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Abstract

Parametric copulae are shown to be an attractive device for specify-
ing quantile autoregressive models for nonlinear time-series. Estimation of
local, quantile-specific models offers some salient advantages over classical
global parametric approaches. Consistency and asymptotic normality of
the proposed estimators are established, leading to a general framework for
inference and model specification testing.

1. Introduction

Estimation of models for conditional quantiles constitutes an essential ingredient
in modern risk assessment. And yet, often, such quantile estimation and predic-
tion relies heavily on unrealistic global distributional assumptions. In this paper
we consider new estimation methods for conditional quantile functions that are
motivated by parametric models, but retain some semi-parametric flexibility and
thus, should deliver more robust and more accurate estimates, while also being

well-suited to the evaluation of misspecification.
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We employ parametric copula models to generate nonlinear-in-parameters quan-
tile autoregression (QAR) models. Such models have several advantages over the
linear QAR models previously considered in Koenker and Xiao (2006) since by con-
struction they are globally plausible with monotone conditional quantile functions
over the entire support of the conditioning variables. Rather than imposing this
global structure, however, we choose instead to estimate the implied conditional
quantile function independently, thereby facilitating an analysis of misspecifica-
tion.

Copula models provide a rich source of potential nonlinear dynamics describing
temporal dependence, and also permit us to carefully distinguish this dependence
from the specification of the marginal (stationary) distribution of the response.
Stationarity of the processes considered implies that only one marginal distribu-
tion is required for the specification in addition to the choice of the copula.

Choice of the parametric specification of the copula, C', and the marginal, dis-
tribution F', is a challenging problem. In this paper we restrict attention in our
asymptotic analysis to settings in which the choices of C' and F' yield correctly
specified conditional quantile functions. This is obviously a weaker condition than
the direct assertion that we have correctly specified C' and F' themselves, since
each of the conditional quantile functions we consider are permitted to have their
own vector of parameters. Indeed, this distinction between global parametric
models and local, quantile-specific, ones is essential throughout the quantile re-
gression literature and facilitates inference for misspecification that arises from
discrepancies in the quantile specific estimates of the model parameters.

The plan of the paper is as follows: We introduce the copula-based QAR model

in Section 2. Assumptions and asymptotic properties of the proposed estimator



are developed in Section 3. Section 4 briefly describes statistical inference and
Section 5 concludes. For simplicity of illustration and without loss of generality,

we focus our analysis on first order QAR processes in our analysis.

2. Copula-Based Quantile Autoregression Models

2.1. First-order strictly stationary Markov models

To motivate copula-based quantile autoregression models, we start with a strictly
stationary Markov process of order 1, {Y;}},, whose probabilistic properties are
determined by the true joint distribution of Y;_; and Y}, say, G*(y;—1, y:). Suppose
that G*(y;—1,:) has continuous marginal distribution function F*(-), then by

Sklar’s Theorem, there exists an unique copula function C*(-,-) such that

G (Y1, yt) = C*(F* (ye-1), F(y1))-

Differentiating C*(u,v) with respect to u, and evaluate at u = F*(y_1),v =
F*(y), we obtain the conditional distribution of Y; given Y; | =z :
0C*(u,v)

PrlY; <y|Vis =a] =
ou P
u=F*(z),v=F*(y)

= CL(E" (2), F*(y))-

For any 7 € (0,1), solving 7 = C{(F*(z), F*(y)) for y, in terms of 7, we obtain

the 7-th conditional quantile function of Y; given Y; | = x :
Qy,(t|z) = F*HC7 (s F*(2))),

where F*~1(.) signifies the inverse of F*(-) and C}~'(-;u) is the partial inverse of

C#(u,v) with respect to v. If we denote C}~'(-;u) as h*(-), i.e.

O (r0)|, sy = (@),

F*(z
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we may write the 7-th conditional quantile function of Y; as
Qv (7]z) = F*(h*(1;2)) = H(2).

In this paper, we will work with the class of copula-based first-order strictly

stationary Markov models.

Assumption 1: {Y; : t = 1,....,n} is a sample of a stationary first-order Markov
process generated from (F*(-),C*(,-)), where F*(-) is the true invariant distribu-
tion which is absolutely continuous with respect to Lebesque measure on the real
line; C*(-,-) is the true copula for (Yi_1,Y}), is absolutely continuous with respect
to Lebesque measure on [0,1]2, and is neither the Fréchet-Hoeffding upper nor

lower bound.

Assumption 1 is equivalent to assume that {Y; : t = 1,...,n} is a sample of a

stationary first-order Markov process generated from (f*(-), g(:|-)), where

9" Yelye-1) = [ (W) (F* (Y1), F*(ve)), (2.1)

where ¢*(+|y;—1) is the true conditional density function of Y; given Y, 1 = y;_1,
c*(+,+) is the copula density of C*(-,-), and f*(-) is the density of the marginal
distribution F*(-), which is unspecified.

2.1.1. Transformation model

As demonstrated in Chen and Fan (2006), all the copula-based first order Markov
models can be expressed in terms of an autoregression transformation model.
Let Uy = F*(Y;), then under assumption 1, {U,} is strictly stationary first-order
Markov with the joint distribution of U; and U;_; is given by the copula C*(-, )



(with corresponding density denoted as ¢*(+,-)). Let H() be any increasing trans-

formation, then

Hy(F*(Yy)) = Ha(F" (Yie1)) + o (F7(Yio1) e
or equivalently,

U= F*(Y;) = Hi ' (Ho(Up1) + 0(Up-1)es)
where the conditional density of e, given U;_1 = F*(Y;_1) = uy_1 is

Fir vy, () = ¢ (upr, Hy H(Ha (1) + 0/ (ug1)e)) /D (up1)
= (Vi) H (Ho(F* (Vi) + o(F* (Yir))))/ D(F* (Vi)
where

_ dH\(Hy(u)) + o(u)e))
de ’

D(u)

and satisfies the condition that
1
Hy(ug—y) = E[H{(U)|Up—y = wpq| = / Hi(u) x ¢*(ug—1,u)du.
0
In the special case that H;(u) = u, we obtain

U= Hy(Up_1) + o (U1 ey,

i.e.
F*(Y;) = Hy(F* (Y1) + o (F* (Yi))er.
Letting
0C* (w1, u) .,
au—t—l = O (up-1,u)



then
1

Hy(uy) = E[H(U)|Ui—1 =ui1q] = uc* (w1, u)du
0

1 1
= / udCy (u—1,u) =1 —/ CT (ug—1, u)du.
0 0

2.2. Copula-based parametric quantile autoregression models

In practice, neither the true copula function C*(-, -) nor the true marginal distribu-
tion function F*(:) of Y is known. If we model both parametrically, say C(-,-; @)
and F(y; 3), depending on unknown parameters «, (3, the 7-th conditional quan-
tile function of Yy, Qy,;(7]x), becomes a function of unknown parameters a and S,
ie.

Qy,(rlz) = F~H(CT (T F(z, B), @), B).

Denoting 6 = (o/, 3'), we will write,
Qvi(tlz) = F7Y(CTH(1; F(x, 8), @), B) = H(x390). (2.2)

This copula formulation of the conditional quantile functions provides a rich source
of potential nonlinear dynamics. By varying the choice of the copula specification
we can induce a wide variety of nonlinear QAR(1) dependence, and the choice of
the marginal, F' enables us to consider a wide range of possible tail behavior as
well.

Copula-based models have been widely used in finance, especially in estimating
conditional quantiles as required for Value-at-Risk (VaR) assessment, motivated
by possible nonlinearity in financial time series dynamics. However, in many fi-

nancial time series applications, correlation structure may vary over the quantiles



of the conditional distribution. We would like to stress that although the con-
ditional quantile function specification in the above representation assumes the
parameters to be identical across quantiles, our estimation methods do not im-
pose this restriction. Thus, we permit the estimated parameters to vary with 7

and this provides an important diagnostic feature of the methodology.

The proposed QAR model is based on (2.2) but we permit different parameter
values over 7, and write the vector of unknown parameters as 6(7) = («(7)’, 5(1)")".

We obtain the following nonlinear QAR model:

Qv (TYie1) = H(Yi1,0(7)) = F7HCTH (15 F(Yien, B(7)), (7)), B(7)).  (2.3)

This nonlinear form of the QAR model can capture a wide range of system-
atic influences of conditioning variables on the conditional distribution of the re-
sponse. Koenker and Xiao (2006) considered linear-in-parameter QAR processes
in studying similar specifications. Maintaining a linear specification in the QAR
model, requires rather strong regularity assumptions on the domain of the associ-
ated random variables imposed to ensure quantile monotonicity. Relaxing those
assumptions implies that the conditional quantile functions are no longer linear.
From this point of view, copula-based models provide an important way of extend-
ing constant coefficient linear QAR models to nonlinear quantile autoregression
specifications that — under the parametric model — are ensured to be globally
coherent.

Remark. The above analysis may be extended to k-th order nonlinear QAR
models, but we will resist the temptation to tax the readers patience with the

notation required for this.



2.3. Examples

Example 1: Gaussian Copula
Let ®,(,-) be the distribution function of bivariate normal distribution with
mean zeros, variances 1, and correlation coefficient o, and ® be the CDF of a

univariate standard normal, the bivariate Gaussian copula is given by

C(u,v;a) = O (®Hu),® 1 (v))

1 1 (u) 1 (v) 2 _ 20vst t2
= —/ / expl — (s as 2+ ) dsdt.
2nyv1 —a? J_ o 2(1 —a?)

Let {Y;} be a stationary Markov process of order 1 and with true marginal

distribution F*(-), in addition, denote that U; = F*(Y};), and Z;, = &~ 1(U,) =

O~ 1(F*(Y;)), if the correlation between Uy and U,_; is characterized by a Gaussian
copula, i.e. the joint CDF of U; and U;_; is

C(u1, ug; ) = P (P ug_1), D (uy)).

Differentiating C'(u, v; o) with respect to u, we obtain the conditional distribution

of U; given U;_1 :

Oy (w1, up; ) = (‘Dl(uﬁ - @@1(%—1))

V1—a?

For any 7 € [0, 1], solving

e — (@1(%) - a<1>1(ut_1))

vV1—a2

for u;, we obtain the 7-th conditional quantile function of U; given u; 1 :

Quilrlu) = @ (a® () +VI—a2o~! (7))
= @ (a® (P (o)) + VI @20 ()) = B (F (gr), m200).
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Also, Z; = ®~1(U,) is a Gaussian AR(1) process that can be represented by
Zt = OéZt_l + &¢

where &, ~ N (0, (1 — o?)) and is independent of Z; ;. We obtain the 7-th condi-

tional quantile function of Z; given Z;_; :
Q(7T|Zi_1) = b(T) + aZ,_y, with b(1) = V1 — a2® (1),

a formulation that leaves us with the familiar linear AR(1) specification that
induces the simplest linear QAR model.

Example 2: Student-t copula

Let t, (-, ) be the distribution function of bivariate student-¢ distribution with
mean zeros, variances 1, correlation coefficient p, and degrees of freedom v. And
let t,(-) be the CDF of a univariate student-¢ distribution with mean zero, variance

1, and degrees of freedom v. The bivariate t— copula is given by, with oo = (v, p)

Clu, v;a) = tu,(t, " (u), 1, (v))

ty (W) ptyt(v) 2 2y —(v+2)/2
Sl LTy e
If {Y;} is a stationary Markov process of order 1 characterized by a standard
bivariate t,-copula function C* = C(-,-;«) and marginal distribution function
F*(-), then let ¢, be the CDF of a t, random variable, let U, = F*(Y};), then the

7-th conditional quantile function of U, is given by

Qui(T|Fi-1) = tu (pt, (F* (Yier)) + o (F (Vo)) (7)) = W5 (F* (Yeer), 730, v),

where

o(F*(¥io) = \/ )



Moreover, the transformed variable {Z; = t;*(F*(Y;))} is a student-t process

that can be represented by
Zy = pZi_y + 0(Zs—1)ey,

where e; ~ t,,1, and is independent of Y;_ 1,

o(Zur) = \/ =

v+1

is a known function of Z;_; = ¢, '(F*(Y;_1)). (If the true marginal distribution
F* is also t, then ¢, ' (F*(Y;)) = Y;). The 7-th conditional quantile function of Z;,

given Z; 1, is then given by
Q7 (T|Fi1) = pZi1 + 0(Zi1)t 44 (7).

Let O(1) = (p, a(T), B(7)), where

v(1 = p*)t, (1)
1+v

(1= p*)t, (1)
1+ v

alr) = , Plr) =

we can rewrite the conditional quantile function as

Q7| Ficd) = pZos +\Ja(r) + B(r) 22y = h*(Zoy; 0(7)).

The above example applies to any elliptical copula, that is any copula gener-
ated from an elliptically symmetric bivariate distribution, where the conditional
mean is linear and conditional variance is homoskedestic if and only if the copula
is Normal copula; otherwise the conditional variance is heteroskedastic.

Example 3: Joe-Clayton copula

The Joe-Clayton copula is given by:

Clu,v;a) =1 — {1 —[(1 —a@")™7" + (1 —7%) 7 = 1]V }/*, (2.4)
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where . = 1 —u, a = (k,7) and k > 1, 40. It is known that the lower tail
dependence parameter for this family is A\;, = 2-/7 and the upper tail dependence
parameter is Ay = 2 — 2/%. When k = 1, the Joe-Clayton copula reduces to the
Clayton copula:

Clu,v;0) = [u™ 4+ v =17 where a=+v>0. (2.5)

When v — 0, the Joe-Clayton copula approaches the Joe copula whose con-
cordance ordering and upper tail dependence increase as k increases. For other
properties of the Joe-Clayton copula, see Joe (1997). When coupled with fat-
tailed marginal distributions such as the Student’s t distribution, this family of
copulas can generate time series with clusters of extreme values and hence pro-
vide alternative models for economic and financial time series that exhibit such
clusters.

For the Joe-Clayton copula, one can easily verify that
Chlupy, o) = (1 —wy )" (1 —ak )~0+
x[(1—a )7+ —ak)y =167+
x [1—={(1- 171]?71)_7 +(1- ﬂf)‘“’ — 1}—1/v]k—1—1'

For any 7 € [0, 1], solving 7 = C (u;_1, us; ) for u;, we obtain the 7-th conditional

quantile function of U, given u;_; based on the Clayton copula:
Qu, (Tlue—y) = [(77/ ) — Dy + 1]V

Note that this expression and the similar expressions in the foregoing examples
provide a convenient mechanism with which to simulate observations from the

respective models.
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3. Asymptotic Analysis

In this section, we study estimation of the copula-based QAR model (2.3). The
vector of parameters 0(7) and thus the conditional quantile of Y; can be estimated
by the following nonlinear quantile autoregression:

i (Y — H(Y;1,0)), 3.1
gggﬁ;ﬂ(t (Yi-1,0)) (3.1)

where p,(u) = u(r — I(u < 0)) is the usual check function (Koenker and Bassett

(1978)). We denote the solution as 6(7). Given (1), the 7-th conditional quantile

of Y}, conditional on the past information Y;_;, can be estimated by

~

@Yt(T‘Ytq =) = H(z,0(7)).

3.1. Assumptions

o~

We derive the asymptotic properties of the QAR estimator 6(7) based on (3.1).
To facilitate our asymptotic analysis, we introduce the following regularity as-

sumptions.

Al. The parameter space © is compact.

A2. Let F(y) = F(y; 8) and C(u,v) = C(u,v; ) be the CDF and copula func-
tions corresponding to the quantile function H(x,#), the associated quantile
function F~1(7) = F~!(7;3) is twice continuously differentiable in 3, and
the copula function C(u,v; «) is second order differentiable with respect to
u and v, and has copula density c(u,v;a). Ci(u,v;a) = 9C(u,v;a)/du

is invertible in its second argument and the corresponding inverse function

12



A3.

A4.

Ab5.

A6.

(C7Y(F(z),7;a)) is continuously differentiable in o and measurable in 2 for

each «.

The true 7-th conditional quantile of Y; given Y, ; = =z, takes the form
of a QAR model (2.3). The true unknown conditional density of Y; given
Y1 = x, g*(-|z), is continuously differentiable and bounded away from 0

and oo.

The smallest eigenvalue of matrix V() is strictly positive, where V(7) is

defined by (3.2).

(1) There exists a ag; such that supgeg |H (24, 6)| < ap: and E(|ag]) < oo.

(2) {Y;} is stationary, ergodic and satisfies assumption 1.

Q(7) is finite, where Q(7) is defined by (3.2).

The above assumptions are similar to those usually imposed in nonlinear time-

series models. These assumptions are given for the convenience of asymptotic

analysis; we do not seek to achieve the weakest possible regularity conditions.

The differentiability assumptions in A2 and A3 guarantee Taylor expansions of

the regression function to appropriate order. Assumption A5(2) is a very mild

assumption on weak dependence property of {Y;}. Although we do not assume

the correct specification of the parametric functional forms of the copula C' and the

marginal distribution F', our model is nevertheless a parametric one; hence we do

not need to assume beta-mixing as that imposed in Chen and Fan (2006). Beare

(2008) studied dependence in copula models based on the notion of Doukhan and

Louhichi (1999).
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3.2. Large Sample Properties of the QAR Estimators

To facilitate our analysis, we introduce the following notation:

o0C (u,v; o0C (u,v; «
Ci(u,v;a) = %; Ca(“;"lf;a):%;
_ _0C(u,v;a) . 0*C(u,v;a)
Culwvia) = 550 AU =35

Let f(-) be the density functions corresponding to F(-) and C;*(u,7; ) denote

the inverse function of C(u,v; ) with respect to the argument v, and

hz,a) = C7'(ru,0)

u=F(z)
H(z,0) = F Yh(z,a);3), Ho(z,0) = w
and finally,
: _ Oh(z,a) _ Ph(x,a) OFH(C,B)
ho(z, ) = o hoo(z, ) = Dade 03 = Fﬁ (C, B).

Consistency and asymptotic normality of the copula-based QAR estimator are

summarized in the following theorem.

~

THEOREM: (1) Under Assumptions Al - A5, 0(1) — 60(7), as n — oco. (2)
Under Assumptions Al - A6,

Vi (0(r) = 0(r)) = N(0,7(1 = V(1) ')V (7)),

where

(3.2)
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g (Qy, (1Y) Y1) ;

Volr) = E 2 sl inisate) |
L@y (Y )Yi) ) P! ). BT
Vaalr) = B [LEBIT 37y (31,560

Vap(r) = E[g"(@Qu(rYeo) Yio) F5 " (h(Yier: (7)), B(r) Fy ((Yemrs (7)), B(7)) ']

Via(T) = Vag(r)"

[ 1 . . -
Ounlr) = E| ooy gppaheQiosa(n)ha(tiossa(n)]

- ! ' ! ;o T )"
Qualr) = B | oo (i ) (i o), 57

Qop(r) = E[F;' (h(Yier:a(n)), B(r) F5 (h(Yimrs (7)), B(r) ']

Qpa(T) = QaB<T>T'

Remark 1. In the simple case where the marginal distribution function of Y is

known F(y,) = F

V(r) = E{g*[@n(fml)ml).

F@yi(rYe))l? ha(Yi1; (7)) ha(Yioa; (7)) },

1 . _ ]
B E{[f(QYt(TmQ)Pha(K1,04(7))%(5/21,04(7)) ] .
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Remark 2. When both the copula function C*(u,v) = C(u, v; a) and the marginal
distribution F*(y) = F(y; ) are correctly specified, the parameters 0(7) = (a(71)", B(1)")
become constants over all 7 € [0, 1], and the covariance matrix in the above The-

orem reduces to the following simplified form,

) = Vaa(T) Vaﬁ(T)
4 “[vﬁm Vaslr)

with

[ F@ulenie); oy v st
Vas(r) = [c YH @yx Yirr)) @)ha(Yior:@) Py (h(Yic1:), 8)
Vis(1) = E[f(Qu(7Yeie1))e(F(Yi), F(Qyi(7]Yi1)); )

X gt (h(ye-15.0), B) 5 (M(ys-150), ) ']
Voa(T) = Vas(r)"

4. Inference Based on Asymptotic Normality

The asymptotic normality of the QAR estimate also facilitates inference. In or-
der to standardize the QAR estimator and remove nuisance parameters from the
limiting distribution, we need to estimate the asymptotic covariance Matrix. In

particular, we need to estimate Q(7) and V(7). Let
Qui(7|Yer) = H(Yier, 0(7)),

and let f, F , C , F i3 be the marginal density function, distribution function, copula
function and etc. evaluated at the estimated parameters 5(7‘) Then €(7) can be

estimated by



with

n

. 1 . .

QnaaT - ha Yrtfl;aT ha Y;/fl;aT T
o) nz{mwm e e A heisatn)

Qpos(1) = =5 (Vi A() B (Yo a(r)), BT

N f(Qy(T]Yi-1))

n

Quao(r) = =30 By (h(Yi;@(r)), B Fy (h(Yiii6(r), Br))T
ﬁn,ﬂa(T) = ﬁn,aﬂ(T)T‘

Next, the true (unknown) conditional density of Y; given Y; 1, ¢*(Qv, (7|Yi—1)|Yi—1),

can be estimated by the difference quotients,

3(Qyi(T|Yi) = (1 = 7i21) /(Qui (1i|Yi1) — Qv, (7 [Yisn)),

for some appropriately chosen sequence of {7;}’s. Then the matrix V(1) can be

estimated by

5 1~ G:Qy,(7]Yien)) PUENY T
Vnaa T = - ~ = ha Y;fl;a T ha Y:ffl;a T
eal?) S (@ (T]Yi-1)) 2 ( (7l 7
1¢ ﬁt(@n(ﬂyt—l))h

n = F(Qy,(7]Yi1))
os(T) = %Z@@n(rm_l)ﬁgl(hm_l;a<f>>,3<v>fgl<h<m_1;am)ﬁ(f)f

~

Visa(T) = Vias(m)'.

Wald type tests can then be constructed immediately based on the standard-
ized QAR estimators using Q,(7) and V, (7). The copula-based QAR models and
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related quantile regression estimation also provide important information about
specification. Specification of, say, the copula function may be investigated based
on parameter constancy over quantiles, along the lines of Koenker and Xiao (2006).
In addition, specification of conditional quantile models can be studied based on
the quantile autoregression residuals. For example, if we want to test the hypoth-
esis of a general form:
Ho: R(O(7)) =0
where R(#) is an ¢-dimensional vector of smooth functions of 6, with derivatives

to the second order, the asymptotic normality derived from the previous section

facilitates the construction of a Wald statistic. Let

R(6(7)) = {8}39(9) L 5’%0(9)]

denote a p x ¢ matrix of derivatives of R(6), we can construct the following re-

I

0=06(1)

gression Wald statistic
—~ Do~ ~ . ~ PN -1
War = nROW)T |71 = 1) RED) Valr) " Qu(n)Va(r) " RO)| - RO).
Under the hypothesis and our regularity conditions, we have

2
Whr = X

where x§ has a central chi-square distribution with ¢ degrees of freedom.

5. Conclusion

There are many competing approaches to broadening the scope of nonlinear time-
series modeling. We have argued that parametric copulas offer an attractive frame-

work for specifying nonlinear quantile autoregression models. In contrast to fully

18



parametric methods like maximum likelihood that impose a global parametric
structure, estimation of distinct QAR models retains considerable semiparamet-
ric flexibility by permitting local, quantile-specific parameters.

There are many possible directions for future development. Inference and
specification diagnostics is clearly a priority. Extensions to methods based on
nonparametric estimation of the invariant marginal are possible. Finally, semi-
parametric modeling of the copula itself as a sieve appears to be feasible strategy

for expanding the menu of existing parametric copulas currently available.
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6. Appendix: Proof of The Theorem

CONSISTENCY. We denote Y;_; as x;. Notice that minimization of the objective

function is equivalent to minimizing

Qul6) = =3 prVi = H (e 0) ~ + 3 peleer)

where
err =Yy — Qui(7]2y) =i — H(z, 0(7)),
Qv (tl) = H(2,0(7)), H(x,0) = F (C{ (7 F(,8), ), ),
and thus
Qe (7|2e) = 0.
Denote

ﬁt = H(xt; 9) - H<xt7 9(7—))7 and %’(Y;a Tty 0) = Pf(gtr - Ft) - p’r(st’r)a
we may rewrite the objective function as
Qul8) =~ 3 V.0
n - n - qr\Xt, Ty, .

In order to establish consistency, we verify uniform convergence of @,(0) and the
identification condition of £ [Q,(0)] (i.e. E[Q,(#)]is uniquely minimized at 6(7).)

Under Assumption A5, we have pointwise weak law of large numbers for @,,(6),
ie.

Qn(0) — E[Qn(0)] LN 0, for any 0 € ©.
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In addition, © is compact by Assumption A1l. We next verify stochastic equicon-
tinuity. Let B(6,7) be a n-neighbourhood around 6, we need to show that for any

given ¢ > 0,

Pr (Sup sup |Qn(0) — Qn(0') — E(Qn(9) — @n(0))] > 5) —0,asm —0.

9€0 0'cB(0,n)

Notice that under Assumption A5,

sup |QT<Y;7 Tt 9)| = Ssup }pr(f‘:tf - ﬁt) - pf(f‘:tr)}
6co 6co
< sup|H(z,0) — H(zy,0(7))| < 2a0
0cO

thus E (supgee |¢- (Y2, 1, 0)|) < 0o. Let
Atn =Ssup sup |QT(naxt70) - qT(}/;ymtvelﬂ )
0€0 0'cB(0.m)

then

0€0 6'cB(6,n)

1
< Pr (ﬁ Z [Atn + EAtn] > 5)

t

E (33 [Ay+EA,]) gEAt
- n
£ g

Pr (SUP sup  |Qn(0) — Qn(el) — E(Qn(0) - Qn(el)” > 5)

which converges to zero by dominated convergence Theorem, noticing that (a)
Ay, — 0, a.s., as 1 — 0 because ¢, (Y;, 24, 0) is continuous in ¢ under assumptions
A2 and A3; (b) Ay, < 2supgee |g- (Y2, 24, 0)| and (¢) E (supgee |¢- (Y, 24, 0)]) < o0.

Thus, we have
lim [|@,(0) — E [Q.(0)]]] = 0, a.s. uniformly in 0 € ©.
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Next we verify that Q(0) = F [Q,(0)] is uniquely minimized at 6(7). Recall
that the true but unknown conditional density and distribution function of Y;

given x; are ¢g*(-|x;) and G*(+|z;) respectively, and use the following identity

pr(u—v)—pr(u) = —v(u)+ (u—v){I0>u>v)—I10<u<wv)}
= —v,(u / {I(u <s)—I(u<0)}ds, (6.1)
where
wT(U) = _[(u<0)7
we have

PT(QT - Ht) - Pr(gtr) = —ﬁt@/)v(&?tr) + ; {](5t7 < S) - I(5tr < 0)}d3-

thus

2.(0) = %ZE{MQT—E)—p7<aﬁ>\xt}
- _ZE{ {Igt7<s) (24 < 0)}ds
_ 5211(E>0)E{/0 I1(0 < g4 < 8)ds
+;_§n:1 i, < 0) {/Of(sgetfsous

Hy

)
)
)

where the second equality is obtained by the fact that E[y, (e;,)|z] = 0
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Under Assumptions A2 and A3,

n Ft
%Zl(ﬁt>O)E{/ I(0 < & < 8)ds ft}
=1 0

= SN OB I 07) <Y< s+ H 0) s

1 <& - Hy 5+Qy, (1))
= - Z 1 (Ht > O) / / 9" (y|z)dy | ds
t=1 0

Qy, (T]zt)

n

- = [Zl (> 0) g"(Qui(7|e) ) H, H,

— 2
o + op(|[Hi[[),
t=1

and similar result can be obtained for the case H; < 0. Thus,

Qu0) = =Y B{prle ) — peir)| 1)

1| HH
= 5 [Zg*(Q}/t(Tyﬂjt)‘xt)Hth
t=1

+op(||H:|)*):

Recall that 0 = (o, ) and
H, = H(x,0) — H(z;,0(7)), and H(x,0) = F~ YO (73 F(xh, 8), @), B),

under Assumptions A2 and A3, by a Taylor expansion of H(z;,6) around 6(7),
and notice that

IF 1 (u, ) 1 OH (z;0) 1 Oh(x; «)

ou f(FYu,B) O« f(H(z,0)) Oa

and

. . OH (x;0)
H@($t,9) = —aH(It’Q) = [ ]

o0 5H?gt;9)

[ f(H(z,0))~ Oh(x; ) /O,
op

Fyt(h(z, a), B) ’

we obtain
Qu(0) == (0 —06(7)" Va(7) (6 — 0(7)) + 0,([|6 — 6(7)I*)
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where
n

Va(r) = S uilr),

with -
w(t) = g (Qvi(7lze)|m) Hy(xe, 6(7)) Hy(xy, 6(7))
_ |: Ut,aa<7_) Ut,a6<7—> 1
Ua(T)  vt,8(T)
where
A AGEDIEDE R R
Ut,aa(T) — [f(Q}Q(T|fL't))]2 ha( ts ( ))ha( ty ( ))
vips(T) = g (Qvi(Tlae)|w) Fy (b 7)), B(r) Fy (W alr)), B(7)) "
v A = 9" (Qy, (1]z¢)|z) 5 e alNF= Y (he: alr NT
tas(T) F Oy (7)) ha(we; (7)) Fg ™ (h(ze; (7)), B(T))
Vpa(T) = Vrap(T) "
Thus,
B[Q,0)] = 506 V(r) (6 0(r)) + 0,16 — (7))
1

> win [0 = 0 I* + 0,16 = O(7)II)

where Ay, is the smallest eigenvalue of V(7) which, under Assumption A4, is
strictly positive. Thus for any ¢ > 0, @, (#) is bounded away from zero, uniformly

in 0 for |6 — 0(7)|| > «.

LIMITING DISTRIBUTION. Let /n (0 — 6(7)) = v, we may reparameterize the

objective function @, () as a function of v:

Q) = > [pr(Yy = H(z,6(7) + 17 20)) = pr(eir)]

o H(v)
=~ YT+ [ e <9~ Te <0)}s
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We first consider the term, >, H;(v)¥,(:r). Under Assumptions A2 and A3,
H(zy,0) is twice continuously differentiable with respect to 6 at 6(7). By a Taylor
expansion of H(x¢,6) around 6(7), and notice that E[i), (e )|x] = 0, we have

ZHt Jr(er) =m0 172 ZHe 1, 0(7)) Y- (&7 )V + 0p(1).

By stationary ergodic martingale difference CLT, under Assumption A6, we have:
Z H,(0)Y,(er) = n~ Y2 Z Hy (4, 0(7))0r (47 )0+0,(1) = vx N (0, 7(1—7)(7)).

For the second term, if we define

Hy(v) _
&i(v) = /0 {1(ctr < 's) = I(err <0)}ds, and &,(v) = E{&(v)]x},

Then

= th(v) + Z [&(U) th ) + op(1

where the second equality holds following Pollard (1984, p171). For the leading
term, under Assumptions A2 and A3, by a Taylor expansion of H(z;,6) around

0(7) as in the previous discussion, we obtain

S UG = 50T | S g (@i rle e Hole 00 Hoe 007)) [ 0+ 0y(1)
t=1 t=1
Thus, we have

Q) = 3 [pe(Yi = Hlw,6(7) +n7%0)) = p, (e1r)]

t

= _% Z wT(gtT)HG(xb Q(T))U + %UTVn<T>U + OP(l)

1

= —ux N(0,7(1 —7)Q(7)) + §UTV(T)U = Q" (v).
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Following Knight (1989) and Pollard (1991), note that @} (v) and @Q*(v) are min-
imized at v = /n (g(r) - 9(7’)) and V = N(0,7(1 — n)V(7)'Q(1)V (7)) re-
spectively, Lemma A of Knight (1989) ensures

Vi (0(r) = 0()) = V(7)™ % N(0,7(1 = 1)Q(7).
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