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Quetelet’s (1871) Growth Chart
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Penalized Maximum Likelihood Estimation

• References: Cole (1988), Cole and Green (1992), and Carey(2002)

• Data: {Yi(ti,j) : j = 1, . . . , Ji, i = 1, . . . , n.}

• Model: Z(t) = (Y (t)/µ(t))λ(t)−1
λ(t)σ(t) ∼ N (0, 1)

• Estimation:

max `(λ, µ, σ)− νλ

∫
(λ′′(t))2dt− νµ

∫
(µ′′(t))2dt− νσ

∫
(σ′′(t))2dt,

`(λ, µ, σ) =
n∑

i=1

[λ(ti) log(Y (ti)/µ(ti))− log σ(ti)− 1
2Z

2(ti)],
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Quantiles as Argmins

The τ th quantile of a random variable Y having distribution function F is:

α(τ) = argmin

∫
ρτ(y − α)dF (y)

where
ρτ(u) = u · (τ − I(u < 0)).
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Quantiles as Argmins

The τ th quantile of a random variable Y having distribution function F is:

α(τ) = argmin

∫
ρτ(y − α)dF (y)

where
ρτ(u) = u · (τ − I(u < 0)).

The τ th sample quantile is thus:

α̂(τ) = argmin

∫
ρτ(y − α)dFn(y)

= argmin n−1
n∑

i=1

ρτ(yi − α)
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Quantile Regression

The τ th conditional quantile function of Y |X = x is

g(τ |x) = argming∈G

∫
ρτ(y − g(x))dF

A natural estimator of g(τ |x) is

ĝ(τ |x) = argming∈G

n∑
i=1

ρτ(yi − g(xi))

with G chosen as a finite dimensional linear space,

g(x) =
p∑

j=1

ϕj(x)βj.
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Choice of Basis

There are many possible choices for the basis expansion {ϕj}. We opt for
the (very conventional) cubic B-spline functions:

Age

0 5 10 15 20

In R quantile regression models can be estimated with the command fit
<- rq(y ∼ bs(x,knots=knots),tau = 1:9/10) Similar functionality
in SAS is coming “real soon now.”
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Data

• Longitudinal measurements on height for 2514 Finnish children,
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Data

• Longitudinal measurements on height for 2514 Finnish children,

• 1143 boys, 1162 girls – all healthy, full-term, singleton births,

• About 20 measurements per child,

• Two cohorts: 1096 born between 1959-61, 1209 born between 1968-72

• Sample constitutes 0.5 percent of Finns born in these periods.




