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Or ... Pragmatic Goniolatry
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Or ... Pragmatic Goniolatry

“Goniolatry, or the worship of angles, ...”
Thomas Pynchon (Mason and Dixon, 1997).
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Univariate L2 Smoothing Splines

The Problem:

min
g∈G

n∑
i=1

(yi − g(xi))2 + λ

∫ b

a

(g′′(x))2dx,

Gaussian Fidelity to the data:

n∑
i=1

(yi − g(xi))2

Roughness Penalty on ĝ:

λ

∫ b

a

(g′′(x))2dx,
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Quantile Smoothing Splines

The Problem:

min
g∈G

n∑
i=1

ρτ(yi − g(xi)) + λJ(g),

Quantile Fidelity to the Data:

ρτ(u) = u(τ − I(u < 0))

Total Variation Roughness Penalty on ĝ:

J(g) = V (g′) =
∫
|g′′(x)|dx,

Ref: Koenker, Ng, Portnoy (Biometrika, 1994)
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Thin Plate Smoothing Splines

Problem:

min
g

n∑
i=1

(zi − g(xi, yi))2 + λJ(g)

Roughness Penalty:

J(g,Ω) =
∫ ∫

Ω

(g2
xx + 2g2

xy + g2
yy)dxdy

Equivariant to translations and rotations.

Easy to compute provided Ω = |R2. But this creates boundary problems.

References: Wahba(1990), Green and Silverman(1998).
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Thin Plate Smoothing Splines

Problem:

min
g

n∑
i=1

(zi − g(xi, yi))2 + λJ(g)

Roughness Penalty:

J(g,Ω) =
∫ ∫

Ω

(g2
xx + 2g2

xy + g2
yy)dxdy

Equivariant to translations and rotations.

Easy to compute provided Ω = |R2. But this creates boundary problems.

References: Wahba(1990), Green and Silverman(1998).

Question: How to extend total variation penalties to g : |R2 → |R?
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Thin Plate Example
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Figure 1: Integrand of the thin plate penalty for the He, Ng, and Portnoy
tent function interpolant of the points {(0, 0, 0), (0, 1, 0), (1, 0, 0), (1, 1, 1)}.
The boundary effects are created by extension of the optimization over all of
|R2. For the restricted domain Ω = [0, 1]2 the optimal solution g(x, y) = xy
has considerably smaller penalty: 2 versus 2.77 for the unrestricted domain
solution.
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Three Variations on Total Variation for f : [a, b]→ |R

1. Jordan(1881)

V (f) = sup
π

n−1∑
k=0

|f(xk+1)− f(xk)|

where π denotes partitions: a = x0 < x1 < . . . < xn = b.
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Three Variations on Total Variation for f : [a, b]→ |R

1. Jordan(1881)

V (f) = sup
π

n−1∑
k=0

|f(xk+1)− f(xk)|

where π denotes partitions: a = x0 < x1 < . . . < xn = b.

2. Banach (1925)

V (f) =
∫
N(y)dy

where N(y) = card{x : f(x) = y} is the Banach indicatrix

3. Vitali (1905)

V (f) =
∫
|f ′(x)|dx

for absolutely continuous f .
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Total Variation for f : |Rk → |Rm

A convoluted history ... de Giorgi (1954)

For smooth f : |R→ |R

V (f,Ω) =
∫

Ω

|f ′(x)|dx
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A convoluted history ... de Giorgi (1954)
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‖∇f(x)‖dx
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Total Variation for f : |Rk → |Rm

A convoluted history ... de Giorgi (1954)

For smooth f : |R→ |R

V (f,Ω) =
∫

Ω

|f ′(x)|dx

For smooth f : |Rk → |Rm

V (f,Ω, ‖ · ‖) =
∫

Ω

‖∇f(x)‖dx

Extension to nondifferentiable f via theory of distributions.

V (f,Ω, ‖ · ‖) =
∫

Ω

‖∇f(x) ∗ ϕε‖dx
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Roughness Penalties for g : |Rk → |R

For smooth g : |R→ |R

J(g,Ω) = V (g′,Ω) =
∫

Ω

|g′′(x)|dx
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Roughness Penalties for g : |Rk → |R

For smooth g : |R→ |R

J(g,Ω) = V (g′,Ω) =
∫

Ω

|g′′(x)|dx

For smooth g : |Rk → |R

J(g,Ω, ‖ · ‖) = V (∇g,Ω, ‖ · ‖) =
∫

Ω

‖∇2g‖dx

Again, extension to nondifferentiable g via theory of distributions.

Choice of norm is subject to dispute.
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Invariance Considerations

Invariance helps to narrow the choice of norm.

For orthogonal U and symmetric matrix H, we would like:

‖U>HU‖ = ‖H‖
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xy + g2
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‖∇2g‖ = |trace∇2g|
‖∇2g‖ = max|eigenvalue(H)|
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Invariance Considerations

Invariance helps to narrow the choice of norm.

For orthogonal U and symmetric matrix H, we would like:

‖U>HU‖ = ‖H‖

Examples:

‖∇2g‖ =
√
g2
xx + 2g2

xy + g2
yy

‖∇2g‖ = |trace∇2g|
‖∇2g‖ = max|eigenvalue(H)|

‖∇2g‖ = |gxx|+ 2|gxy|+ |gyy|
‖∇2g‖ = |gxx|+ |gyy|

Solution of associated variational problems is difficult!
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Triograms

Following Hansen, Kooperberg and Sardy (JASA, 1998):

Let U be a compact region of the plane, and let ∆ denote a collection of
sets δi : i = 1, . . . , n with disjoint interiors such that U = ∪δ∈∆δ.

If δ ∈ ∆ are planar triangles, ∆ is a triangulation of U ,

Definition: A continuous, piecewise linear function on a triangulation,
∆, is called a triogram.
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Triograms

Following Hansen, Kooperberg and Sardy (JASA, 1998):

Let U be a compact region of the plane, and let ∆ denote a collection of
sets δi : i = 1, . . . , n with disjoint interiors such that U = ∪δ∈∆δ.

If δ ∈ ∆ are planar triangles, ∆ is a triangulation of U ,

Definition: A continuous, piecewise linear function on a triangulation,
∆, is called a triogram.

For triograms roughness is less ambiguous.
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A Roughness Penalty for Triograms

For triograms the “ambiguity of the norm” problem for total variation
roughness penalties is resolved.

Theorem. Suppose that g : |R2 → |R, is a piecewise-linear function on the
triangulation, ∆. For any coordinate-independent penalty, J , there is a
constant c dependent only on the choice of the norm such that

J(g) = cJ4(g) = c
∑
e

‖∇g+
e −∇g−e ‖ ‖e‖ (1)

where e runs over all the interior edges of the triangulation ‖e‖ is the
length of the edge e, and ‖∇g+

e −∇g−e ‖ is the length of the difference
between gradients of g on the triangles adjacent to e.
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Computation of Median Triograms

The Problem:
min
g∈G4

∑
|zi − g(xi, yi)|+ λJ4(g)

can be reformulated as an augmented `1 (median) regression problem,

min
β∈|Rp

n∑
i=1

|zi − a>i β|+ λ

M∑
k=1

|h>k β|.

where β denotes a vector of parameters representing the values taken by
the function g at the vertices of the triangulation 4. The ai are
barycentric coordinates of the (xi, yi) points in terms of these vertices, and
the hk represent the penalty contribution in terms of these vertices.
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Computation of Median Triograms

The Problem:
min
g∈G4

∑
|zi − g(xi, yi)|+ λJ4(g)

can be reformulated as an augmented `1 (median) regression problem,

min
β∈|Rp

n∑
i=1

|zi − a>i β|+ λ

M∑
k=1

|h>k β|.

where β denotes a vector of parameters representing the values taken by
the function g at the vertices of the triangulation 4. The ai are
barycentric coordinates of the (xi, yi) points in terms of these vertices, and
the hk represent the penalty contribution in terms of these vertices.

Extensions to quantile and mean triograms are straightforward.




