 0.7016 0.7694  0.7453
N T  Statistics t3 distributions
100 2 Bias 0.0002 0.0010 0.0007 0.0027 0.0034 0.0015
Std Err  0.1445 0.1391 0.1421 0.1477 0.1399  0.1443
RE 0.6642  0.7970 0.6483 0.6790 0.8016 0.6584
100 4 Bias 0.0017  0.0013 0.0024 0.0015 0.0018 0.0013
Std Err  0.0796 0.0765 0.0779 0.0793 0.0772  0.0775
RE 0.6675 0.7142 0.6691 0.6643 0.7214 0.6654
100 12 Bias -0.0024 -0.0009 -0.0021 -0.0020 -0.0010 -0.0020
Std Err  0.0400 0.0381 0.0386  0.0408 0.0382  0.0388
RE 0.6936  0.7665 0.6062 0.7072 0.7701  0.6094
250 2 Bias -0.0010 -0.0030 -0.0037 -0.0016 -0.0032 -0.0026
Std Err  0.0846  0.0820 0.0817 0.0836 0.0821  0.0830
RE 0.6602 0.8110 0.6700 0.6523 0.8117 0.6807
250 4 Bias 0.0030 0.0029 0.0012 0.0028 0.0015 0.0006
Std Err  0.0462  0.0460 0.0499 0.0465 0.0461  0.0505
RE 0.5862 0.8017 0.6357 0.5890 0.8035 0.6433
250 12 Bias 0.0000 0.0004 0.0004 0.0005 0.0007 0.0007
Std Err  0.0261 0.0240 0.0243  0.0258 0.0240 0.0246
RE 0.6513  0.7587 0.6601 0.6422 0.7603 0.6691
500 2 Bias 0.0015 0.0020 0.0030 0.0019 0.0020 0.0028
Std Err  0.0613  0.0595 0.0615 0.0614 0.0596 0.0614
RE 0.6974 0.7968 0.6884 0.6987 0.7976  0.6880
500 4 Bias -0.0016 -0.0010 -0.0003 -0.0010 -0.0014 -0.0012
Std Err  0.0362 0.0364 0.0370 0.0354 0.0360 0.0362
RE 0.6880 0.8087 0.7128 0.6727 0.8014 0.6972
500 12 Bias 0.0003  0.0002 0.0003 0.0002 0.0000 0.0000
Std Err  0.0180 0.0719 0.0184 0.0184 0.0181 0.0188
RE 0.6096  0.7927 0.6630 0.6254 0.8015 0.6804

TABLE 4.3. Feasible PCQRI estimation. The table considers
using asymptotic and bootstrapped variance. RE stands for the relative ef-
ficiency of Abrevaya and Dahl’s estimator (PCQ) relative to the penalized

approach (PCQRI).

A* estimated
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where wu;; and a; are iid Gaussian variables. While the independent variable x; is also
generated as iid Gaussian variables in the location shift model, it is distributed as X% in
the location-shift model to avoid quantile curves that cross each other. The results for the
location shift model were similar to the results for the location-scale shift model, so we will
only report estimates for 6 = 0. In all the variant of the models reported on the tables below,
the 3’s are assumed to be zero, the v’s are 0.5/T representing the Mundlak-Chamberlain
case, and 7 is set to be 2.5.

4.2. Results. We start reporting results on the performance of the penalized quantile re-
gression estimators when the correlation between the independent variables and the indi-
vidual specific effect is small v = {0.02,0.05,0.10} and 3; = 1. We consider a data set with
N =100 and T' = 5. The panels of Figure 1 report the bias and variance percentage change
of the penalized estimator which penalizes the «;’s (PQR) and the penalized estimator that
penalizes the a;’s (PCQR). The panels on the left show that the PQR estimator is biased
and its bias starts to increase as we increase the harshness of the penalization. For v = 0.02
for instance, the bias of the slope PQR estimator achieves 5 percent for A approximately
equal to 1, while the bias of the PCQR is zero. The right panels reveal that the variance
of the estimators decrease first and then increase, but there are significant differences in
variance reduction. By carefully choosing A to be 1, the variance of the slope PQR estima-
tor can be reduced more than 25 percent, while the variance of the PCQR is reduced by
2 percent. The evidence also shows that the variance compression does not dramatically
depend on the correlation between «; and x;; but the bias of the PQR does. We observe a
proportional change in the bias of the PQR estimator, as it changes from 5 to 25 percent
when ~ increases from 0.02 to 0.10.

We expand the design of the experiment considering several sample sizes N = {100, 250, 500}
and T = {2,4,12}, and the random variables a; and u;; to be distributed as Gaussian and
t-student with 3 degrees of freedom. Considering these models in Table 4.1, we compare
the performance of the following estimators: (1) the ordinary least squares (OLS); (2) the
generalized least squares (GLS); (3) the pooled quantile regression estimator (QR); (4)
Koenker’s (2004) penalized quantile regression estimator (PQR); (5) the penalized quantile
regression estimator for the correlated random effects model (PCQR); (6) Abrevaya and
Dahl’s (2005) quantile regression estimator (CQR).

As expected, the performance of the methods that ignores the correlation between the
independent variable and the individual effect are rather unsatisfactory. In all the variants
of the model, the bias is significant even for moderate T'. The PCQR estimator, however,
reduces the variance of Abrevaya and Dahl estimator by 23 percent on average. We also see
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that, the PCQR is more efficient than the GLS when a; and u;; are drawn from t-student
distribution.!

Because we have implemented the method considering the unfeasible version of the esti-
mator, we now investigate the performance of A using the same models. We now increase
the design to consider two ways of estimating A*: (a) estimated asymptotic covariance
matrix? and (b) bootstrapped variance. Tables 4.2 and 4.3 are different than Table 4.1
in two aspects. First, they report the performance of the PCQR at different quantiles
{0.25,0.5,0.75}. Second, they present a measure of the efficiency of the CQR estimator
relative to PCQR estimator,

Var (Bl,PCQR (Tj, 5\>)
Var (Bl,CQR (Tj))

The table presents three interesting new findings. First, the results suggest that there

RE? =

are no important efficiency losses when the researcher estimates \*, at least in the models
considered in this study. Second, the performance of the two A\ selection alternatives are
satisfactory, and the estimation strategies seems to complement each other®. Lastly, the
penalized estimator seems to advance the estimator proposed by Abrevaya and Dahl (2005).
The shrinkage estimator offers considerable efficiency gains over the quantile regression
estimator for the correlated random effects model in all variants of the model.

5. THREE SIMPLE EXAMPLES

In this section we use data to investigate the performance of the method, considering
applications of the correlated random effects model. The first example uses a subsample of
genetically identical twins from Ashenfelter and Krueger (1994) to estimate the return of
education. In the second application, we investigate the distributional effect of background
risk on wealth. Lastly, we estimate the intertemporal substitution elasticity of labor-supply
using the British Household Panel Survey (BHPS) and considering McCurdy (1981) and
Jakubson (1988) framework for empirical analysis. Our objective is to demonstrate how the

1Keeping the design of the experiment the same, we also evaluated the performance of the estimator for
the location-scale shift model assuming § = .1. The results were similar to the results in Table 4.1, revealing
that the PCQR is unbiased and reduces the variance of unbiased estimators for the correlated random effects
model. The results are available upon request.

2We estimate the scalar sparsity parameter, and we use a logspline method to estimate g. A Gaussian
kernel with three different bandwidth choices produced similar results.

31t is somewhat surprising that with few observations on each subject, it is possible to obtain an estimator
of the shrinkage parameter similar to the one obtained by block bootstrap. We prefer to be cautious about
this result arguing that, in general, when 7' — 1, the bootstrap alternative should provide a superior

performance.
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penalized quantile regression estimator for models with endogenous individual effects can

be obtained and employed.

Variable Method Quantiles
0.10 0.25 0.50 0.75 0.90
Years of Education QR 0.060 0.087 0.095 0.091 0.083
(0.036) (0.030) (0.020) (0.015) (0.024)
CQR 0.058 0.097 0.101 0.042 0.123
(0.062) (0.045) (0.038) (0.045) (0.052)
PCQR  0.099 0.103 0.092 0.097 0.094
(0.040) (0.035) (0.031) (0.029) (0.031)
Male Dummy QR 0.176 0.157 0.213 0.197 0.151
(0.151) (0.114) (0.074) (0.098) (0.177)
CQR 0.152 0.157 0.178 0.164 0.123
(0.173) (0.117) (0.071) (0.094) (0.156)
PCQR  0.118 0.182 0.166 0.205 0.159
(0.135)  (0.117) (0.076) (0.098) (0.128)
White Dummy QR -0.326  -0.500 -0.366 -0.625 -0.464
(0.339) (0.187) (0.157) (0.198) (0.214)
CQR -0.361  -0.383 -0.421 -0.495 -0.560
(0.317) (0.201) (0.143) (0.180) (0.216)
PCQR -0.125 -0.393 -0.369 -0.517 -0.723
(0.313)  (0.190) (0.151) (0.189) (0.200)
Age QR 0.070 0.081 0.105 0.087 0.104
(0.045) (0.029) (0.019) (0.026) (0.064)
CQR 0.065 0.071 0.101 0.101 0.095
(0.047) (0.029) (0.018) (0.027) (0.061)
PCQR 0.101 0.081 0.107 0.094 0.098
(0.043) (0.031) (0.020) (0.026) (0.047)
Age2 x 100 QR -0.068 -0.081 -0.108 -0.087 -0.111
(0.056) (0.036) (0.024) (0.030) (0.082)
CQR -0.063 -0.069 -0.102 -0.102 -0.093
(0.058) (0.037) (0.022) (0.031) (0.079)
PCQR -0.105 -0.083 -0.107 -0.093 -0.097
(0.055) (0.039) (0.024) (0.031) (0.056)

TABLE 5.1. Quantile regression estimates for the return to education model
using data on Twins. The table shows results from quantile regression (QR),
Abrevaya and Dahl estimator (CQR) and penalized quantile regression for the
correlated random effects model (PCQR). Standard errors (in parenthesis)
obtained after 1000 panel-bootstrap repetitions.

5.1. Example 1: Returns to Education. Ashenfelter and Krueger (1994) and Ashen-
felter and Rouse (1998) use a sample of genetically identical twins to investigate the return

to education. Their conceptual framework includes a wage equation for the first and sec-

ond twins in the i-th pair and a general representation of the individual specific effects as
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correlated random effects. Consider the Ashenfelter and Krueger (1994) set up,

/

yii = a;m+ Bz + o+ up

(3
/
Yio = ;T + Bzio + oy + U

where y;; is the logarithm of wages for twins in the j-th pair, x; is a vector of variables that

vary by families (e.g., age, gender and race) and z;; represents twins characteristics (e.g.,
education). They consider a general representation for the individual effects as,

a; = ;0 + 2 + Y22z + ai,

where the +’s represent the effect of education on wages that is attributed to the family
effect. It is assumed that a; is uncorrelated with x;, z;1, and z;5. Their conceptual framework
suggest the following quantile regression model,

Qv,, (Tl2ij, 2i,ai) = 2id(7) + B(7)2i5 + 2iv(T) + a;

Table 5.1 presents the results obtained using the penalized method*. The PCQR estimates
of the return to education varies between 9 and 10 percent across the quantiles of the
conditional distribution of log of wages, although QR and PQR suggest a wider range from
4 to 10 percent. We see that the standard errors of the PCQR are in general smaller than
the standard errors of the CQR. This is particularly important on the lower tail, where the
only significant quadratic effect on age is related to the penalized approach.

5.2. Example 2: Distributional effects of Uncertainty on Wealth. This section
employs the framework developed by Carroll and Samwick (1998) to investigate the predic-
tions of “buffer-stock savings” theories. In situations where the households cannot perfectly
smooth their consumption, they would like to accumulate wealth to be used in the event
of an income shock. These theories imply that the households will set a target wealth to
permanent income ratio trying to maintain that ratio, consequently the wealth profile of
rich and poor families should have similar shapes. This prediction, however, is not observed
in reality®. Ziliak (2003) investigates this conjecture assuming that some of regressors are
correlated with family specific effects «; and classifying the families as poor, near poor, and

4In this application we have decided to use resampling strategies to obtain the standard errors because we
have large number of cross-sectional units observed over a short number of time periods. In the first stage,
we find precisely how much shrinkage is desirable minimizing the bootstrapped variance of the estimator of
the covariate effects. In the second stage, we use the first-stage estimate A\ to calculate a “feasible” version
of the penalized quantile regression estimator.

5The literature offers a variety of reasons for the observed diversion in wealth to permanent income
rations. Ziliak’s (2003) list, for example, includes permanent income, income uncertainty, transfer income,
demographic characteristics, saving preferences, etc. He estimates a model for wealth-to-permanent total
income on measures of income uncertainty, socioeconomic characteristics, and individual time-variant factors

intended to capture differences in saving attributed to impatience.
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FI1GURE 5.1. The distributional effect of uncertainty and permanent labor
income on wealth. The panels show quantile regression results (QR) and
penalized quantile regression for the correlated effects model (PCQR). The
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rich. The quantile regression analysis presented below is similar and has the advantage that

there is no need to create a classification according to income levels. It seems natural then
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to estimate a quantile regression model for wealth,
Qw (Tlzit, i, ai) = @3, B(7) + 2{0(7) + Ty + a;,

where x;; is a vector of variables (e.g., age, marital status, gender) that are correlated with
the individual effect «;. The vector z; includes measures of permanent labor income and
income uncertainty that are defined as in Ziliak (2003). Note that these variables are time-
invariant, therefore the within transformation cannot be used to consistently estimate the
parameter (7).

We use wealth information from 1984, 1989, 1994, 1999, and 2001 supplements of the
Panel of Income Dynamics (PSID) to consider two alternative definitions for the dependent
variable Wj;: Total Net Wealth (TNW) and Net Wealth excluding equity of the main home
and personally owned business equity (NWNH). TNW is defined as the sum of house value,
business equity, cash, stocks, vehicles, and other assets minus mortgage and financial debt.
The data contains 261 individuals observed over time with additional data on age, number
of children, marital status, gender, and labor income.

Figure 5.1 presents estimates of the effect of uncertainty and permanent labor income as
a function of the quantile 7 of the conditional distribution of wealth. The upper panels show
results for TNW and the lower panels depict results for NWNH. In each graph, the contin-
uous line denotes the estimates from the penalized approach (PCQR) and the dashed line
shows the quantile regression results (QR). While QR tends to overestimate the effects, the
PCQR estimates are similar to Ziliak’s findings. Additionally, the median PCQR estimates
are similar to the mean IV results presented in Carroll and Samwick (1998). The PCQR
estimates that the effect of permanent income is positive, significant and decreasing in terms
of quantiles and uncertainty of labor income seems to play a small role on accumulation

among rich families.

5.3. Example 3: British Evidence of Hours of Work and Wages. Our last example
considers the classical life-cycle model of consumption and labor supply assuming the fol-
lowing convenient additively separable utility function on consumption ¢ and hours of work
h, ¢/t — sthy?, where 0 < v; < 1, v9 > 1, and s is a taste shifter. The consumer’s problem
is to maximize a lifetime utility function subject to an intertemporal budget constraint.
Assuming that the marginal utility of wealth is constant and that the interior optimum

exists, we have
(51) ln(hlt) = q; + 5111(?,0“5) + ’}/t - 51H(Sit)

where In denotes natural logarithm, § = (vo — 1)~! is the intertemporal substitution elas-
ticity, and «; represents the marginal utility of wealth that may be correlated with the
independent variables. MaCurdy (1981) explicitly modeled individual specific effect as a
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FIGURE 5.2. The responsiveness of hours to wages using British data. The
panel shows estimates obtained from least squares (LS), quantile regression
(QR), quantile regression for the correlated random effects model (CQR),
and penalized quantile regression for the correlated random effects model
(PCQR). The shaded areas indicate a .95 pointwise confidence interval.

linear function of wages, individual characteristics, and initial wealth, and more recently,
Jakubson (1988) assumes the “correlated random effects” model formalizing the idea that
the time invariant effect o and the independent variables @ are correlated,

a; = Ty + o+ Tl + a;.

where the vector @, includes log of wages and taste shifters. The quantile regression function
for this model can be written as,

an(hit)(ﬂln(wit), Tit, iy ;) = Ty B(7) + 0(7)In(wyy) + 2LE(T) + a;

We use a sample taken from the British Household Panel Survey. The data is an annual
panel survey that includes 3630 observations over ten years: 1991-2000. The sample, which
is similar to other data used in previous labor supply studies (e.g., PSID), includes 363
men aged between 25 and 55. The data set includes observations on weekly hours worked
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(mean = 46.05 and s.d. = 9.40), age (mean = 40.43 and s.d. = 6.58), and number of children
(mean = 1.24 and s.d. = 1.05). The British panel does not report separate information on
basic and overtime earnings, therefore we constructed the hourly gross wage in 2002 pounds
considering basic and overtime hours as described in Stewart and Swaffield (1997). The
logarithm of wages has a mean of 2.47 (s.d. = 44).

Figure 5.2 presents estimates of the elasticity d as a function of the quantiles of the condi-
tional distribution of hours. While panel (a) shows quantile regression (QR) and penalized
quantile regression (PQR) results, panel (b) presents results considering the correlated
random effects method (CQR) proposed by Abrevaya and Dahl (2005) and the penalized
approach for the random effects (PCQR). The evidence suggests a negative elasticity of
substitution for British men across the quantiles with a tendency to decrease as 7 increases.
The substitution effect is more pronounced at the upper tail of the conditional distribution
of hours suggesting that full-time workers value more leisure than part-time workers. We see
in panel (b) the advantage of regularizing the individual effects; the estimated elasticities
are similar but the PCQR gives narrower confidence intervals.

6. CONCLUSIONS AND EXTENSIONS

This paper proposes a quantile approach for panel data models with endogenous inde-
pendent variables. Specifically, we investigate a penalized method relaxing the assumption
that the individual effects are drawn from zero median distributions functions. We explicitly
consider individual heterogeneity associated with the covariates assuming that the individ-
ual specific effects are drawn from distribution functions with location equal to a linear
combination of the independent variables. This case can be motivated by the correlated
random-effects model (Chamberlain 1982). We provide conditions under which the estima-
tor is asymptotically unbiased and Gaussian, thus the harshness of the penalization can be
determined by minimizing estimated variance. Small and large sample evidence reveal that
the penalized approach can eliminate bias arising in models with endogenous individual
effects, and significantly increase the precision relative to existing estimation methods.

Two generalizations of the approach are being investigated. First, the large sample
performance of the method in the case of A selected via bootstrap, which fits within Knight
and Fu (2000) framework. Additionally, we have been developing an instrumental variable
quantile method for panel data based on Chernozhukov and Hansen (2005). The approach
may be needed in cases when the regressors are not only correlated with the individual
effects but also with the error term. These directions appear as critical steps forward for
further development of quantile regression methods for panel data.
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APPENDIX A. PROOFS

Proof of Theorem 1: The proof is completed in several steps. First, we overcome the difficulty
associated to infinite dimensional vectors by concentrating out the effects into the objective function
(see, e.g., Koenker 2004). In our setting, the strategy provides a convenient analytic framework for
analyzing the asymptotic behavior of the penalty function. Second, we show that under the regularity
conditions and the conditions over T"and N, the remainder term is asymptotically negligible. Lastly,

we obtain the limiting form of the objective function. Let,

J
Zzzwmq yit — &it(73) — 60i/VT — @}, 81 () /VNT — x;65(75) /VN)

j=1t=1 i=1

— pr; (Yir — &i(75)) + )\Zprm (ai + 60i/VT) = pr,, (as)

i=1
where 7,,, is the median quantile and &;(7;) = «},8(7;) + «;v(7;) + a; is the conditional quantile
function. Following Koenker (2004), for any (Ag;, A1, Ag) > 0,

sup ||/€(50i,61,62) — k(0,0,0) — E(k(éoj,(sl,ég) — k(0,0,0))H = Op(l)
[60i|[<Ao,[61]|<A1,|[d2]| <Az
where
601 61(7‘) 62(7’) )
51,5,5 Wi Yr it — _; 7—:1: J—i .
oo o0 Z’”(y VARV, v, S

with ¢, (u) = 7, — I(u < O). Taking expectation and expanding k(-), we obtain

E(k(éoj,(sl,ég) = \/_ Zzwjf” fzt T] (ﬁ + o n TN + 113; éf/(%)) + Op(l)

j=1i=1

Optimality of the dy,’s implies that k(d;, d1,82) = o(N™1), then

bs(7; . Soi 81(7; gl Ryt
=it LS () - S Rt e | +

j=1i=1 j=1i=1

where hjit = Z_j Zi chcia?gj and -’i}ij = (flt(é.zt (Tj))mit)itj. Substituting the 52t7s, we denote

doi x! 51(73) 62(Tj) . )\_T w doi
(50“61 ZZ JU)TJ (ylt— \/T_ zt\/— —:E \/— _glt( J)>+\/T1/}Tm < i+ \/T)

Again, uniformly for |do;| < Ao, and ||d1]] < A1, one can show that

sup %0, 81) — k(0,0) — E(k(dos, 61) — £(0,0)[| = 0,(1)

[60i|<Do,||01]| <AL

Expanding as above, we obtain

, - w; sy (o g g 0(m) o 0a(T) A oy 00
B(k(doi, 61)) = ﬁzg stattm) (2 + ot W4 o120 ) - A0 10,01
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Letting f; denote the sum of the densities for subject ¢, pj; = 1 — ;] hmww, and ws; = fig; +
£ "\ /V/Tgi(0), the asymptotic (Bahadur) representation of the individual specific effect relates to

the slope parameter in the following way,

51_ J T J T 5 (T'
\/OT - Zzwjfzt gzt Tj )wztg Zzwjfzt gzt Tj :ultjmzt ﬁ +m(1/17-j,R)

j=1t=1 j=1t=1

~—

J

= a2 oy, )

ﬁﬁ
2l

where m(-) is a linear function whose components are, under the regularity conditions, asymptoti-
cally negligible. Without loss of generality, we evaluate the contribution of the remainder term R
considering one quantile. The remainder term can be represented by dominant components from

the Bahadur representation of d2 and dy;,

T
\/—ZZfzt it <RT1 ZfztRNt>

t=1 i=1
As shown in Koenker (2004), the contribution of the first term is negligible. The analysis of Knight
(2001) shows that N'/%Ry; converges in distribution to a functional of Brownian motion, therefore

we write the second term as,

T
1 K
NiiT Z Rot,
t=1
for a generic constant K. Under the regularity conditions and the condition on the growth of 7', the
contribution of the remainder term is asymptotically negligible.

We replace the asymptotic representation of the individual specific effect in the objective function,

and decompose the equation in four terms defined as,

J T N
Vin(d) = - w; (@l — :(15))(01(15) |V NT)r, (yir — Eit(77))
j=1t=1 i=1
J T N Vitj, TN
v2e) = YN / (Iyst — () < 5) — Tyt — € () < 0))ds
j=11=1 i=1

J N
Vin(@) = <A DY @) (61(r)/VNT ), (a2)

N
Vi) = Ar Z (I(a; < s) — I(a; < 0))ds

with vy v = (), — &:(75)")01(7;)/VTN. The first term is asymptotically Gaussian. By the
Lindeberg-Feller Central Limit Theorem, and conditions A3-4,

VIRG) = —= SO i — #4(5))81 (), (e — i)~ 1B
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The second term converges in probability to a quadratic term in 41,

J
EVix(81) = ﬁZZZ%m (€ () (hy — #4() )81 (1)) + 0(1) — L5, Fy

j=1t=1 i=1

The variance of Vrﬁ\),(él) converges to zero by condition A4. Similarly, by the Lindeberg-Feller
Central Limit Theorem, the Slutsky Theorem, and conditions A3-4, the third term is asymptotically
Gaussian,

J N
Vi(g\)f(él):_ szﬁ 7;) 81 (7)Y, (a;) ~ —A81C,

ﬂ

Ar
Nia
where C is a Gaussian vector independent of B with covariance Hy. The last last term has a

quadratic contribution,

N
A - 1
B (VIR@D) = gy L sO)@8)° + o) = 3061 Hidy

The proof follows since Vpy(871) is convex and V;(d;1) has a unique minimum. [ |
Proof of Theorem 2: This proof follows closely the argument developed in Koenker (2004) and
Lamarche (2006). Let,

Z Z Pr (yzt §it(T) — \5/(% -z f;%) pr(Yit — &t (7)) + Ar Z Pr <041 \/T> — pr(oy)

t=1 i=1

where 7 is the median quantile and &;;(7) = =,8(7) + «; is the conditional quantile function. For
any (A0i7Al) >0,

sup [[vi(J0i, 61) — vi(0,0) — E(vi(doi, 61) — v:(0,0))[| = 0p(1)
[80i|<Ao, [|01]|<A1

where

doi 01(7) ) Ar ( 50i)
00i,01) = ——= P\ Yit — = —x—e—= & + 7= | ai +
v (doi, 01) Z¢ (yt JT S TN &it(T) \/TQ/J ot E
with ¢, (u) = 7 — I(u < 0). Taking expectation and expanding v;, we obtain
) ) e e ()
Ev; = i tah—e | =7 )+ = (5 - Gi [~
’ Z< <€t vT tvyrN) ) T T \2 JT

= que (&t (T (\6} étf/l%> - %gi@)% +o(1)

Letting f; = T~ ! Z;‘ll fit(€t(7)) + T~ Argi(0), we find that

. T
doi - g d1(7) + 1 Zi/ir(yit —&it(7)) Ar

A () + L
VI~ UVIN T & VIVTE

VT
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where x; = Zthl wir®it, and wy = fi1(&:(7))/T f;. By similar conditions to the ones described in
Theorem 1 and in Koenker’s (2004) Theorem 1, the second, third and four terms are o(1), therefore

we write the objective function Vry(81(7)) as

/ ./ 51(7_) :tg(sl(T)
z::g (yzt—fzt ) (wit_wi)\/ﬁ>_p‘r(yzt &t —i—)\TZpT( o; W) _p‘r(ai)

We now decompose the objective function in four parts:

T N
Vin(@i(m) = =33 (ah, — @)(81(r)/VNT) e (yir — &n(7))
T N Vit, TN
Vin@i(m) = SN / (I(yie — €u() < 8) = I(yiu — Ean(7) < 0))ds

VIR@I() = —x > (81(7)/VNT) sgnles)

=1
N a:;

N = Y [
i=1

with vy rn = (@), — @})01(7)/vVTN. The first two parts corresponds to the decomposition of the

s

1(7)
N (Ias < 5) — I(aq < 0))ds

check function p,(-), and the last two parts corresponds to the decomposition of the penalty term

P(-). The first term is asymptotically Gaussian,

W(61(r) = %;Z = )81 (P (it — Et(7)) ~ 61 (r)' B

where B is a Gaussian vector with covariance Hy. The second term converges in probability to a

=

quadratic term in 61 (7). Note that

T N
EVRG17) = g SO0 Fal€ulr)) (@l — #)Hy()) +o(1) — 5o1(r) Hii(r)

t=1i=1
The last two terms of Vry(d1(7)) represents a decomposition of the stochastic penalty term. The

third term is also asymptotically Gaussian,

A 1 X ,
o) = —%amw—w ;wisgnmw—mmr) c

where C is a Gaussian vector independent of B with covariance Hs. Lastly, the fourth term

V(?\), (61(7)) is asymptotically quadratic in 8;(7),

1
EViN(81(r) = 2TNZgl )(@181(7))? + o(1) — 581 () Hady(7)

Since Vry (61(7)) is convex, and V(41 (7)) has a unique minimum, it follows that

argmin(Vry (81(7))) = VIN(B(r) — B(7)) ~ argmin(Vo(81(7)))
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Noting that the limiting form of the objective function is then,
1
V0(51(7')) = —61(7’)/(.3 + )\C) + 5(51(7’)/(H1 + )\H3)61(7'),

we find that its minimizer is v = &1(7) = (H; + AH3)~}(B + AC). The proof is completed in
Section 3.2. ]
Proof of Remark 3: We first obtain the expression for the estimator that penalizes endogenous
individual effects. The trace of the asymptotic covariance matrix of the penalized estimator B(T, A)

can be written as

trAvar(B(r, \)) = tr {(B YA IATLC(D + N )(B + AI)*A*} ,

where the matrices A = X'Py®PsX, B = A'X'M'®MX, C = X'PyPsX, and D =
(1 —7)C ' X'M’'M X . Replacing the matrices by their spectral decomposition, the trace of the
asymptotic covariance matrix is,
tr{(UBAEU[: + /\1)71(U&AaUé)ilUgAgUé(U(iAdUé + )\QI)(UEAEUé + )\I)il(UaAaU;;)il},
or alternatively,
tr{U} (A + M) "' UyU; A UsUSAUUS(A g+ N DUUL (A + M) T U UL AL UG )

Since the trace of ABA is equal to the trace of AAB and U'U = I, the equation is now,

trAvar(B(r,\)) = tr{(A;+ )" (As) " A(A;+ NI)(A; + M) (As) )

Similarly, the trace of the asymptotic bias of the penalized estimator B(T, A) can be written as,

trAbias(B(r, \))

tr {)\Q(B +A)TATIS,S (B + AI)—lA-l)'}

= o {NS,S(B+A)TTAT(B+AD AT )

= tr {N\Us,As,Us (UpAU; + M)~ (Ua AaUL) " (U A UG + M) Uz AU;) ™)'}
= tr{N*Ag, (A + M) TTAT (A + M)A

We now derive of the asymptotic MSE of B(T, A). The trace of the asymptotic covariance matrix

can be written as

trAMSE(B(r, \)) = tr {(B FA)"HA)TLC(D + N 1)(B + AI)*(A)*} :

where the matrices A = X'P'®PX, B = (A 'X'WYWX, C = 7(1 — 7)X'P'PX, and
D =7(1-7)(C)"'X'W’'W X. Replacing the matrices by their spectral decomposition, the trace
of the asymptotic covariance matrix of ﬁ (1,A) can be written as,
tr{ (U A U} + M)~ ({UaAaUy) " UAULUGA UL + N T(U A UG + M)~ ({UaAUR) 7'
or,
tI‘{Ué(AE + /\1)71UgUé(A@)ilU@UéA@U@Ué(Ag + /\QI)UliUé(AB + /\I)ilUgUé(A&)ilU&}.
Again, because trABA = trAAB and U'U = I, the equation can be written now as,
trAMSE(B(1,\)) = tr {(A; + M) 71 (Aa) T Ae(Ay + NI (A + A7 (AL)



28
|

Lemma 1. Let A = [0,)\) C Ry where A\ = 1.5(;/Cq + 0.5 > 0 for positive constants (g and (.
Then, the set A is non-empty, closed and bounded.

Lemma 2. Let A,y be a decreasing sequence of sets (e.g., Ay 2 Ay 2 ... 2 Awy). Then, the
set D = NI, Ay is non-empty, closed and bounded.

Proof: Note that D = ﬂlN:lA(n) = A(n). By Lemma 1, the set D is non-empty, closed and
bounded. [ |

Lemma 3. Let the (’s indicate positive constants and A € A. Then, the rational function m(\) :
A— R+7

T(A) = GGy +A)/GCE (Ca+ )2
is a C* differentiable function, strictly convex in .

Proof: Note that the function 7 is a rational function, and every rational function is continuous.
The first and second derivative of the function () with respect to A is

or(N)  _ 2GCe(Car = ¢y)

ON GGGt N3
?m(N)  _ 262Ce(¢F — 26X+ 3¢y) 50
N2 GC2(Ca+N)* '

Lemma 4. If m()\) is a strictly convex function over A C Ry, the function w(\) is also strictly

convex over D C A.

Proof of Theorem 3: The normalized asymptotic covariance matrix of the penalized estimator
is defined as,

AVar(B(r,))) = (Z137'51)(B1 + A83) 7 (Bo + A252) (1 + AZ3)
(ij'WJ{'I'joX)(ijX'W;WjX)_l(ij’W;TjoX)
(ij'WJ{TjoX + )\X’P;\IIPJ»X)_l(ijX’W;WjX + /\2X'PJ{PJ»X)
(w; X'W/X;W; X + \X'Pj¥P;X)"".

Letting tr denote the trace of a matrix, we write the covariance matrix as,

J
trAVar(8(r,\)) = Y tr{AI(B?)"'A/(D’ + AI)"'(C?) ' EI(F/ + N I)(D? + \XI)"'(C?)™'},
j=1
where the matrices A/ = w; X'W!Y;W,;X, B/ = Q;;X'W/W,;X, C/ = X'P/¥P;X, DI =
w;(CHIX'WIY;W,;X, B/ = X'P/P;X, and F/ = Q;;(E’)"' X'W]W,X. Replacing the ma-

trices by their spectral decomposition, the trace of the asymptotic covariance matrix can be written
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as,
~ (] . . . . .
trAVar(B(r,\)) = Z tr{U, AU (U AJU,) U AU (U AL UL + M~ H U AU
j=1
U AJUL(U AU} + NT)(UgAJU, + M)~ U AU}
J

= > w{ALAD T AL(AY + AT AD) TIALAG + N T)(AG + M) TH(AD) T

i A2 J p
B P IO

j=1i=1

Jj=1
L 2 cw <w<
= L2

’L
j=1 i=1 c

We now have a simple optimization problem as a function of A, with positive eigenvalues C,ij for
all 4,7, k. By Lemma 3, 7% is convex on A%. Since the sets A% are a decreasing sequence of sets,
Lemma 4 implies that 7% is also convex on D. Since the sum of convex functions is also convex,
trAVar(3(r, \)) is convex on D. Therefore, trAVar(8(r, \)) : D — Ry is a continuous strictly convex
function defined on a non-empty, compact set (Lemma 1). These sufficient conditions imply that

the trace of the normalized asymptotic covariance matrix has a unique minimizer A* such that,

trAVar(8(r, \*)) < trAVar(3(r,\)) VA € D

APPENDIX B. COMPUTATIONAL ASPECTS
The quantile regression minimization problem can be formulated as a linear program,
min {re,rt + (1 —7)e,r |y =Xb+rt —r , (b,rT,r7) € R x R*}
where ¢ is a vector of n ones. The previous problem has a dual formulation,
max {y'd|X'd=0,d €[t —1,7]"},
and, for ¢ =d + 1 — 7, may be expressed as,
max {y'c|X'c=(1-7)X"tp,c€[0,1]"}.

Algorithms available in the quantreg package of the public domain dialect R are based on the pre-
vious representation. See Koenker (2005, chapter 6) for a more extensive discussion. The dual
representation provides a way forward for the penalized estimator considering a simple data aug-

mentation scheme. Considering the dual and transforming variables similarly as before, we have
(B.1) max{(LJ®y50)'v|B'v:h,v€ [0,1]JNT},
%

with the vector h = (h},, h);, h’)" and hy = (w1 (1 =) X ent, .. s wi(1=75) X enT), hg = (W1 (1 —
m)(ZD)inrs .. ,wi(1=77)(ZD) tnr), and by = (3 wi(1—7;) Z"tnT+AoINen)'. The parameter
A, is the median quantile times the tuning parameter and [0,1]”¥7 denotes the JNT Cartesian

product of the closed interval [0,1]. Obviously the design matrix is now of large dimension but
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the problem can be efficiently solved considering the sparse matrix algebra storage used in Koenker
(2004).

All programs were written in R. The quantile regression method designed to estimate location
shift effects v’s solves the dual of the problem formulated in (B.1) considering +; = v for all j.
Results and programs are available upon request.
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