QUANTILE REGRESSION METHODS FOR RECURSIVE
STRUCTURAL EQUA TION MODELS

LINGJIE MA AND ROGER KOENKER

Abstra ct. Two classeof quartile regressionestimation methods for the recursive
structural equation models of Chesher(2003) are investigated. A classof weighted
averagederivativ e estimators baseddirectly onthe identi cation strategy of Chesher
is contrasted with a new control variate estimation method. The latter imposes
stronger restrictions achieving an asymptotic e ciency bound with respect to the
former class. An application of the methods to the study of the e ect of classsize
on the performanceof Dutch primary scool students shows that (i.) reductionsin

classsize are bene cial for good studerts in language and for weaker studernts in

mathematics, (ii) larger classesappear bene cial for weaker languagestuderts, and
(iii.) the impact of classsizeon both mean and median performanceis negligible.

1. Intr oduction

Classicaltwo-stageleast squaresmethods and the limited information maximum
likelihood estimator provide attractive methods of estimation for Gaussianlinear
structural equation modelswith additive errors. Howewer, thesemethods o er only a
conditional meanview of the structural relationship, implicitly imposingquite restric-
tiv e location-shift assumptionson the way that covariatesare allowedto in uence the
conditional distributions of the endogenousvariables. Quartile regressionmethods
seekto broadenthis view, o ering a more complete characterization of the stochas-
tic relationship amongvariables and providing more robust, and consequetty more
e cient, estimatesin somenon-Gaussiansettings.

Amemiya (1982)wasthe rst to seriouslyconsiderquartile regressiommethods for
the structural equation model shaving the consistencyand asymptotic normality of
a classof two-stagemedian regressionestimators. Subsequenwork of Powell (1983)
and Chen and Portnoy (1996) extended this approad), but maintained the focus
primarily on the conditional median problem. Recen work has sough to broaden
the perspective. Abadie, Angrist and Imbens (2002) consideredquartile regression
methods for estimating endogenoudreatment e ects focusing on the binary treat-
mert case. Salata (2000) has considereda median regressionanalogueof the LIML
estimator. Chernoztukov and Hansen (2001) have proposeda novel instrumertal
variablesapproad.
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2 Quantile Regression Methods for Str uctural Models

In a seriesof recent papers Chesher(2001,2002,2003) has considerablyexpanded
the scope of quartile regressionmethods for structural econometricmodels. He con-
siders a general nonlinear speci cation whose crucial feature is its triangular sto-
chastic structure. By recursively conditioning, a sequenceof conditional quartile
functions are available to characterizethe model and idertify the structural e ects.
The approad may be viewed asa natural generalizationof the \causal chain" models
advocated by Strotz and Wold (1960). Imbensand Newey (2002) have alsorecertly
stressedthe utilit y of the triangular stochastic structure.

Chesherhas eleganly laid out the structural interpretation of his proposedmod-
els and dealt with the ensuingiderti cation issues.In so doing he hasclari ed the
objectives of estimating models with heterogeneousstructural e ects; his focus on
structural derivatives of conditional quartile functions provides a natural target for
nonparametricidenti cation and estimation. Our objective is to considermore prag-
matic problemsof estimation and inferencein parametric structural models. We will
considertwo general classesof the estimation methods. The rst is a classof av-
eragederivative methods baseddirectly on the Chesheriderti cation strategy. The
secondis a new \control variate" approad. In parametric settings we comparethe
asymptotic behavior of the two approatesand show that the cortrol variate meth-
ods attain an e ciency bound correspnding to an optimally weighted form of the
averagederivative estimator. In typical applications where the precisespeci cation
of the covariate e ects are subject to dispute the two estimation strategiesare useful
complemets, o ering a valuable framework for inference.

The next sectionintroducesthe recursive structural model and describesthe two
classesf estimators. We will focus primarily on a simple two equation setting, with
somebrief remarks on the extensionto larger models. Sections3 and 4 are dewted
to the asymptotic behavior of the estimatorsand their asymptotic relative e ciency.
Section5 reports the results of a small simulation experimert designedto explorethe
nite sampleperformanceof the two approades. Section6 descriesan application
of the modelsto the problem of estimating structural e ects of changesin classsize
on studert performancein Dutch primary sdools.

2. Recursive Str uctural Models and Their Estima tion

To motivate Chesher'sapproad it is worthwhile to briey reconsiderthe simple,
exactly iderti ed, triangular model,

(2.1) Yi1 = Yi2 1+Xi> 2t 1t iz

(2.2) Yio=2z 1+ X 2+ 2

Supposethat the unobsered errors j; and , are stochastically independen and
idertically distributed with ;1 F;and i, F,: Assumefurther that the j's are
independert of (z;x;7)”, and that for corvenienceY;, and z are scalars.
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We will focuson the estimate of the scalar structural parameter ;: The classical
two stageleast squaresestimator of ; may be written as,

A1= (‘Q;Mx 92) 192>Mx Yl
where¥, = 2"+ X% "= (2M, 2) 1ZM, Y, = (XMLX) XM, Yo, M, = |

2(z%) z°% andM, =1 X(X%X) X2 A somewhatlessconvertional interpretation
of ~; can be derived substituting for i, in (2.1) to obtain

(2.3) Yi=Yo( 1+ ) z1 +X(2 )+ 1 W+ g
whereW = [Yy:zzX]and = (q; 2; 3)” =( 1+ ; 1, 3 3):

Now, supposewe estimate the hybrid structural equation (2.3) by ordinary least
squares.We have the following result.

Prop osition 1. A= "+ "1, whee "= (WW) 1wo,.

The proof of this result is somewhatinvolved and is, therefore, relegatedto the
Appendix, as are proofs of subsequen results, but its interpretation is simple and
straightforward. The two stage least squaresestimator may be viewed as a bias
corrected form of the least squaresestimator of the structural e ect in the hybrid
model (2.3).

The samestrategy can be employed to estimate the conditional quartile e ects in
this model. We have the conditional quartile functions

Q1( 1JY2; 2, %) Yol 1+ ) Z1 +X7( 2 2)+ Fy (1)
Qz( 2J%; 2) Z 1+ X 2+ F (o)

Provided that r ,Q,( »jz;x) = 16 0 we may write following Chesher(2003),
r 2Qu( 1)Y2;X; 2)

r 2Qa( 2jX; 2)
r 2Qu( 1JY2;X; 2)

r 2Qa( 2jX; 2)
adopting the convertion that Q1( 1jY2;X; z) is always ewvaluated at Y, = Qa( 2jX; 2).
In this case,becausethe covariate e ects take the simple location shift form, the

structural parameters ; and , are globally constart independen of ; and , and
of the exogenousvariablesx and z. As we will now see,this is highly unusual.

1 = 1 y,Qu( 1Yo 2) +

2 = 1 xQi( 1Yz X 2) r xQ2( 2jx; 2);

2.1. Quantile Treatment E ects for Recursiv e Structural Mo dels. Now con-
sider the nonlinear recursive model

(2.4) Yin =" 1(Yizs Xis i1 i2)

(2.5) Yia =" 2(zi; Xi; i2)

where as earlier we assumethat i; and j, are independen, and idertically dis-
tributed with Fi. The pairs ( i1; i2) are alsomaintained to be independert of

(z;%x7)”: The function ' 1, isassumedstrictly monotonicin ;; and di erentiable with
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respect to Y, and x, and ' , is assumedstrictly monotonicin ,, and di erentiable
with respect to both z and x: Under these conditions, we can write the conditional
guartile functions,

Q1( 1jQ2( 2J%; 2);X) " 1(Qa( 2% 2); % Fy M 1) Fp H( 2)
Q2( 2jx; 2) "oz Xyt 2)):

How should we measurethe e ect of Y, on Y; in this model? Given the stochastic
character of the \treatment", Y,, we must ewvaluate the treatment e ect at various
guartiles of the treatment distribution. We may view this as correspnding to a
thought experimert in which we exogenoushalter not the value of Y, aswe would with
a treatment fully under our cortrol, but instead alter the distribution of Y,. Thus,
for example,in our anticipated study of class-sizee ects on educationalperformance,
we may imagine altering the prevailing distribution of class-sizesand exploring the
consequencesf this perturbation on various quartiles of the distribution of studerts'
attainment. Of course,in the model Y; is determinedaccordingto (2.5), soto assume
otherwise requiressomesort of \willing suspension of disbelief* in the model. But
this is inevitable in structural models and we are always ertitled to interpret e ects
aslong asthey can be formulated in terms of well-posedgelankan experimerts.

In their (infamous) trypt ych on causalchain systemsStrotz and Wold (1960)illus-
trate this point with a vivid freshwater example:

Supposez is a vectorwhosevariouselemelts arethe amourts of various
sh feeds(di erent insects,weeds,etc.) available in a given lake. The
reducedform

y0: B 1 ZO+ B lu

would tell us speci cally how the number of sh of any speciesdepends
upon the availabilities of di erent feeds.The coe cient of any z is the
partial derivative of a speciespopulation with respectto a food supply.
It isto benoted, howeer, that the reducedform tells us nothing about
the interactionsamongthe various sh populations{ it doesnot tell us
the externt to which onespeciesof sh feedson another species.Those
are the causalrelations amongthe y's.

Suppose,in another situation, we cortinuously restack the lake with
speciesg, increasingyy by any desiredamourt. How will this a ect
the valuesof the other y's? If the systemwere recursive and we had
estimatesof the elemeits of B, we would simply strike the gth equa-
tion out of the model and regard y,, the number of sh of species g,
as exagenous{ as a food supply or, when appearing with a negative
coe cient asa poison. (pp. 421-2,emphasisadded)

Recursive conditioning enablesus to contemplate similar kinds of policy exper-
iments in the cortext of the triangular structural models consideredby Chesher;
related models have also beenrecerly consideredby Imbensand Newey (2002). In
cortrast to the linear structural models of the Cowles Commissionera, whosecausal
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e ects were restricted to take the form of location shifts of the conditional distribu-
tions of the endogenousariables, recert work posesthe identi cation of structural
e ects in a generalnon-parametricframework sostructural e ects cantake quite het-
erogeneougorms. We will focuson a more restricted nite dimensional parametric
formulation, a formulation that is more conduciwe to our asymptotic analysis. Exten-
sionsto sequencesf modelswith the parametric dimensiontending to in nit y could
be consideredin subsequenwork.

To explore this further, considerthe following model in which Y, exerts both a
location and a scaleshift e ect on Yq;

(2.6) Yie=VYi2 1+ X 2+ Yo( i+ 02

(2.7) Yio= 2z 1+ X 2+ Z i
Maintaining our prior assumptionson ( i1; i2), andassumingthat 6 Oand 6 O,
we can again substitute for , in (2.6) to obtain,

2
Yiz YieX? 2

Yii = Yio( 1+ i1 1= )+ X ot
Z; Z;

Yio=z( 1+ i)+ X 2
Sowe have the conditional quartile functions,

\ YioXy

(2.8)  Qi( 4Yizixi;z) = Yiz () + X 2( 1)+ e 1)+ ~ a( 1)

(2.9) Qa 2j%2) = z (2)+ X 2 2);

where 1( 1) = 1+ F; (1) 1=, 200)= 2o 3()= =, 4(2)= 2=,
1(2) = 1+ F,%2) and i(,) = . By recursie conditioning we have the

conditional quartile functions,

Qu( Qa2 2i%2);%2) = Q2% 2)( 1+ (FL'( )+ FL'(2) +x »
Qa 2jx2) = z( 1+ F,Y(2))+ X >
sothe structural e ect of interestis,

(2= 1+ (Fi(0)+ FLo%o):
A straightforward calculation shows that

r 2Qa( 1jY2; X, 2) |
r 2Qz( 2jx; 2)
As in the location-shift model, this structural e ect is independen of the condition-
ing covariates x; and z so the Chesheriderti cation strategy suggestsan obvious
estimation strategy. Note howewer, that sinceestimation of the conditional quartile
functions (2.8) and (2.9) will fail to producethe conveniert cancellationof the exact
calculation, somesdiemeto averageover the covariate spacewould be required to
obtain the structural e ect. This will be even more apparert in the next subsection
where a more generalnonlinear-in-parametersmodel is considered.

1( 15 2) =71 y,Qu( 14jY2,X2) +
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Given the separatecortributions of F, *( 1) and F, *( ,); it is clearthat ( ; )
re ects not only the fact that the stochastic e ect of Y, on Y; arisesfrom two dis-
tinct sourcesbut also provides structural insight into how thesesourcesare related.
Supposewe X 1 SO ;is xed at its ; quartile, changesin , in ( 1; ») reect
how the distribution of , aects the ; quartile of the responseY;. On the other
hand, if we x 5, and allow ; to change,this shedslight on how the , quartile of
Y, in uences the whole distribution of the responseY;. By consideringvariation in
both ; and , we obtain a panoramicview of the stochastic relationship betweenY,
and Y;:

Recalling that integrating the quartile function F, *( ) of a random variable, X ,
over the domain [0; 1], yields its expectation, that is,

Z 4

EX = F, 1(t)dt;
0
we can de ne a meanquartile treatment e ect by integrating out ,, and denoting
i = E i,
z 1
(1) = (1t (FL( )+ Fol(2)de 1+t Fri()+ 2

0

Averagingagain, this time with respectto ; yieldsthe meantreatment e ect

1
1= 0(1"‘ Ful(o)+ 2)d 1 1t 1t 2!
This meantreatment e ect would be what is estimatedby the two stageleastsquares
estimator in the pure location shift version of the model, but when the e ects are
more heterogeneoussin this location-scaleshift model the structural quartile treat-
mert eect 1( 1; ») represets a deconstructionthe mean e ect into its elemen-
tary componens. Figure 2.1 illustrates the three versionsof the treatment e ect
1( 1; 2); 1( 1) and ; for a particular parametric instance of the model (2.6-7).

2.2. Estimation of Structural Quantile Treatment E ects. In this sectionwe
will describe two generalclassef estimatorsfor the parametric recursiwe structural
model,

(2.10) Yie = "a(Yi2iXis i1 iz )
(2.11) Yiz = "aziiXi; iz )
We will maintain our assumptionson the j's and the functions' ; ' , and we will
explicitly assumehat the functions' ; and ' , areknown up to the nite dimensional
parametervectors and . Under theseconditions we have an inversefunction for
', with respectto ,, say '~, allowing usto write

i2 = "=2(Yi2; Zi;Xi; )
and thus we have,

Yie =" a(YizsXis i1 =(Yi2i zis X ), ):
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Figure 2.1. Quartile Treatmert E ects for the Structural Model: The
gure illustrate three di erent notions of the structural treatment e ect
for the linear location-scalestructural equation model: (2.6-7) with
(1 205)=020432), (1 2 )=(123), 1 N(@O1I, »

N (0; 0:5). The left gure depicts ; =10, the meantreatmernt e ect; the
middle gure shavs ( ;) = 10+3F, *( 1), the meanquartile treatmernt
e ect; the right gure shawvs 1( 1; 2) = 10+ 3(F, *( 1) + 2F, ( 2)),
the generalquartile treatment e ect.

We will write the conditional quartile functions of Y; and Y; as,
Qu( 1JYizsxi;z) = ha(Yizixi;zi; )
Q2 2jzi;xi) = ha(z;x;; ):
Fixing ; and , wecanestimatethe parametersof the conditional quartile functions,

(1) and ( »), asillustrated in the previous subsection, by solving the possibly
nonlinear weighted quartile regressionproblems,

X
argzmin i1 .(Yir hi(Yizixi;zi; )
i=1

(2.12) "( 1)

(2.13) "(2) argerr;}in iz ,(Yi2  ha(zi;%i; )):
i=1
The weights j; areassumedo be strictly positive and will play animportant role in
the e ciency comparisonsmadein Section4. The function (u) = u( [ (u< 0))
is as in Koenker and Bassett (1978). Methods for computing quartile regression
estimatesfor modelsthat are nonlinear in parametersare descriked in Koenker and
Park (1996). When h; and h, yield speci cations that are nonlinear in parameters,
then we require compactdomains and B for the parameters.

Our primary objective will be to estimatethe weighted averagequartile treatment
e ect implied by the Chesherformula,
Z

+ r 2Qi( 1jy; Xi; z)
r ,Qa( 2Xi;z)

1( 15 2) = ryQa( 1Jy: Xi; z) w(X; z)dxdz



8 Quantile Regression Methods for Str uctural Models

with y ewvaluated as before, at Q( »jXi;z). A secondaryobject will be to estimate
the correspnding structural e ect of the exogonousvariablesx,
Z
: r 2Qi( 1JYy; Xi; z)
; = r Yi2; Xi; Zi -
2( 15 2) xQ1( 1jYi2; Xi;Z) r,0u( 2%i:2))
Since,in general,the above integrands depend upon the point of evaluation in the

spaceof the exogenousovariates we considerthe classof weighted averagederivative
estimators,
( )

MCw )= Wiz Y+ i 1jy;xi;zi:AA)
i=1 r Aa( 2ixi;z:")

r «Qz( 2jXi;zi) w(x; z)dxdz

again evaluating at y = fi.( 2jxi;z;"). A weighted averagederivative estimator for
the structural e ects of x is de ned similarly as,

( )
No( 1y 2) = wi R ajyixisz ") " 2 1J¥’XI’Z“AA)r o 2xi5z5 ")
i=1 r zﬁz( 2dXiiZiy )

The weights are assumedto be positive and sumto one. A corveniert choicewould
be w, n 1. In somecases,like the location shift model the dependenceon the
exogenouscovariates vanishesso the weights are irrelevant. The foregoing consid-
erations have presumeda situation of exact iderti cation in which there is a single
\instrumental variable," z, available. In over-iderti ed settings we may have se\eral
versionsof ~( 1; ,) correspnding to di erent choicesof the variable z and we may
wish to againconsiderweighted averages.This point will be addressedn more detalil
when we cometo asymptotics.

The estimator *,( 1; 2) = ("1( 1; 2);”5 (15 2))” is basedsquarely on Chesher's
identi cation strategy. Its advantageis that it takesa rather skeptical attitude toward
the original model and is thereby basedon a rather looselyrestricted form of the two
conditional quartile functions. This complemers nicely the more restrictive form
of the estimators descriked in the next subsectionand consequetly may ewvertually
prove to be advantageousfrom a speci cation diagnosticsand testing viewpoint.

2.3. A Control Variate Estimator. To motivate the cortrol variate approad to
estimation of the structural quartile treatment e ect, it is helpful to return briey
to the classicaltwo stageleast squaresestimator of the location shift model (2.1-2)
and recallits cortrol variate interpretation. Supposethat rather than replacingY; by
¥, in (2.1) and estimating the resulting model by least squareswe instead compute
n =Y, ¥, the residualsfrom the rst stageof 2SLS.Now considerincluding *, as
an additional covariate in (2.1) and estimating by least squares. It is easyto shawv
that the resulting estimatesof ; and , are the sameasthose produced by 2SLS.
This result holdsmuch moregenerally: Y, and z; may be vector-valuedand the model
may be overiderti ed. A de nitiv e original referencefor this equivalenceis however
di cult to identify, seefor example,Blundell and Powell (2003).
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To apply the cortrol variate approad to the estimation of the structural quartile
treatment e ect we must rst estimate the conditional , quartile function of Y, to
recover an estimateof »( 2) = » F,( 2). Let

Q1( 1jYizy Xi; i2( 2)) = h(YizsXi; i2( 2); (1 2)

Qa( 2jzi;Xi) = G(zi;xi; ( 2))
denote the conditional quartile functions of the responsevariables conditioning on
the cortrol variate, i( 2). Solving

N . X
(2= argzg"n i2 (Y2 (zxi; )

our conditionson ' » insurethat we caninvert to obtain the function
2= (Y2, 2,%; )
SO

Fo'(2) = ~2(%(z;% )izix; )

and we have
No( 2) = ~(Yiszioxis V) ~(@e(zxis M)z X ):

Note that the above procedureis valid regardlessof the dimensionof z;, so aslong
as the model is identi able "j,( ,) incorporates information on all of the available
instruments. But it doessoin a much more parsimoniousfashionthan by introducing
z; directly into what we have referred to as the hybrid form of the rst structural
equation.

Once Ny( ») is available we can estimate the parameters of the rst structural
equation by reexpressing ; as

gi(YiziXi; N2 2);@) = 1(YizsXi; Fy P 1) N2( 2); )

absorbingF, *( 1) into the new parametervector a, and solving,

X0
~( 15 2) = argmin i1 . (Yin  u(Yizi xi; N2( 2); @):

a2A i=1

In the next section we will investigate the asymptotic behavior of this cortrol
variate estimator and compareits asymptotic performancewith the weighted average
derivative estimator. Before doing sowe might remark that the restrictions imposed
by the cortrol variate procedureavoid the considerablecomplicationsof the weighted
averagederivative method apparert in the location-scalemodel (2.6-7).
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2.4. Extension to m Equations. As showvn by Chesher(2003) there are no real
impedimerts to the extension of the recursive structural model to more than two
equations,exceptsomeobvious notational ones. Maintaining the triangular structure
we may considerthe systemof m structural equations,

Yi = "a(Y2 55 Ymi Zo 10 my 1)
"o(Ya i YmiZy 20 m 2)

o
I

Yo = "m(Z mi m):

The 's are assumedstochastically independent and independen of the exogonous
variables, z. Again, we can recursiwely condition to obtain the conditional quartile
functions of the Y's and this leadsto a natural generalizationof the weighted average
derivative estimators. Chesher(2003) descrikesthe exclusionrestrictions and other
conditions required for identi cation in this case.

Similarly, we can adapt the cortrol variate estimation method to the multiple
equation setting. The estimation strategy is a quite straightforward extension of
the two equation situation. Starting with the last equation we estimate the cortrol
variate "\, ( m) and substitute it into the (m 1)th equation,thusobtaining the cortrol
variate N, 1( m 1), and soforth. The asymptotic represemation also generalizesn
a straightforward fashionsothat for the rst equation, for example,we obtain a sum
of m independert terms in the Bahadur represetation.

3. Asymptopia

The asymptotic behavior of the estimatorsdescrilked in the previoussectioncanbe
deweloped with the aid of existing results on the asymptoticsof nonlinear (in parame-
ters) quartile regressiorestimation. We will maintain the conditions setout following
the generalmodel speci cation (2.4) and (2.5) and its parametric formulation (2.10)
and (2.11). In addition we will employ the following regularity conditions: as, e.g.,
in Oberhofer(1982) and Jureckova and Prochazka(1994).

A.1l: The conditional distribution functions F, (y1jYi2; Xi; z) and Fy,(y2jz; X;)
are absolutely cortinuous with cortinuous densitiesfi; and f;, that are uni-
formly boundedaway from Oand 1 atthe points 1 = Q1( 1jQ2( 2jzi;Xi); Xi; Z)

formly boundedaway from O and 1 .
A.2: There exist positive de nite matricesJ; J1;J»; J» sud that

X X
limn* Phyhy =35 limon 6 ()by by = J;;

whereh;; = r h;j; andhi, = r hjs.
A3: max-i..,. kby k= n! 0 j=1L2
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A.4: There exist constarts |4;1,;u;;u, and an integer ng > 0 sud that for
(i:9 (53 ) B;j=12andn> ny,
X
1 k Ok (n*  (ha(Mizxi;zi; ) h(Yizxi;z; 99 urk Ok
X
I, k Ok (n ' (ha(xi;zi; ) ha(xi;zi; 9H uk Ok :

Theorem 1. For the parametric model (2.10-11) satisfying conditions A.1-4, the
weightel avelage derivative estimator *,( 1; ») hasthe asymptotic linear (Bahadur)
representation

1 12
Wi, *n it L (Yin i)
i=1

xXn
W,J, tn 172 i2bio ,(Yiz  i2) + 0p(1)

PR D) (1 2)

+
i=1
c N0 i Wi 1303, TWE 1 Wad, 1050, W)
whee!;; = ;@1 ), Wi=r (1, 2andWo=r1r (1; 2).
Remark: It is immediately apparert that the optimal choice of the weights, j;
involvessetting = f; (). In this casethe sandwid form of the limiting covariance

matrix simpli es, and we have
P_ > >
N("n( 1; 2) (15 2): N(@O;!13W1J, 1W1 + 1 2oWoJd, le ):

Newey and Powell (1990) have shown that this density weighing adieves a semi-

parametric e ciency bound for a classof linear quartile regressionmodels. We will

not addressthe somewhatdelicate issuesinvolved in estimating weights, but the

interestedreadercould consult Koenker and Zhao (1994) and/or Zhao (2001). [ |

Example: Recall that in the pure location shift version of the model (2.1-2) the

Btructural eect 4( 1; ) isaconstart 1: In this casewe have model (2.1-2) and
n(™( 15 2) 1) is asymptotically Gaussianwith mean0 and variance

11 1) , 2(1 ) 1
20y | 13y 0

wherevy = limpyy n ! $9Z2M,Z ;;and M, = | X(X%X) X% The parameter

may be interpreted as a degreeof endogenel of the model, so the secondterm
in v may be viewed as a performancepenalty for this endogenely e ect. It may
be noted that under these special conditions the estimator ~y( 1; ) is equivalert
to the so-calledtwo-stage quartile regressionestimator which replacesY; in (2.1)
by ¥»( ,) the tted valuesin the , quartile regressionestimate of (2.2) and then
estimatesthe ; quartile regressionof Y; on ¥,( ,) and x: A special caseof this
procedureis Amemiya's two stage least absolute deviations estimator. To the best
of our knowledgeno generalanalysisof its asymptotic behavior hasbeenundertaken
although it hasbeenemployed in se\eral empirical studies. [ |

VvV =
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To study the asymptotic behavior of the cortrol variate estimators we require a
slightly modi ed versionof our previousregularity conditions.

B.1: The conditional distribution functions Fy, ;... ,, andF,, ., ., are abso-
lutely cortinuous with cortinuous densities fi; and fi, uniformly bounded
away from 0 and 1 at the points i; = Qi( 1jYi2;z; Xi);Xi; ( 2)) and i, =
Qz( 2jzi; i), respectively for i = 1;2;:::;n: The weights j; are positive and
uniformly boundedaway from O and 1 .

B.2: There exist positive de nite matricesD;D;D,; D, sud that

X
lim n

X
n'l iJZgung:Dj; nl!i:[nn:L ijfij(ij)gﬂgE:Dj;

1
whereg; =r giandg.=7r 0o.
B.3: max-i... kg k= n! 0 j=12.

B.4: There exist constarts |4;1,;u;; U, and an integer ng > 0 sud that sud
that, for , °2 A, , 92 B andn> no,

l1jj % (n 1_ (@(Yizxi; 20 2); ) Mz xis i2( 2); NH? ugjj 9

X
Liji % (nt (e(izr ) Mz )
i=1
Theseconditions are the natural analoguesof our previous conditions. It may be
noted that in corntrast to the prior conditions, howewer, the possibility of overiden-
ti cation is now permitted by the modi ed conditions. We can now descrite the
asymptotic behavior of the cortrol variate estimator.

Theorem 2. For the parametric model (2.10-11) satisfying conditions B.1-4, the con-
trol variate estimator *,( 1; 2) hasthe asymptoticlinear (Bahadur) representation,

2) 1=2

Uoj] (]J :

p_ X
N(*n(1;2) (1;2) = Dyn ¥ i1Gi1 (Yiz 1)

i=1

X
+ D,'DpD,'n 2 i202 ,(Yiz  i2) + 0,(1)
i=1
,  N(;!yD,'D;D, '+ ! D, 'Ds,D,'D,D,'D;,D; 1)

whee Dy, = limy; 0 P iafin 161G and = (@u=@:i2( J)(r " i2) *
Remark: Again, we seethat the choice of the weights j; = f;; ( ) is optimal. It
may appear that the useof symbols j for the weiglts for both classef estimators
is an abuse of notation, but careful examination of the conditioning reveals that
the conditional densitiesare idertical in conditions A.1 and B.1 so this econony is
justi ed at leastin the two casef primary interest: weights idertically equalto one,
and optimally weighted estimation accordingto the conditional densities. [ |
For purposesof inferenceit is crucial that we have not only the marginal distribution
of ~, for xed ; and ,, but alsothe joint distribution of #,, ewvaluated at se\eral
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1'sand ;,'s. But this follows immediately from the Bahadur represemation of the
precedingtheorem.

Corollary 1. Let Ty = f 13;:0 g0 and T, = f 215111 5,9 with elements ; 2 (0; 1),
thenunder the conditions of Theorem 2, the joint asymptoticdistribution of f *,( 1; »2) :
12 T1; 22 Togis Gaussianwith typical covariance black,

p p

Acov n™( 15 2); N”( 3 4) ='13D;'D1Dyt+ 1 4D, DD, DD, 'D3,DL Y

P
wheeD;s = limyy nt L i sG Gz, = minf ;59 s, withf 45 30 Ty
and f 2, 40 To.

4. Asymptotic  Rela tive Efficiency of the Str uctural Estima tors

Naturally, we would like to comparethe performanceof our two classesf estima-
tors. The rst and most obvious prerequisitefor this is to ensurethat they are really
estimating the samequartity. For linear in parametersspeci cations the situation is
quite straightforward sowe will considerthis casein somedetail rst, treating it asa
rehearsalfor the generalresult embodied in Theorem4. To formalize what we mean
by linear models, supposethat

(4.1) (Y iz SR M )) =gy (12)=hY (1)
(4.2) "aZixisFa (2 )= (2)=hn (2)

wherethe vectorsg; and h; are free of dependenceon the parameters. The linearity
of ' ; implies that there is a linear mapping, W; = @ =@, sud that

W]_:

Writing G; for the matrix with typical row n =2(f; g ) for j = 1,2, and similarly
let H; denote the matrix with typical row n *=(f; hi). Note that G, = H; and
that there is a matrix A sud that G; = H;A soA = : Thuswe have W;A =
Further, let L = W;A; soL = : The transformation L reducesthe dimensionality
ofthe vector, eliminating the componerts that are requiredto descrikethe ,-e ect
and allowing usto focusattention on the performanceof the cortrol variate estimator
of the parameter.

We can now comparethe performanceof our two estimators of : the weighed
averagederivative estimator ”, and the cortrol variate estimator ~, = L”,. To facil-
itate this comparisonit is corveniert to restrict attention to the optimally weighted
form of both estimatorsfor which ; = f;: In this case,the asymptotic covariance
matrix of /, specializesto

Avar(” A = 1 iWady W+ 1 o Wad, B3
while that of ~, specializesto

Avar(IO n~y)=14uD, '+ ! %D, DD, DD, Y
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1_ 1P2__> = i 1P2..> iva-
whereD; * = limp; n figggy and Dyp = limyy N fi9 i0ud>. Equiva
lently, we can write,

p_ > > > >

Avar( n”,) =1 13(G] Gy) *+ 1,55(G; Gy) 'G1P,,G; (G;Gy) !

where P¢ genericallydenotesthe projection G(G” G) G” onto the column spaceof
the matrix G. Thus, ~= L”, we have,

Avar(p ﬁ"‘) =1 11L(Gz Gl) 1|_> + | 22L(Gz Gl) 1G1P62Gi (Gi Gl) 1|_>
Note that
L(G;Gy) 'L~

W1A(A”H] H1A) AW,

= W.J, 'H; HiA(A”H H.A) *AHT H.J, twy
= Wid; *Hi Pe,H1d, "Wy

WyJ, W

where signi es the convertional ordering of matricesin the senseof positive de nite
di erences. Similarly, we have,

L(G; G1) 'G1P:,G;(G;Gy) L™ WL, Wy,

sowe have establishedthat the cortrol variate estimator, ~,, hassmaller asymptotic
variancethan the weighted averagederivative estimator *,.

The e ciency advantage of the control variate estimator clearly derives from the
more restricted form of the estimator. While the restricted form of the ~, estimator
yieldsan e ciency gainwhenwe arecon dent about the model speci cation, it clearly
o ers somedisadwantagesin situations in which we are not socon dent. Indeed,tests
of model speci cation basedon the unrestricted form of the estimators(”,,; ") might
be viewed as a reasonableprecaution in the early stagesof model construction.

When the model is nonlinear in parametersthe situation is much the samefrom
an asymptotic viewpoint. Jacobiansof the nonlinear transformations, W;, A, and L
ewvaluated at the true parametersnow play the role of the matricesin the previous
dewelopmen, and the -method yields the following generalresult.

Theorem 3. For the parametric model (2.4-5) with the optimal weighting, ; = fj,
let ( )= denotethe mappingfrom the structural parameter to the weighta av-
eragederivative parameter . Suppsethat the Jacobian,L = @ =@ is continuousin
a neighlorhood of the true parameters. Then the optimally-weightel avemlge deriva-
tive estimator, ~,,, and the optimally-weightel control variate estimator, ~, = ( *,),
havelimiting Gaussianbehavior with asymptotic covariance matrices:

Avar(IO ny) =1 aWadg TWo T Wod, TWY
Avar(" i-) = 1 4L (G} Gy) 1™ + 1 5L (G} Gy) 1G1Pe,G; (G} Gy) 1L
and Avar(p n~,) Avar(p n™).

Remark: It is worth emphasizingat this point that the superior asymptotic perfor-
manceof the cortrol variate estimator assertedn Theoremg3 is particularly appealing
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when the model is overidertied. In sud casesthe weighted averagederivative ap-
proadh becomessomewhatcumbersome,while the cortrol variate method remains
ertirely straightforward. |

5. Monte-Carlo

In this sectionwe very brie y report on somesimulation experimerts designedto
ewvaluate the performanceof the estimation methods consideredabove. The com-
putational results reported in this and the following sectionwere carried out in the
R language,lhaka and Gertleman (1996) using the quartile regressionpadage of

Koenker (1998).

We considera simple location-scaleshift model:
(5.1) Yo = 1+ X+ (3+ ( 2%t 1))Y2
(52) Y2 = 1+ X+ 32+ >

where X, z, ; and , are generatedas the following: Xx ts, Z N (15; 22),

1 N(;1):and , N(0;0:5%), We specify the parameter vectors as following,
(15 20 30 )=(34453),and ( 1; 2; 3) = (1;2;3): For this model, both
the weighted averagederivative (WAD) and the cortrol variate (CV) estimators for
the structural quartile treatment e ect of Y, on Y; will corvergeto the population
value of 4+ 15 !( ;) + 5F !( 1). For the sale of simplicity, we set ; = , =
and consideronly the quartiles = (0:1;0:3;0:5;0:7;0:9). Results are reported in
Table 5.1 for samplesizen = 100, and in Table 5.2 for n = 1000. The number of
replicationsis R = 1000. We seerst, that both estimators exhibit very modest bias
at samplesize,n = 100, and bias is substartially reducedat n = 1000. Secondly in
terms of the standard error and root meansquareerror, the cortrol variate estimator
outperformsthe weighted derivative estimator at all consideredquartiles.

For the sake of comparisonwe considerfour other estimators:

QR: Naive quartile regressiorappliedto (5.1) without any attempt to dealwith
the endogoneiy of Y,.

2SQRQ: Two stagequartile regressionreplacing Y, by the predicted ¥, from
the = , quartile regressionestimation of (5.2).

2SQRA: Two stagequartile regressionreplacing Y, by the predicted ¥, from
the = 1=2 medianregressionestimation of (5.2).

2SQRS: Two stage quartile regressionreplacing Y, by the predicted ¥, from
the ordinary least squares(mean) regressionestimation of (5.2).

The performanceof the other estimators is quite unsatisfactory by comparison
with the WADQR and CVQR proposals. At the median the two-stage methods
all have good bias and variance performance,as one would expect from the results
of Amemiya (1982). But at all other quartiles they exhibit seriousbias problems.
Bias of the various 2SQR estimators is not substartially improved by the increase
in samplesize, contrary to the performanceof the CVQR and WADQR estimator.
Naive quartile regressionestimation of the structural equation, as expected, is also
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Coecient | Bias | Std. Error | RMSE
1= 2= 0.1
True Value -12.019| 0.000 0.000| 0.000
CVQR -10.799| 1.221 11.715| 11.778
WADQR -10.748| 1.271 12.057| 12.124
2SOQRQ -7.191| 4.829 11.505| 12.478
2SQRA -7.149| 4.871 11.473| 12.464
2SQRS -7.152| 4.867 11.473| 12.463
QR -2.788| 9.231 11.820| 14.997
1= 2= 0.3
True Value -2.555| 0.000 0.000| 0.000
CVOR -1.969| 0.586 8.905| 8.925
WADQR -1.876| 0.679 9.280| 9.305
2SOQRQ -0.345| 2.210 9.225| 9.486
2SQRA -0.337| 2.218 9.229| 9.492
2SQRS -0.330| 2.225 9.226| 9.490
OR 4.031| 6.586 9.086| 11.221
1= 2= 0.5
True Value 4.000| 0.000 0.000| 0.000
CVOR 3.715| -0.285 8.656| 8.661
WADQR 3.722| -0.278 8.934| 8.939
2SOQRQ 3.847| -0.153 8.488| 8.490
2SQRA 3.847| -0.153 8.488| 8.490
2SQRS 3.855| -0.145 8.490| 8.492
OR 8.006| 4.006 8.313| 9.228
1= 2= 0.7
True Value 10.555| 0.000 0.000| 0.000
CVOR 9.945| -0.610 8.953| 8.974
WADQR 9.968| -0.587 9.506| 9.524
2SOQRQ 8.417| -2.138 8.895| 9.148
2SQRA 8.425| -2.130 8.896| 9.148
2SORS 8.425| -2.130 8.900| 9.152
OR 12.626| 2.071 8.694| 8.937
1= 2= 0.9
True Value 20.019| 0.000 0.000| 0.000
CVQR 19.507| -0.513 11.166| 11.177
WADQR 19.367| -0.653 12.390| 12.407
2SQRQ 14.750| -5.270 11.617| 12.756
2SQRA 14.796| -5.223 11.665| 12.781
2SORS 14.787| -5.232 11.656| 12.776
QR 19.191| -0.828 11.385| 11.415

Table 5.1. Simulation Results: n = 100,R = 1000.

badly biased, except (oddly) at = 0:9, where courntervailing bias e ects seemto
fortuitously cancel.
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Coecient | Bias | Std. Error | MSE
t= 01
True Value -12.019| 0.000 0.000| 0.000
CVOR -11.964| 0.055 3.629| 3.629
WADQR -11.972| 0.048 3.727| 3.727
2SQRQ -7.633| 4.387 3.491| 5.606
2SQRA -7.629| 4.390 3.480| 5.602
2S0ORS -7.630| 4.390 3.481| 5.603
QR -3.364| 8.656 3.532| 9.349
t= 0.3
True Value -2.555| 0.000 0.000| 0.000
CVQR -2.541| 0.014 2.716| 2.716
WADQR -2.540| 0.015 2.869| 2.869
2SQRQ -0.758| 1.797 2.704| 3.247
2SQRA -0.757| 1.798 2.704| 3.247
2S0ORS -0.757| 1.798 2.704| 3.247
OR 3.510| 6.065 2.721| 6.648
t =05
True Value 4.000| 0.000 0.000| 0.000
CVQR 3.980| -0.020 2.574| 2575
WADQR 3.995| -0.005 2.728| 2.728
2SQRQ 4.048| 0.048 2.627| 2.627
2SQRA 4.048| 0.048 2.627| 2.627
2SORS 4.049| 0.049 2.628| 2.629
OR 8.281| 4.281 2.608| 5.013
t =07
True Value 10.555| 0.000 0.000| 0.000
CVQR 10.508| -0.047 2.782| 2.782
WADQR 10.505| -0.050 2.995| 2.995
2SQRQ 8.728| -1.827 2.709| 3.267
2SQRA 8.729| -1.826 2.711| 3.269
2SQRS 8.729| -1.826 2.712| 3.270
OR 13.017| 2.462 2.646| 3.614
t = 0.9
True Value 20.019| 0.000 0.000| 0.000
CVOR 19.889| -0.130 3.536| 3.539
WADQR 19.895| -0.124 3.910| 3.912
2SQRQ 15.384| -4.636 3.513| 5.817
2SQRA 15.388| -4.631 3.534| 5.826
2SQRS 15.387| -4.633 3.531| 5.825
QR 19.694| -0.325 3.363| 3.379

Table 5.2. Simulation Results: n = 1000,, R = 1000.

6. The Effect of Class Size on Student Perf ormance in Dutch
Primar y Schools

In this sectionwe reconsideran application of Levin (2001) investigating the e ect
of classsizeon studert performancein Dutch primary scools. We will apply both
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weighted derivative and the cortrol variate methodsto a structural equation model of
the impact of classsizeon studert achievemert. Our main objective is to demonstrate
how thesenew approatescan be employed to reveal new aspects of the sampleand
thus yield more detailed and constructive policy analysis. We nd that the two
methods produce quite similar results, esgecially for languageperformance,a nding

that somewhatreenforcesour con dencein our model speci cation. Both estimators
indicate that the classsizee ects vary signi cantly acrossquartiles of the classsize
distribution and studert achievemert distribution. For the lower attainment studerts,

bigger classesimprove language performance, while smaller classesimprove math

scores. For averagestuderts, classsizeshave insigni cant e ects on both language
and math performance. For high attainment studerts smaller classesare slightly

better for languageperformance,but classsize e ects are not signi cant for math

performance. These ndings suggestthat a generalpolicy of classsizereduction is
unlikely to have large bene cial e ects on overall studert achievemen and should be
approated with someskepticism.

6.1. A Brief Review of the Literature on Class Size E ect. Studert academic
performanceis of paramourt importanceto parerts, teachers and educational policy
makers. Among policy tools available to shool administrators reductionsin classsize
appear amongthe most promising prescriptionsfor improving studert achievemer.
Howe\er, the statistical evidenceon the linkagesbetweenclasssizeand studert per-
formanceis mixed.! Sincethe publication of the in uential Colemanreport (1966),
there have beenliterally hundredsof studiesexaminingthe relationship betweenclass
sizeand studert achievemern. The results spanthe full rangeof possibleconclusions:
some nd that there is a signi cant and positive relationship betweenclasssizeand
studert achievemen; some nd that smaller classesare more e ective; some nd
that there is no discerniblerelationship. Inevitably, someof the uncertainty in the
literature derivesfrom the fact that there is no uniformly agreedspeci cation of the
model or estimation method for the causale ect of classsize. Most empirical stud-
ies have employed least squaresmethods to obtain estimates of the e ect of class
size on studert achievemen, and thus prese a meantreatment view of classsize
e ect. Recognizingthe heterogeneiy in the potential e ects seeral authors have
recenly suggestedhat a more disaggregatedestimation of the policy e ects would
be preferred,seee.g. Hanushek(1986), Krueger (1997), Card (2001) and Angrist and
Krueger (2001). Howeer, to the best of our knowledge, only two studies take up
the challengeto investigate classsize e ects acrossquartiles of sdool achievemen
distribution.

1For meta-analysis,seeGlassand Smith (1979), Glasset al. (1982), Porwoll (1978), Robinsonand
Witteb ols (1986) and Hanushek(1998). Seealso, Summersand Wolfe (1977), Hanushek(1986,1997),
Angrist and Lavy (1999) and Krueger (2003). The TennesseeStudert/T eader Achievemert Ratio
experiment, known as project STAR, involved 11,600 students from 80 schools over four years
Finn and Archilles (1990). Initiated in 1996, the California Class Size Reduction, namely the CSR
program, cost over $1 billion per year and a ected over 1.6 million students (Class Size Reduction
in California: Early Evaluation Findings: 1996-1998,1999). Dutch policy makers have recertly
dedicated more than $500 million to reduceclasssizesin primary education (Levin, 2001).
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Eide and Shawalter (1998) using US data, apply quartile regressionmethods to
a model of studert achievement and nd that the classsizee ect is insigni cantly
di erent from zero at all quartiles of studerts achievemern distribution. It should
be emphasizedthat this model does not include studerts' family badground, or
peer e ects, and that they treat the classsize variable as exogenous. Noting the
endogenely problem, Levin (2001) applies a variant of Amemiya's (1982) methods
to a structural equation model, but also nds little empirical support for bene cial
e ects of smaller classesat most quartiles with or without peer e ects added to
the model. Note that both Eide and Showalter (1998) and Levin (2001) presen
what we have characterized as a mean quartile treatment e ect view of classsize
e ects: How doesmean classsizea ect the distribution of academicoutcomes?By
revealing the variations of classsizee ects acrossquartiles of studerts acievemen,
the MQTE approad o ers a more complete view than earlier work. Howeer, the
e ect of variations acrossquartiles of the distribution of classsizesremainsobscure.
As a consequenceit is hard to evaluate the classsize e ect without adknowledging
that various classsizeshave di erent in uences on studerts' academicperformance.
For broader view of classsizee ects, we considerthe structural quartile treatment
e ect in the framework that we have setout in Section2, in an e ort to explorethe
potertial heterogeneiy in the classsizee ect over both the distribution of studerts
adhievemert aswell asthe distribution of classsizes.

6.2. Data Description. The data we employ is the rst wave of the PRIMA co-
hort study, which cortains detailed information on Dutch primary sdool studerts in
grades?2, 4, 6, and 8 aswell asthe assiated teacher and sdool characteristics for
the sdhool year 1994/1995? The PRIMA cohort study is a comprehensie survey of
primary educationin Holland, enabling researbersto explore relationships between
pupil's achievemerts, their characteristics,thoseof their parerts, aswell asclasslevel
and sdool level characteristics. Pupils are tested with regard to intelligence, read-
ing abilities, the Dutch languageand mathematics. Badkground data are gathered
through parerts and teachers and detailed sdool level data are furnished by the di-
rectors of the participating sdools. In total, there are about 57,000pupils from 700
primary sdools in the survey. Of these,450 sdools form the represetative random
samplethat we usein this paper. Only grades4, 6 and 8 are consideredand the three
gradesare pooled together in our analysis®

A brief statistical summary of the variables usedin our modeling is reported in
Table 6.1. The averageclasssizeis 24 and rangesfrom 5 to 39, but about 70% of
classesare between 15{35. It may be noted that the variability of math scoresis
considerablyhigher than that of the languagescores. About 72% of the sdools in
the sample are public, but it probably should be emphasizedthat the distinction
between private and public sdools in Holland is not nearly so great as one may be
led to expect from the vantage point of the US. Estimates of the interaction of sdool

2This data has beenpreviously used by Dobblelsteenet al (1998) and Levin (2001).
3The agesof pupils in grade 4, 6 and 8 are around 7{8, 9{10 and 11{12, respectively.
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Minimum | Maximum | Mean | Std. Dev.
LanguageScore 841.80] 1261.20 1073.26 51.56
Math Score 822.70, 1361.30 1123.49 83.94
Pupil's Gender(Female=1) 0 1 0.50 0.50
1Q 4.00 37.00f 25.53 4.95
Scacio-EconomicStatus (SES) 0 1 0.53 0.50
Risk 1.00 5.00 2.20 0.87
PeerE ects (Language) 935.65] 1179.10 1073.19 40.99
PeerE ects (Math) 852.67| 1271.16|1123.44 69.70
ClassSize 5 39| 2381 6.46
Teader's Experience(Years) 1 40| 19.05 8.06
Sdiool Denomination (Public = 1) 0 1 0.72 0.44
Weighted Scool Enrollment (WSE) 23 684| 250.35 120.42

Table 6.1. Sample Summary Statistics: There are 5698, 5368 and
5608obsenations for grade4, 6, and 8, respectively, which after pooling
and deleting caseswith missing valuesfor important variablesyielded
12,2030bsenations.

denominationand classsizeindicate that there is no signi cant di erence in classsize
e ects betweenpublic and private sdools.

6.3. Mo del Specication. Beforeconsideringthe formal model, there are two con-
cernsabout classsize e ects that should be addressed. The rst oneis the causal
medanism: classsize per se should not cortribute to studerts' academicacdieve-
mert. Presumably classsizeoperatesthrough various channelsthat exert in uences
on studernt performance.For example,smaller classesnay induce changesin instruc-
tional methods and changethe nature of peere ects. Both thesefactors are thought
to play important rolesin studerts' academicperformance.Lazear(2001), for exam-
ple, hasfocusedon the public good aspect of classram teaching and investigatesthe
congestione ects of classsizefrom a theoretical perspective. But there seemdo be
no generallyacceptedtheory of the causalmedanismthat links classsizeto studert
performance.

A secondmajor concernfor the emprical study of classsizee ects is potential en-
dogeneiy. Parerts may make location decisionsbasedon the quality of local public
schools attempting to ensurethat their children attend small classessdool adminis-
trators may have a desireto put the lower attainment studerts in smallerclasse®r try
to assignbetter teadhersto bigger classes.Corresppndingly, to treat the endogenely
problem of classsize,there are two approatiesin the literature: oneis to sidestep
endogenel issueshy focusingon \experimertal” settings like the Tennesse&STAR
experimert, or related \natural experimernts” asin Hoxby (2000);the other is to use
instrumental variable methods to correct for the bias induced by endogenousovari-
ates, e.g., Krueger (1997), Angrist and Lavy (1999), Hanushek (2001). While most
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studies adopt the IV approad, a good IV is notoriously hard to nd. Empirically,
researbers have taken the assignedclasssize, Krueger (1997); sdool enrolimernt,
Akerheilm (1995), lacovou (2001), Levin (2001); and grade enrolimert, Angrist and
Lavy (1999); as instrumertal variables for actual classsizein either cortinuous or
non-cortinuous forms.

Given the obsenational, i.e. non-experimertal, nature of our data, we may begin
by consideringa cornvertional approad basedon a linear structural equation model
of the form

0t Xi 1+ Xe 2+ Xs 3+ Y +u
ot Xj 1+ Xe 2+ Xg 3+ Z + Ut

(6.1) y
(6.2) Y

The precisespeci cation of the random componerts u and U will be delayed momen-
tarily while we considerthe obsenable variables. Math or languagetest scoresare
denotedby y; for studert i in classc and sdhool s; X; areindividual i's characteristic
variablesincluding pupil's gender,1Q, sacioeconomicstatus (SES), peer e ects and
risk level* X are classc's characteristic variables including teader's experience®
Xs are sdhool s's characteristic variables, including the scool denomination (public
or nonpublic) only; Y is the covariate for classsizeand Z denotesthe instrument
for classsize;u and U denote unobsened random componerts. As we have already
noted, in the pure location shift form of the model the structural e ect of classsize
is unambiguous: the parameter capturesthis e ect and it may be interpreted as
the shift in location of test scoresnducedby a changein classsizethat descritesthe
e ect at all quartiles of the academicperformancedistribution and at all quartiles
of the classsizedistribution.

What is z, the instrumental variable for classsize? The Dutch Ministry of Ed-
ucation imposeda new funding allocation rule during the time period of the rst
wave of the PRIMA survey. Eacd primary sdool reported weighted sdool enroll-
mernt (WSE) to the Ministry with weights determined by the socio-economicstatus
of the enrolled studerts. Based on the value of this WSE, the Ministry allocated
funding to eat sthool and this funding determined how many teachers the sdool
could hire. It is clearthat this WSE variable is closelyrelated to the actual classsize
but has no direct relation with studert achievemens conditional on characteristics.
Following Levin (2001) we employ WSE as our instrumertal variable for classsize.

4Students arede ned as\at risk" basedon obsened cognitive and/or behavioral problems. School
must documert students problems regularly. Basedon information from the student pro les, eath
studert is given a scaled scoreranging from 1 to 5 in ascendingorder of riskiness. For detailed
information on socio-economicstatus (SES), seelevin (2001), for the simplicity, we take recode SES
asbinary, with 1 indicating higher SES. The peere ect is measuredby the classmates'averagetest
score.

SPreliminary estimation indicated that teachers' age,sexand level of education wereinsigni cant
in uences on students' achievemernt.
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This weighted sdhool enrollmert is calculatedaccordingto the following formula:

Xi
(6.3) z = 1:03maxf Sij  :09i;nig;
j=1

wheren; is the total school enrollmert of sdhool i and s;; is the weight determinedby
the socioeconomicstatus of ead studert j in sdool i. The variable s; takesvalues
f1.0, 1.25,1.4, 1.7, 1.99 with 1 being the referencelevel and 1:9 being the worst
family badkground. Basedon this formula, we seethat sdools located in poorer
neighborhoods will have more teaders.

Since z; varies only between sdools not within sdools, a natural question may
be, are we actually just using the sdool size as the IV? Preliminary tests indicate
that although z and sdool size are closelyrelated, z; is quite distinct from sdool
size. This is shavn clearly by the top plot of Figure 6.1. wherethe upper conditional
guartile functions of z; given sthool enrollmert have di erent slopes. The scatter plot
alsorevealsthat whenthe stool sizeis smallerthan 100or biggerthan 500, z; is quite
closeto the school size,howewer, whenthe scool sizeis between100and 500, z; can
be signi cantly di erent from the sdool size. This can be well explainedby the fact
that smaller sthools, typically locatedin small towns or villageswhere most families
are more homogeneoushave z; that would be roughly similar to a scaledvalue of
sdhool size;for biggersdools, however, there are more varied family badkgrounds. So
z; may divergesubstartially from sdool size. Another concernis: how is classsize
is related to sdool size?Is it true that bigger schools imply bigger classsizes?The
ansver is no. Though the classsizehasmore variability in bigger sdools, it doesnot
increasewith the stool size. This canbe seenclearly from the bottom plot in Figure
6.1.

Regardingthe performanceof z;, sinceour instrumental variable is at the sdool
level, the more variation of classsizesis from \b etweensdools”, the better is the IV.
We have estimated variance componerts for classsize variable. The unconditional
varianceof classsizesis 41, the variance\b etweensdools” is 28 and \within sdools"
is 13, so 70%of the variation of classsizesis \b etweensdools”. It should be empha-
sizedthat this doesnot imply that the variation comesfrom di erent scool sizes!
Furthermore, 83% of stools have only one classfor ead grade and the variation of
classsizeswithin sdools is due mainly to variation between grade levels. This is
further supported by noting that in a decomposition of the \within sdcool" varia-
tion the \b etweengrades"variation in classsizeaccours for more than 92% of the
within-school variation.

After somespeci cation seard we have selecteda model in which classsizeis al-
lowedto in uence both the location and scaleof the studert performancedistribution.
Explicitly, we will assumethat, u; = ( >+ )(Y; + 1)andU; = 5, where ; and

» are independert of one another and iid over individuals. We will considerboth
weighted averagederivative and cortrol variate methods of estimation. As we have
shovn above, when the model is correctly speci ed both methods yield consistem
estimatorswith the latter being more e cien t. Substituting for , in the y; equation
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Figure 6.1. The top plot indicates that the weighted sdool enroll-
mert variable, z, usedas an instrumernt, is signi cantly di erent from
the sdool size;the middle plot shaws that classsizesare not strongly
related to sdool sizes. The bottom plot shaws that there is some
heteroscedasticit in the relationship between classsize and the WSE
instrumental variable, the two solid lines represen the 0.75 and 0.90
guartiles.

yields a rather complicatedform of what we have calledthe hyrid structural equation
that is estimatedin the weighted averagederivative approad; it involvesthe location
shift e ects of the original speci cation plus a quadratic term in Y; and interactions of
Y; with the other exogonousvariablesincluding z;. In the caseof the cortrol variate
estimator the situation is considerablysimpler: the estimate *,( ,) is computed in
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the rst stage,and then it is included alongwith its interaction with Y; asadditional
covariates in the ; quartile regressionof the rst y; equation. In large sampleslike
ours we would expect both estimators would produce similar results, provided that
the model was correctly speci ed. When the model is misspeci ed, the weighted av-
eragederivative method is clearly preferable,the cortrol variate method will be used
primarly for chedking the credibility of the speci ed structural model.

We will focus on the estimation of the structural classsize e ect. It should be
emphasizedhat peere ects are alsoan very important in uence on studert perfor-
mance. Moreover, sincepeer e ects and classsizee ects are highly interconnected,
their interaction should also be carefully explored. The endogenel of peer e ects
makesthis inquiry particularly challenging,but it is especially important from a pol-
icy standpoint to explorethe distributional consequencesf peere ects. We plan to
addressthis issuein subsequenwork.

6.4. Empirical Analysis. Beforeconsideringthe structural estimation of the model
we brie y descrilke somepreliminary quartile regressiorresultsbasedon treating class
size as exogonous. Theseresults are illustrated in Figures 6.2 and 6.3 for language
and math performance,respectively. Consideringthe classsizee ect rst. The plots

suggestthat classsizee ects are roughly similar for math and languageperformance:
both are signi cant, both are downward sloping, indicating that while classsizere-
ductions are bene cial to all studerts they are more bene cial to better studerts

conditional on the other covariates. The plots alsosuggestthat peere ects are quite

important especially for math, although considerablecaution is requiredin the inter-

pretation of thesee ects. Individual studert characteristicsare alsoquite interesting.
Girls appear to be clearly disadwantaged in math, but exhibit a modest advantage
in language. The \at risk" variable has a large impact, suggestingthat studerts'

attitude and behavior towards sdhool work is crucial for their sdolastic performance,
although again, exogoneiy may be cortroversial. As expected, family badkground
plays an important role in studerts’ academicperformance,especially in language.
Scacio-economicstatus hasa signi cantly positive e ect acrossall quartiles of studerts

achievemen distribution and the e ect increasesas we move to higher quartiles of
studert achievemen. [Q hasthe expected positive e ect on studerts achievemern

with the magnitude of this e ect larger on the math scoresthan on the language
scores. Interestingly, more experiencedteaders have no signi cant impact on lan-

guageperformance,but do seemto have a desirablee ect on the upper quartiles of
math performance. A public versusparochial sdool e ect on studert attainment is
not distinguishableacrossthe quartiles considered.

We now turn to the estimation of the classsizee ect in our structural framework. A
concisevisual summary of the structural estimatesof the classsizee ect on language
and math scoresis provided in Figures 6.4 and 6.5 respectively. In the left panel we
depict the convertional two stageleast squaresestimate of the mean shift e ect of
classsizeviewed as a constart function of ; and ;: In the middle panel we shov
what we have called the mean quartile treatment e ect obtained by integrating out
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Figure 6.4. Structural Class SizeE ects for Language: ;-studerts
achievemen, ,-classsize.
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Figure 6.5. Structural Class Size E ects for Math: ;-studers
achievemen, ,-classsize.

the , e ect from the weighted averagederivative estimate of the A( 1, 2) estimate of
the structural classsizee ect. In the right panelwe preset "( 1; »).

The two stageleast squaresestimate of the classsizee ect is -0.07with a standard
error of 0.20,a nding consistem with many other unsuccessfuattempts to discerna
signi cant e ect of classsize. Howeer, our estimatesof the meanquartile treatment
e ect of classsizein the middle panel revealsa somewhatmore nuancedview. Both
math and languageplots shov a positive e ect of around 0.7 at low quartiles and
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Figure 6.6. Structural Class Size E ect on Language Scores: The
gure presers both the weighted averagederivative (WAD) and cortrol

variate (CV) estimatesof the structural classsize e ect on language
performance.Five quartiles of the classsizedistribution are presered
for ead estimator in descendingorder from the top of the plot , 2

f0:10; 0:25; 0:50; 0:75; 0:90g.

falling gradually to about -0.5at the upper quartiles, suggestinghat poorer studerts
bene t from larger classeswhile better studerts do better in smallerclasses Further
disaggregating,the plots in the right panelindicate dispersionin the classsizee ect
in both the ; and , directions, but the picture is roughly similar: positive e ects
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Figure 6.7. Structural Class Size E ect on Math Scores: The g-
ure preseits both the weighted averagederivative (WAD) and cortrol

variate (CV) estimatesof the structural classsizee ect on mathemat-
ics performance. Five quartiles of the classsize distribution are pre-
sented for ead estimator in descendingorder from the top of the plot
> 2 10:10;0:25, 0:50; 0:75; 0:90g.

at the lower quartiles of test scores,and negative e ects at the upper quartiles. In
sud circumstancesit is not surprising that averagingover both quartile dimensions

yields a result that is statistically negligible.
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To examinethe structural estimatesmore closely we plot in Figures 6.6 and 6.7
cross-sectionaklicesof the foregoingperspective plots. Superimposedon theseplots
is a .90 (pointwise) con dence band. To cortrast the weighted average derivative
approad and the cortrol variate method we illustrate both estimatesin Figure 6.6
for languageperformanceand in Figure 6.7 for math. The similarity of the WAD and
CV estimatesprovides somesupport for the model speci cation. We summarizeour
ndings briey asfollows:

The classsizee ect on languagescores:
{ For wealer studerts the plots indicate that bigger classesare better.
{ For near median studerts classsizee ects are not signi cant.
{ For better studerts smaller classesappear marginally better.
The classsizee ect on math scores:
{ For wealer studerts smaller classesare better
{ For the averageand good studerts the classsizee ect is not signi cant.

Our nding that classsize has an insigni cant in uence on median performance
in languageand math is quite consistem with previousliterature indicating similarly
insigni cant conditional mean e ects. Howeer, especially in the caseof language
performance,we nd that oneshouldinterpret ndings of insigni cant meane ects
with considerablecaution sinceit appearsthat they arise from averaging signi cant
bene ts from reductionsin classsizefor good studerts and signi cant bene ts from
increasedn classsizefor poorer studerts.

We would again stressthe point that changesin classsizesper se cannot produce
academicgains, but in combination with other instructional practicesand institua-
tional arrangemens sud changesmay have bene ts. By providing a more nuanced
view of the apparerly heterogeneou® ects of classsize, structural methods based
on quartile regressionmay be able to constructively cortribute to the policy debate
on theseimportant issues.

Appendix A. pr oofs

Lemma 1. LetY andZ be N K matricesof rank K and X bea N L matrix of rank
L. If = (Z>MxZ) 1Z>MxY, with Mx =1 X (X>X) 1X>, then

A1 YMxY Y>Myxz '

Proof: Dene Y = MxY and Z = Mx Z, we have:
1

> > > 1
(A2) v>v Y>Z“ _(y MEY) ) F o
Yy 7°7 F (Z"M2)
where F satis es
(A.3) (Y’M,Y) 'Y’ Z+FZZ=0

or,
(A.4) (ZZMy2) 277+ FPYZ=1:
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Using (A.2), the left hand side of (A.1) can be written as,

A1 (Y°’M,v) ! F

_ 1, AN 1>, A1 17.
1 £> Z> M, Z) 1 —[(Y>MZY) + L CFT R+ T (Z'>|\/|YZ") I:

From (A.3) and (A.4), we have, respectively,

F = (YM,Y) 'vz(z°2) !
= (Y"M,¥Y) 'Y,
Zz™Me2) t = (1 FPYZ)N(ZT2) !

2 ' B
Consequetly,
(Y> sz) 1+ /\1 1F>

(Y’M,y) 1 N N(YTM,Y) L
0

and

F+ 1 @Me2) b = F+ Y27 0 YTRTT
F+ " YZ°2) ' F

Y zZTMyxz) b

Pro of of Prop osition 1. The 2SLSestimator of ; in model (2.1-2) is
M= (92> Mx 92) 192> Mx Y1,

where¥, = 2™+ X", M= (Z2Mx2) 122Mx Yo, andMyx =1 X (X>X) 1X>. Solving
for , from (2.2) and substituting into (2.1), we have,

(A.5) Yi=X(2 2)+V7T+ g
whereV = (Y2iz),and "= (1, 2)=( 1+ ; 1 ): Our estimator for 1 is "y + ™" 1
where
"1 )7 = (VMxV) VM Y
1
- ZZMyxY, Z°Myz 2 MxM
By Lemma 1,
NN = 0 N2 Mxz) VM Y

= " YZMxz) 1Z7Mx Yy

= [(2")"Mx (™) Yz") Mx 11

= [+ XM @™+ X)) Mz X )My Yy
= (Y5 MxY2) ¥ Mx Yi:
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Pro of of Theorem 1. Conventional asymptotic theory for quartile regressionin the
nonlinear in parametersmodel, e.g. Jureckova and Prochazka (1994), implies that

P— A _ 1 ;|_:2><~| .
nC(1) (1)=3¢n i1d1 . (Yiz 1) + 0p(1);
i=1

P— A 1 12N .
n(C(2) (2)=J,n i202 ,(Yi2  i2) + 0p(1):
i=1
Taylor expansionof ~( 1; 2) at ( ( 1), ( 2)) vields
P_na
PR (i) = T T Pan ) (D o

WiPR () ()W (D) () + op(L):

By hypothesis 1 is independert of ;,, so the result follows by the application of the
-method. [

The following Lemma will be usedfor the proof of Theorem 2.

Lemma 2. Let A(x) bean p matrix of functions de ned on a setS 2 R™. Supmse xg
is an interior point of S at which A is continuously di er entiable and A(x) hasrank p< n
in someneighlorhood of xo, then A hasa G-inverse, A = (A~ A) 1A> and at xo,

@\ @\
A.6 —AA = A —/—A:
(A.6) & &

Pro of: This is an immediate consequencef a more generalresult for G-inverseswhen A
is allowed to haverank g p. In that casewe have, e.g. Harville (1997),

@\ @\
A——A= AA —A A
@ @
Multiplying from the left and right by A , and noting that A A = |, by the rank hypoth-
esis,yields (A.6). [

Pro of of Theorem 2 Note that *( 1; 2) = "»,(,)( 1) and write

p_ p_ p_
N2 (12)= N2y Mol + n(”, () 22 (1))
Considerthe secondterm, asin the proof of Theorem 1,
_ 1 X
n(" , .) = Dy P= i10i1 .(&1) + 0op(1)
i=1
; N(0; ! 1D, 'DiD, Y);
whereeg; = Yi1 @i1: Expanding the rst term we have,
>
pﬁ(/\,\2 E pﬁ @2( 2)( 1)
@2( 2)
Considering rst the (®, ) term, by denoting '~»(Y;z;x; ) asan 1 vector with the
ith row '—(Yi; z;Xi; ), we have,

2(2) M(2)="=Y;zx ) (g% ) (Y% ")+ ~(02,2,% 7):

("2 2) + op(1):
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Thus, we have

pP_—
n(/\/\2 N 2)

P @ ,(»)(1) >
@2( 2)
Hr v ~(Y;z:% )7 (8 %) jv=g * 0p(1)
p_ @, (1) >

r (=Y;zx ) "~z N7 (h )

- " Gt (rv=(Y;z;% )7 (2 @)iv=g, + 0p(1)
— @ 2( 2 > ' >

- Pg ﬁ)z()l) (r . 2) Y@ o+o)

_ p— @ 2( 2)( 1) > N .

O A

where G denotesthe matrix with the ith row (r ;" i2) o5
The Bahadur represenation for = n” ,,y( 1) can be written as

p_ X o1 1 X y
n™ (1) (n i fi1di10) P= india(fisdy ,()( 1)+ (&) + 0p(2)
i=1 i=1

X 1
(nt infi1gi1gy) lp—ﬁ itdi1(firGa+  (&1)) + 0p(1):

i=1 i=1
Now di erentiating, noting that the cortribution of the (&) term is op(1), and using
Lemma 2 gives

@ (1) > 1 X
—= 2= "G = DS afi it + op()
@2( 2) n._,
D; 'D12+ 0p(D);
where ; = @%i(lz)(r " i2) L. Thus, we get immediately the limiting behavior of the rst
term,
P— . N _ 1n P—,A
n("», 2) = DyDi2 n(C(2) (2)+0p(2)
;N O;!2D,'D12D,'D,D,D},D, Y):
Combining the results for the two terms completesthe proof. [
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