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These notes give a brief tutorial on Stein’s method and the bootstrap. The notes are divided
into two parts. Part I is a review of Stein’s method in the low dimensional case. Part I
is a review of the results due to Victor Chernozhukov, Denis Chetverikov, Kengo Kato who
deal with the high dimensional case. Our ultimate goal, which we consider in Part II, is to
discuss the high dimensional bootstrap. The two parts are self-contained and can be read
independently of each other.

Part I: Stein’s Method in Low Dimensions

The main reference for this part, which I follow very closely, is:
Chen, Goldstein and Shao. (2011). Normal Approximation by Stein’s Method. Springer.
Other references are given at the end of Part I.

Thanks for Martin Azizyan, Roy Allen and the CMU Statistical Machine Learning Reading
Group for helpful comments and for finding typos.

1 Introduction

Let X1,...,X,, € R be iid with mean 0 and variance 1 and let
1
X=—) X;
vn Z ‘
and Y ~ N(0,1). We want to bound

A, =sup|P(X <z)-P(Y < z)‘ =sup|P(X <z)—D(2) (1)

where @ is the cdf of a standard Normal. “Stein’s method” is really a collection of methods
for bounding A,, (or quantities similar to A,). The key idea is based on the following fact:

E[Y f(Y)]=E[f'(Y)] for all smooth f if and only if Y ~ N(0,1). (2)



This suggests that Y should be almost Normal if E[Y f(Y)—f'(Y )] is close to 0, More precisely,
let A be any function such that E|A(Y)| < co. The Stein function [ associated with 4 is a
function satisfying the differential equation

%) = xfp(x) = h(x) - E[A(Y)]. 3)

It follows that
E[A(X)] - ELA(Y)] = ELf7(X) - X f4(X)]

and showing that X is close to Normal amounts to showing that E[f ]’l(X )— X fn(X)] is small.
Is there such an f? In fact, the Stein function is

X
F@=fa =™ [ ()= e dy. @
where p = E[A(Y)].!
Properties of the Stein Function. If A is absolutely continuous, then
! ! 2 ! I !
falloo < 201A oo, I1f3lloo = \/;Ilh lloos 1177 oo = 211~ loo- (5)

If A is bounded then,

1Fnlloo < \/gllh_,u(h)”om 1f3lloo < 211A = ()l loo.- (6)

Example 1 Choose any z € R and let h(x) = I(x < z) — ®(z). Let f, denote the Stein function
for h; thus f, satisfies
falx) —xfo(x) = I(x < z) - D(2). (7)

The unique bounded solution to this equation is

" 2e 2O)[1-D(2)] x<z
T V2re o)1 - dx)] x> 2.

f> is the Stein function associated with h(x) = I(x < z)—®(z). The function f, has the following
properties:

(+@)f(x+0) = (& +b)f(x+b)| < (15l + c)lal +1b]) (®)

T
1fzlloo = \/; 12 lloo < 2.

More precisely, f7, is the unique solution to (3) subject to the side condition lim,_. ;o e "2 fx)=0.

where ¢ =V 2n/4. Also,




Let & ={f,: z€R}. From (7) it follows that
PX <2)-P(Y <2)=E[f'X)-Xf(X)]

and so

A, = sup|P(X < 2) - P(Y < z)) < sup‘[E[f’(X) —Xf(X)]‘. 9)

feF

We have reduced the problem of bounding sup, |P(X <2z)-P(Y < z)) to the problem of bound-

ing sup e |ELf/(X) —Xf(X)](.

Notation. Let X1,...,X,, be iid, mean 0, variance 1. We use the following notation through-

out:
x-L¥yx FLIX; ]
=— i Us = i
vn i3
1 :
§i=ﬁXi X'=X-¢;.

Hence, X =) ;¢; and also, X' is independent of ¢;. Let Y1,...,Y, ~N(0,1) and

1 n
— Y ¥; ~N(0,1).
e

We also make use of the following simple anti-concentration fact: for any y and a, |®(y+a)—
®(y)| < a/v2n since the density of the Normal is bounded above by 1/v27.

Y =

2 A Simple Bound: The Basic Stein Result

Before we bound A,,, we first bound a different quantity which is easier to control. We follow
Section 1.3 of Chen, Goldstein and Shao (2011).

Let
%”z{h:[ﬂ?—»[R{: A(y)—h(x)| < Iy—xl}

be the class of Lipschitz functions. We will bound

8, = sup )[E[h(X)] - [E[h(Y)]‘.
he s

Note that §,, is the Wassertstein distance W1(X,Y).



Theorem 2 Suppose that s < oco. Then

8, = sup |[E[A(X)] - E[R(Y)]| < %

heAA

Proof. Let f}, be the Stein function associated with 4. Hence, f; (x) —xf5(x) = ~(x) - E[R(Y)].
Therefore,
E[A(X)] - E[A(Y)] = E[f}(X) - X fr(X)].

It follows that

6, =sup|E[f'(X)-XF(X)]
feF

where & = {f}, : h € #}. It can be shown that each f € & is twice differentiable and that
¢ =supseg sup, |f"(x)| < oo.

If we can show that f’ (X ) is close to X f(X) then we are done. Since X° is independent of &;,
ELS: f (X)) =ElS; JE[F(X")] = 0. So,

ELXfCO1=E[Y & ()] =E[}&if (X' +&0)]

=E

. 1 .
Zéi (f(Xl)-Ffifo X'+ u(fi)du)

—F Z:f?folf'(Xi+u{i)duW )
Now 1
et g o) - Lo o]
Hence,
ELFCO1=E[X /00| =E[X e +E[ £ (00 - x|

= E[Ze%f’(xi)] +[E[Z%(f’(X)—f'(Xi))]

=E[y.¢? fo el +E[ (00 - £
Therefore,

Elf'(X)-Xf(X]=E

1 . .
e [ (e - s ugdu

1 .
+E[Y ~(F'CO - f'xh).



Now, forall0<u <1,

(XD = F(XE +ué)l <clé| = cli;il
where ¢ = supgpe g sup, |f”(x)]. Similarly,
! 1oyri 1oy 1oy cl Xl
If XD)-fX)N=fX"+&)-F XD =clé;l = .
vn
Therefore,
C
ELF'(X) - X F O < enklIEq P+ cElIE |1 < =2,
vn
]

So much for the Wasserstein distance. The rest of the notes focus on the Kolmogorov-
Smirnov distance which is more useful statistically, but also harder to bound.

3 Zero Bias Coupling

Recall that X ~ N(0,0?) if and only if
oElf'(X)] = ELX f(X)] (10)

for all absolutely continuous functions f (for which the expectations exist). Inspired by this,
Goldstein and Reinert (1997) introduced the following definition. Let X be any mean 0
random variable with variance o2. Say that X* has the X-zero bias distribution if

G2E[f (X *)] = EIX f(X)]. (11)

for all absolutely continuous functions f for which E|X f(X)| < co. Zero-biasing is a transform
that maps one random variable X into another random variable X *. (More precisely, it maps
the distribution of X into the distribution of X*.) The Normal is the fixed point of this map.
The following result shows that X* exists and is unique.

Theorem 3 Let X be any mean 0 random variable with variance o®. There exists a unique
distribution corresponding to a random variable X* such that

o?Elf(X*)] = EIX f(X)]. (12)

for all absolutely continuous functions f for which E|X f(X)| < co. The distribution of X™* has
density

E[XI(X >x)] E[XI(X <x)]
= 02 = — 0_2 .

p*(x) (13)



Proof. It may be verified that p*(x) = 0 and integrates to 1. Let us verify that (12) holds.
For simplicity, assume that 02 = 1. Given an absolutely continuous f there is a g such that
f(x)= [y g Then

foof’(u)p*(u)du :foof’(u) E[XI(X >u)ldu :foog(u) EIXI(X >u)ldu
0 0 0

Xv0
=E [Xf glu)du
0

Similarly, [°_f'(u) p*(w)du = EIX f(X)I(X = 0)]. O

:[E[Xfoog(u)I(X>u)du =E[Xf(X)I(X = 0)].
0

Here is a way to construct X * explicitly when dealing with a sum.

Lemma 4 Let ¢4,...,¢, be independent, mean 0 random variables and let 0? = Var(¢;). Let
W=3%,¢;. Let ¢7,...,¢, be independent and zero-bias. Define

w* :W—€J+f:}

where P(J =1) = 0’?. Then W* has the W-zero bias distribution. In particular, suppose that
X1,...,X,, have mean 0 common variance and let W = %ZiXi. Let J be a random integer

from 1ton. Then W* =W — %X J+ ﬁX:} has the W-zero bias distribution.

Proof. Let W* be the zero-bias random variable for W. Let W = W —¢; and note that W'
and ¢; are independent. Then

ELf'(W*)] = ELW f(W)] = }_ELE:f(W)I = }_ELE:f(W' +¢:)]
= Z[E[[E[fif(Wil+ DW= chleckz E[o?f'(W =& +ED]
= ZUQ[E[f (W& +¢D]= Z[E[I(J =DIELf' W =& +¢))]
- [E[ZI(J =D W=&+& )] ELF' (W = &g +EI.
So ELf'(W*)] = ELf'(W — &7 + £%)] for all absolutely continuous f which implies that
W-¢s+& 2w 0

Now we can prove the following theorem using zero-biasing. We focus on the bounded case
for simplicity.

Theorem 5 Suppose that |X;| <B. Then

6B
sup|P(X <z2)-P(Y <2z2)| < ﬁ



Proof. Let X7,...,X, be zero-bias independent random variables. Let J be chosen ran-

domly from {1,...,n} and let

1
X' =X-—X;-X)).
\/ﬁ( J J

Then, by the last lemma, X* is zero-bias for X and hence
ELX f(X)] =E[f'(X™)]

for all absolutely continuous f. Also note that

IX*-X|<

So,

PX<2)-PY <2)sPX<z2)-PY <z+0)+PY <z+6)—-PX <2)

0
sPX <2)-PY <sz+0)+—
V2n

0
<P(X*<z+6)-PY <z+06)+—
V2n

1)
<sup|lPX*<z+06)-PY <z+406)|+ —
zp \/27'[

0
=sup|P(X* <2)-PY <2)|+ —.
zp \/271'

By a symmetric argument, we deduce that

o
sup|P(X <2)-P(Y <2)|<sup|P(X* <2)-P(Y <2)|+ —.
V4 V4

V2n
Let f = f,. From (8), (9) and (14),

sup|P(X* <2)-P(Y <2)| <sup|E[f'(X*)-X*f(X™)]
z feF

= sup|E[X£(0) - X" (X
feF

<L

(|X| + %T”) X —X|]

2
56(1+—n).
4

(14)

(15)



Combining these inequalities we have

s1z1p||F>(st)—|P(Ysz)| 56(1+\/%_n+%n) <36 = ?/—l;
O
4 The K-function
When X has mean 0, define the K-function
K@) = [E(X [10<t=X)-IX <t< 0)]) = EIXI(X = 0)]. (16)
In particular, let K; be the K-function for ¢;:
Ki(t) = [E(éi [10=<t=e)-1¢i=<t< 0)]) = E[&1(E 2 )] 1

K; has the following properties:
[e.@] o0 o0 1
K20, | Kwar=e¢d, Y[ Kode=1, [ 10 Kiodi= el
-0 i J—oo0 -0 2

Note that the K-function is just the density for the zero-bias distribution.

Theorem 6 Suppose that |X;| <B. Then
3.3B

n

sup|P(X <z2)-P(Y =2)| <
z

Proof. Before plunging into the details, I'll outline the main idea of the proof which has
three steps. Let f = f,. Step one is to establish that

Y f ~ PX'+t<2)K(t)dt—D(2) =) f ” ELXfF(X)— (X' + ) f (X +)IK;()dt. (18)



Step two is to use (8) to show that the right hand side is bounded by C/\/n. Step three is
to show that

Zfoo P(X" +t<2)K;@t)dt - D(2) = Zfoo P(X <=2)K;(t)dt — D(2)
=PX Sz)Zfoo K;(t)dt—D(2)
=PX <2)-P(2)

since ) ; ffZQKi(t)dt =1. Thus, |P(X <z)-®(z)| < C/\/n as required. Keep in mind, through-
out, that X' is independent of &;.

Step 1. Recall that f/(x) —xf(x) = I(x < z) — ®(2), so that f'(x) = xf(x) + I(x < z) — ®(z). Since
X =Y ;¢;, we have

ELX f(X01= Y EL§:f (X1 = Y ELEi(f (XD~ FXD) + fX)]
= i[E[s‘i(f(X)  pocns Y _ELEi (XN
= i[E[cfi(f(X) - X +i[E[€i] ELF(XD)]
= i[E[cfi(f(X) - f&XMN= LZ[E[fi(f(Xi +&i) = fX]
= ;[E :fi f;i flX+ t)dt]
=ZE —f_(:f'(Xi +1)¢i[I0<t<&)-Ii<t<0)|dt
=) E f_:f’(XiH)

=3 [ Erec oo

E[&[I(0<t<¢&)-I(; <t<0)]dt

= f ~ ElX +0)f (X +8)+ (X' +t<z)— D()IK;()dt
=y f T EHX 4 DF X+ 01K (Od i+ Y f VI + ¢ =2) - DK (0dt

= Zfoo E[(X" +8)f (X' + 0K (H)dt + Zfoo P(X' +1t < 2)K;()dt — D(2)



Thus we have the key equation:
Y f PX'+t<2)Ki(t)dt—®(2) =) f EIXf(X)- (X' +)f (X" +DIK;()dt.  (19)

To complete the proof we need to show that the right hand side is small and that then left
had side is close to P(X < z)— ®(2).

Step 2. Let RHS denote the right hand side of (19). From (8) and the fact that X = X Ly
we have

IRHS| < Z[Ef_(:‘(Xi +ENFX T +E) - X+ DX+ )|K(H)dt
<X [ B+ 0 £+ DD (0ds
<a+o [ Bl E @
= (1+0 YIEE| ED + SElE)

1
<1+ o) L EE P + SEIE)

_3(1+c)
2

Y EIE 1R <2.44) EIE1P <2.44B,, Y EIE;|? = 2.44B,,.
i i i
We have now shown that, for each z,

Y f U P+t = 2Ki(0dt - O(2)| < 2.44B,. (20)

Step 3. Since |X;| < B, |¢;| < B/\/n =B,,. Note that K;(¢) = 0 when |¢| > B,,. When |¢;| <B,
and |¢| < B,, we have

PX<z2)<P(X-¢&+t<2z+2B,)=P(X!+t<z+2B,).

Using (20)
P(X sz)—d)(z):ZflP(X <2)K;(t)dt—D(z)

< Z[IP(X" +t<z+2B,)K;(t)dt—DP(z+2B,)+D(z+2B,)—D(z)

2B, 3.3B
<244B,+ — < ——.
N YLD

10



By a similar argument ®(z) -P(X <z) < %. U

Connection to Zero-Biasing. As I mentioned earlier, K(¢) is the zero-bias density. In the
K -function proof, we showed that

ELXF(X)1= Y. f ELF/(X + 0K (8)dt.
So, with o/ randomly chosen from {1,...,n}, we have

ELXFOO1= Y [[ELFCE + 0K )t = ELF' (X + X =L/

5 Concentration

We can adapt the K-function approach to deal with the unbounded case, using a trick that
Chen, Goldstein and Shao call “concentration.” This is different from “concentration of mea-
sure” as in things like Bernstein’s inequality.

Previously, we used boundedness of X; in the K-function proof to show that P(X’ +¢ < z)
was close to P(X < z) = P(X? +¢&; < z). It turns out that we can show the two quantities are
close, without assuming boundedness, if we can show that P(a < X* < b) < (b—a)+ something
small. The same trick will be useful for dealing with nonlinear functions later.

Lemma 7 Foralla<b,

2(v2+ Dps

Pa<X'<b)<V2b-a)+ NG

(21)

The proof is a bit long so I won’t reproduce it here; see Chapter 3 of Chen, Goldstein and
Shao (2011).

9.4u3
r

Theorem 8 Assuming us < oo we have A, <

Proof. We have already shown in (20) that

2.44u3
—.

(22)

Y | PXT +t=2)Ki(t)dt - D(2)| <
i=1



We use concentration to bound P(X? + £ < z) - P(X < z). We have

< i IP(X' +t < 2)K;(t)dt - P(X < 2)|K;(t)dt
1=1

i P(X'+t<2)K;(t)dt - P(X < z)
=1

=Y | IPX' +t < 2)K()dt —P(X' +&; < 2)|K;()dt
=1

= Z[P(z—(tVEi)SXi <z-(AENK (D)t

1

f EIP(z — (v &) < X' < 2= (¢ AEDIEDK (Dt
1

~.

n

i

M=

=

f[E[\/§(|t| +ED+2(v2 + DK (bde
vn
H3

n 2(v2+1)us
2) |5 +EG B + ==
% A
.95#3

Il
o <\I h
pan

IA

3

The result follows from (22). [

6 Exchangeable Pairs

Another approach to Stein’s method is based on finding pairs of variables with a special
property. Specifically, we say that (X,X') is an exchangeable pair if (X,X') is equal in dis-

tribution to (X', X), written (X,X") d (X',X). We say that (X,X’) is a Stein pair if they are
exchangeable and if there exists A € (0,1) such that

EIX'|X1=(1-1)X. (23)

For example, let ¢),...,¢, be independent of ¢1,...,¢,. Define X' =X —{;+¢’; where J is
chosen uniformly from {1,...,n}. Then (X,X’) is a Stein pair with A = 1/n, so that

[E[X'IX]:(I—%)X. (24)

Theorem 9 Let (X,X') be a Stein pair where W has mean 0 and variance 1. Suppose that
|1 X'-X|<$6. Let

- VVarE(X - XPIX))
B 21 '

12



Then
3

1)
sup|P(X <2)-®(2)|<1.16 + 21 +2.7B.
z

We will omit the proof but we note that it is similar to the K-function proof.

7 Smoothing + Induction

This approach, following section 3.7 of Nourdin and Peccati (2012), combines two ideas:
smoothing and induction.

The smoothing idea is based on approximating the indicator function I(x < z) with a smooth
function 4 and then applying Stein’s method directly to 4. Specifically, define

1 ifx<z-¢
hoe(x) =4 &2 ifz—e<x<z+e

0 ifx=z+e.

The induction idea is as follows. Assume that E[|X;|?] < co. Let C,, be the smallest real

number such that

C,E[1X;3]
VI

Such a C,, always exists. But if C,, grows with n then this is a useless bound. The goal is to

use an inductive argument to show that there is some fixed C > 0 such that limsup,,_.,,C, <
C.

sup|P(X <2)-P(Z <2)| < (25)

Theorem 10 Suppose that us = E[|X;|>] < co. Then

33
sup|P(X <2)—P(Y <2)| < \/;3.

Before proving the theorem, we need the following lemma.

Lemma 11 Forall a <b,

b- 2C,_
a 4 n—1H3

Pla<X'<b)<
VamyJ1-1  vn-l

=H,(a,b). (26)

13



Proof. We can write X! =/1— %Qi where @; = ﬁZ#in. Let Z ~N(0,1). Then

- b
Pa<X'sb)=P| — <Q;=<
1-1 1-1
n n
=P ¢ =Q; < b -P ¢ <Z=< b
1 1 1 1
1-1 1-1 1-1 1-1

O
Now we prove the theorem.
Proof. We break the proof into two steps.

Part 1. Smoothing. From the definition of &, it follows that

ElA,—ce(X)] = P(X < 2) < E[A,4c(X)].
Also, if Z ~N(0,1) then

4
ERz+e,c(Z)] - \/76_ <Elh, 2] <P(Z < 2)

T
4e
SElhyiee(Z) S Elhy—ee(Z)]+ —.
+e, , \/ﬁ
Therefore, A
sup|[P(X <2)~P(Z < 2)| < sup|Elh. (X)) ~ Elh (2] + \/% @7)
Let f = f, ¢ be the Stein function for A, .. It may be verified that
1f oo < \/g 1 lloo <2
and that
lxf(x) =y fD) = f () x = y)+(f(x) = F(y) yl < (\/%* 2|y|) lx =l (28)

14



Now we again use the leave-one-out trick. Let X! = X —n~V2X;. Note that E[f(X)X;] =
E[f(X")IE[X;]= 0. Hence,

' _ 1o Xi
E[A(X)] - E[R(Z)] = E[f'(X) - X f(X)] = ;[E [n f1(X) \/ﬁf(X)]
=) E [lf%X) ~ X ) - f(X"))]
- i n vn '
Now,
FX)- (XD =FX +Xi/vVn)- f(X')

Xi/\/ﬁ . X 1 3
= f X' +8)dt == f (X' +uX;/Vn)du
0 vn Jo
X

=i [ FIX+ UXi/\/ﬁ)]

where U is an independent Unif(0,1) random variable and the expectation is over U. Thus,

X2 .
% fl(X)- 7 f(X'+UX;/vVn)

E[A(X)] -E[R(Z)] = Z E

The Stein equation f'(x) — xf(x) = h(x) — u implies that
fl(x) =xfx)+h(x)-p

and so

X2 . X2, .
%f’(X)—#f’(Xl +UX;/vn) = %Xf(X)—#(X‘ +UXi/\/ﬁ)f(Xl +UX;/v/n)
1 Xl2 _
+ ;h(X)— Th(Xl +UX;/vVn)

and so
E[A(X)]-E[A(Z)]=1-1I+1II-1V

15



where

1 . .
1=} JEXFOD-X'f (X))

1= Z[E

11 = Z—[E[h(X)—h(Xi)]

((X’+UX /\/_)f(X’+UX ) - X FX ))]

IV = Z[E

(h(XL+UX /v/n)-h(X" ))

Now we bound these four terms. We repeatedly use (28) and the fact that X is independent
of X;.

Bounding I. We have

Is?%(\/g+2[ElXil)[ElX T(\/i 2)

since E[|X?|1< 1 and E[|X;|]1< 1.

Bounding II. We have

, E[X11%] (1 \/i )
I<Z ([E[U][E[IX1| ]\f + 2E[U JEL X1 °TE[| X |]) o2Vz

Bounding III. To bound this term we Taylor expand the function 2. Note that A'(x) =
—J(x)/(2¢) where J(x) is the indicator function for [z — e < x < z + €]. Hence,

1 _
h(y)—h(x) = (y —x)fo B (x+s(y —x))ds = —%[E[J(x +V(y—x)]

where V ~U(0,1). Hence,

1 - X;
MI<) E |X-|J(X‘+V )
~ 2eny/n ' vn
1 VX; . VX; )
= E|IX; P <X'<z- +e€
2ev/n [' il ( n R~
1 ty ty )
sup su IP(z———€<XL z———+e¢€
26\/_0<t£1y€[}1§? \/ﬁ \/7_1
- N Cr-1u3
_\/E\/m vnvn—1le

16



where we used (26).

Bounding IV. This is bounded using the same argument as III. Let U,V ~ Unif(0,1) be
independent. Then

1 ; X;
IV < E X.3UJ(X‘ ) ’
Qnﬁe;' [ ! vn
ty ty
sup sup[P’(z———e<X’<z——+e)
4\/_6 0<t<1 yeR \/ﬁ \/ﬁ
U3 Chn-113

2\/%\/;1 1 2\/5\/;@ —1e

Combining these bounds, we get

6#3 3Cn—1,u§
+ .
n

sup |E[A, (X)] - E[h, (Y)]] < (29)
z ne
From (29) and (27) we have
6us 3Cn-1M3  4e
PX <z)-P(Z<2)|< + + .
SIleI X =2)-P(Z =2)| i s N
Setting
Cn—l
€=H3
n
we get
2 e[ 5 v
A, < 6+(3+—|vVC,-1]. 30
- \/ﬁ( ( Vo) VOt 50

Part 2. Induction. First we get a crude bound on C,. Since A, <1 we must have that
< /nlus. But pz = E[|Y13]= [E[Y2]3/2 1 and so C, < v/n. Therefore, C; < 33. Equation
(30) gives a bound on A,. But, by the definition of C,,, the tightest bound on A, is given by
(25). This implies that .
< -
C,< (6+ (3+ \/%) Cn_l).
It follows from induction that C,, <33 for all n. []

17



8 Slepian Interpolation + Smoothing

The approach in this section is due to Chernozhukov, Chetverikov and Kato (2012) and is
closely related to the approach in Chatterjee (2008) and Rollin (2013). For one-dimensional
problems it leads to sub-optimal rates (due to the smoothing of the indicator functions). In
Part IT we show how Chernozhukov, Chetverikov and Kato used it successfully for high-
dimensional problems. Here, I will focus on one dimension.

The key idea is to define the Slepian Smart Path Interpolation

Z(t)=\/ZX+\/1—tY:Z%(\/EXﬁ\/l—tYi)EZZi(t). 31)
2L i

Theorem 12 We have

C
sup|P(X <t)-P(Y <¢)| < s
t n

Proof. We have

) (X Y ) 1 (X,- Y, )_ ,
Zt=—— _ = _— | — — = Zt
0= =G Vi) el i) TR EY

Define the leave-one-out quantity Z:(t) = Z(t)— Z;(t). Let g € C3. Then
ELg(X)] — Elg(Y)] = E(g(Z(0))) ~ E(g(Z(1))) = fo E [@] dt = fo gz 2/t
- %Z fo He 2N 2.
Tn general, Taylor’s theorem with integral remainder gives
f@)=f@+G-af @+ - 0f "t
= f(a)+(x - a)f (@) +(x —a)? fo 1(1 —w)f"(a+ulx—a))du

where we used the transformation u = "‘_—‘; Apply this to g’ with x = Z(¢) and a = Z(¢) to get

x—

. . 1 ‘
gZw)=g"Z" ) +Z;t)g"(Z' 1) + Z?(t)](; (1-0g"(Z" (D) +1Z;(1) dr.

Therefore,
E(g(X))-E(g(Y)) = % (I+1II+1IID)
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where
1 )
1=y fo ELg'(Zi(t)) Z.(t))dt
1 .
M=y fo Elg"(Z'(1) ZU(t) Zi(t)1dt

1,1 .
=), f f (1-DE8"(Z )+ TZ; (1) Z}(t) Z(H)]d1dt.
;i J0 JO

Note that g'(Z'(¢)) and Z:(t) are independent and E[Z](#)] = 0. So

1 , 1 .
1=y fo Flg'(Z' () Zj(wldt =Y fo Flg'(Z' (0] ELZ}(t)]d¢ =0.

To bound II, note that Z(¢) is independent of Z(t)Zi(t). Let C =sup|g"(?)|. Then,

1 .
1] < Zfo Elg"(z' )| [ELZ}) Zie)|at
1
<C f M AR A2
0
Recall that 1 1 (x v
Z;(t) = —[VtX; 1-tY;|, z'.t:_(_i_ i)
(t) n(\f V1=, Zjw) =G s
and so
1 (X; Y \1
ZWZ)=—|—= - ——=|—=|VtX; +V1-1tY;
0210= T 75 v Vi)

1 t [1-t
:Z(X?— T XY+ TXiYi—Yiz)

and hence E[Z}(¢) Z;(t)] = 0 and so I =0.

"

Next, consider III. The smoothness of g"' implies that

mn

g2 =<g"z+1w)=<g"(2).
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So,
1 p1 ]
<y f f Ellg"(Z'(8) + 1Z:(@)| 1Z(8) ZX(®)l1drd¢t
i J0O JO

1 .

=2 fo Ellg" (Z )] 1Z(0) Z(®)1dt
1 .

= Z[O Ellg""(Z' ()11 ELZ(t) Z2(t)I1d ¢
1

= fo E[lg”(Z@)I] ENZi(¢) Z3(t)d¢

1
- fo Ellg"(Z@)] nELZA(t) Z2()1d¢

1
<C'n f ENZ.(0) ZX (D[,
0

Let w(t) = \/Z/\i/l_—t' Then, using Holder’s inequality,
e Loz,
f ELZ(t) ZA(@®)I1dt = f w@E || === Z(@)| | d¢
0 0 w(t)
1 / 3 1/3
< f o®|E|| 22| |BZioPEZOP]  dt
0 w(t)
Now /
Z:()| X+ 1X;|+1Y;] 1
L < L 1Zit s;,f Hdt<1.
o) N |Z; ()l N A w(t)
Also,
EY; % < EY;1%2 = @1X;12%2 <EB1X; 13
Hence,

1 1 1
n | EZ;®PEZ;®)1Pdt < —E(X;| +Y; )3f w(t)dt < —FE|Y;|3.
fl [°E| | 7 |X; |+ Y] A \/ﬁl |

We have shown that 1
Elg(X)-g(Y) = —FE|Y; 3.
lg(X)—g(Y)] 7n Y|

We want to bound
PX <t)-PY <t)=EhX))-EHh(Y))

where h(z) =I(z <t). Let go : R — [0, 1] be in C3 be such that go(s) =1 for s <0 and go(s) =0
for s = 1. Define g(s) = go(w(s —t)). Then

n

sup|g(s)| = 1, suplg'(s)l <y, suplg”(s)l <y?, suplg”(s)<v>.
S S S S
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Now

2, .3
P(X < 1) = EA(X)) < Kg(X) < Eg(¥) + LV
vn
2, .3
sP(Yst+w‘1)+W
1 y+y?+yd
<P =st) + —+ ——
(4 vn

Take v = nV8. Then

1
P(XSt)iP(YSt)'Fm

A similar proof gives

1
PY <) =xPX<t)+——-.
( X =t)+—5

O

Again this is a suboptimal rate for dimension d = 1 but leads to the rate logd/n® in the
multivariate d-dimensional case as I explain in Part II.

9 Nonlinear Functions

Chapter 10 of Chen, Goldstein and Shao (2011) explains how to get bounds for non-linear
functions. In fact, there are two approaches: the direct method and the concentration
method. In general, the latter is sharper. However, when the distribution is bounded or
sub-Gaussian, they lead to similar results.

Suppose that T'= X + A where X = Z?Zlfi where ¢1,...,¢, are iid, mean 0 and variance 1.
Let Z ~ N(0,1). We know how to bound P(X < z)—P(Z < z). But how do we deal with A?

Direct Approach. Let & = {|A| <¢}. Suppose that E|A|P < oco. Then

PX+A<2)-02)=PX +A<2,8)+PX+A<2z,E°)—-D(2)
<sPX <z+e)+P(&°)-D(2)
=PX<sz+e)-P(z+€)+[D(z+¢€)—D(2)] +P(A] >¢€)
E[IAIP]

<PX<z+e)-P(z+e)+Ce+ >
€
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for some C > 0. Optimizing over € we get

PX+A<2)-DPE)=PX <z+e)—-D(z+¢)+ C([E[|A|p])za+1

and so )
sup(P(X + A <z)— D(2)) < sup(P(X < z)—D(2)) + C(E[|AIP])?+T.

We get a lower bound similarly and so
sup|P(X +A<z)—-D(2)| <sup|P(X <z2)-D(2)| + C([E[IAIp])I%.

If A is bounded, or sub-Gaussian, we can get a tighter bound by using an exponential in-
equality instead of Markov’s inequality. This can give an optimal or near optimal rate.
Otherwise, we one should use the following approach.

Concentration Approach. Note that
“Pz-|Al=X<2)sP(T<2z2)-PX<z)sP@=X<z+]|A].

We discussed bounding quantities of the form P(a < X < b) in Section 5. But in this case,
we need to allow a and b to be random. Fortunately, the concentration approach can be
extended to this case.

Consider bounding P(A < X < B) where now A and B are random. Assume we can cre-
ate leave-one-out versions of A and B, denoted A; and B;, so that {; is independent of
(X*,A;,B;). Then Chen, Goldstein and Shao (2011) prove the following:

Theorem 13 Let 6 = C/\/n where C > 0 is a sufficiently large, positive constant. Then,

P(A<X <B)<46+EIX(B-A)| +Z([E|€i(A —ADI+EIE;(B-B)))).

In the iid case that we have been focusing on, § = O(1/y/n). This leads to

s121p|P(X+A52)—[P>(X52)|5%er.

We omit the proof.

10 Multivariate Case

There are a variety of approaches for the multivariate case. Let us first discuss bounding
smooth functions. Let X,Y € R? be random vectors where Y is Gaussian. Suppose we want

22



to bound |E[h(X )] - [E[h(Y)]| for a smooth function % : R? — R. Rollin (2013) uses the Slepian
path approach that we discussed earlier. As before, we create the interpolating path

Z,=VtX+V1-tY

for 0 <t <1. Suppose that E[X]=E[Y]=(0,...,0)7 and that Cov(X) = Cov(Y). Note that
E[Z:]=(0,...,0)T and that Cov(Z;) = Cov(X).

We then have that

1o
[E[h(X)]—[E[h(Y)]—f _[E[h(Yt)]dt

2[ [ X Xihi(¥0) - \/:ZYh(Zt) dt

where h; = 0h(x)/0x;.

In the case where X has independent coordinates, one gets
52 "
E[A(X)] - [E[h(Y)]’ = 5 Z EIXDI A jjilleo
j=1

where % j;; denotes the third derivative. Note that for a sum, E|X( 712 will be of order
O(n~V2). This suggest that the bound has order O(d/y/n).

The proof is based on bounding %[E[h(Zt)] using a Stein coupling. In this context, a triple
(X,X',G) is called a Stein coupling if, for all smooth £,

[E[ZXifi(X)] = [E[ZGi(fi(X') - fi(X)].

It can be shown that
E[X;]1=0, [E[GiDj +GjDi] = QCOV(XZ',XJ')

where D = X' — X. This allows one to bound the derivative. In the independent case, we
can construct the coupling as follows. Let I be drawn uniformly from {1,...,n}. Then define
Gi = —d5i1Xi and X’(k) = (1 —5k1)X(k).

For statistical applications, we need to bound

sup|P(X € A)-E(Z€ A)
Aeo

for some class of sets «f. Let of be the class of convex sets. The best bound I know of in this
case is due to Bentkus (2003). (The fact that this important paper is not in a leading journal
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suggests it was rejected by one of the main journals. Another example of th failure of our
refereeing system.) He uses a complicated induction argument. The result is as follows. Let
X = n_mZiXi be a sum of mean 0 random vectors in R? with Cov(X;) =I. Let Z ~ N(0,I).
Then

40044
sup|[P(X e A)-E(Z e A)| < 400d P
Aeod vn

where = E||X||3. We expect that = O(d%?). So the bound has size O(d"4/\/n) = O(Vd"2/n).

(32)

A key step in Bentkus’ proofis to smooth the indicator function for a set A with a function of
the form h(x) = g(d(x,A)/w) where g is a smooth function, v is a real number and d(x,A) =
infyc4 [lx—y|l. In fact, smoothing can be combined with Stein’s method as in Chen and Fang
(2011). However, the result is not as tight as the Bentkus result.

A major breakthrough was obtained in Chernozhukov, Chetverikov and Kato (2012). The
showed that if we take <« to be the class of rectangles, then we get a rate of the form
logd/nV8. This result is very useful for statistics. Part II of these notes are devoted just to
this result.

11 Slepian Versus Stein Versus Lindeberg

There are connections between Stein’s method, Slepian’s method and Lindeberg’s original
telescoping sum interpolation. These connections appear, for example, in Chatterjee (2008),
Rollin (2013) and Chernozhukov, Chetverikov and Kato (2012). First we discuss the connec-
tion between Stein and Slepian, following Appendix E of Chernozhukov, Chetverikov and
Kato (2012).

The multivariate Stein equation is
Ah(x)—x'Vh(x) = f(x)—pu (33)

where Y ~ N(0,I), u=E[f(Y)], V is the gradient and A is the Laplacian. A solution is

1
h(x):—f %[[E[f(\/fx+\/1—tY)]—u dt.
0

One then needs to bound
ELf (X)]-E[f(Y)] = E[AR(X) - X'VA(X)]. (34)
Recall that the Slepian path is Z; = vtX + v1—tY and one needs to bound

[E[f(X)]—[E[f(Y)]—[E[fllvf(z)T(i— Y )]dt (35)
1 2 “\Vi Vi-t '
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Using integration by parts, we have that

[E[ 1 1Vf(z )r (£)dt] = —E[X'Vh(X)]
0o 2 W -

and
E Ullw(z )T(L)dt] = —E[AR(X)]
o2 U \vimd)l '
So the right hand side of (34) is the same as the right hand side of (35).

The Slepian path interpolates between X and Y. Lindeberg’s original proof also uses an
interpolation. Specifically, define

Zi=(XQ),....X0),Yi+1),....Y(n)T.

Then, Lindeberg’s telescopic interpolation is

E[R(X)] - E[R(Y)] = ) E[A(Y;)— h(Y;-1)].
i=1

The right hand side can be bounded by Taylor expanding A; see Chatterjee (2008). The
advantage of Slepian-Stein over Lindeberg is that it treats all the coordinates equally. This
is important for handling cases with dependence.

All the discussion above refers to smooth functions 2. Dealing with indicator functions
requires extra work such as smoothing.
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Part II: The High-Dimensional Case and the Bootstrap

12 Introduction

Chernozhukov, Chetverikov and Kato (CCK) have a remarkable set of theorems about cen-
tral limit theorems and the bootstrap in high dimensions. Part II of these notes is a tutorial
on their results. There are two main results from CCK that we are interested in. Let
X1,...,X, € R? be iid with ¢ and covariance X. The first result is a Berry-Esseen style
central limit theorem which says that

— logd
P(VAIIX - lloo = 2) = P(II¥ ll 5 2) | = 52 (36)

sup
z
where Y ~ N(0,X). The second is a bootstrap theorem that says that

log d) (37)

P(ValIX - Xllo <2 |Xl,...,Xn)—P(\/ﬁn)_f—unoosz)\ =Op (W

sup
z

where X = %ZiX;‘ and X7,...,X, is a sample from the empirical distribution P,. The

proofs make use a variety of tools including: Stein’s method, Slepian interpolation, smooth-
ing and a phenomenon called Gaussian anti-concentration.

Main Sources:

(CCK1) Victor Chernozhukov, Denis Chetverikov, Kengo Kato (2012). Central Limit Theo-
rems and Multiplier Bootstrap when p is much larger than n. http:/arxiv.org/abs/1212.6906.

(CCK2) Victor Chernozhukov, Denis Chetverikov, Kengo Kato (2013). Comparison and anti-
concentration bounds for maxima of Gaussian random vectors. http://arxiv.org/abs/1301.4807.

Other references are given at the end of the document.
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13 The Bootstrap and Gaussian Approximations

The bootstrap is strongly tied to Normal approximations. Consider the following simple
case. Suppose that X 1,..-,Xn are random variables with mean p and variance 2. If we
knew the distribution of y/n(X — u) then we could construct a confidence interval for p.

Let P, be the empirical distribution that puts mass 1/n at each X;. Let X7,..., X, ~ P,.

The idea is to approximate the distribution of /n(X — u) with the distribution of \/r_L()_(* -X)
conditional on X71,...,X,. The latter we can approximate by simulation. Let

F)=P(vVnX -p) <z)
F(2)=P(VnX*-X)<z| X1,...,X2).

Let ®, denote a Gaussian cdf with mean 0 and variance o2 and let 52 be the sample vari-
ance. Then,

sup|F(z) — F(2)| < sup|F(z) — ®y(2)| + sup |®y(2) — Ps(2)| + sup |F(z) - D5(2)|.

If we can bound how far a distribution is form its Normal approximation, then we can bound
the first and third term. Since & —o = Op(1/y/n), we can also bound the second term. This
leads to

A 1
51Z1p |[F(z)—F(z)|=0p (ﬁ)

It follows that

n

IP’(,uECn)Zl—a—O( l)

vn vn
Normal approximation is a key step in verifying the validity of the bootstrap.

where C,, = [Y— Zicap ¥ Za2| gpq Zp= F~1(B). So we see that bounding the distance to a

14 Preliminary Result: CCK Theorem in One Dimen-
sion

Here we will go through the CCK theorem in the one dimensional case. This proof does
not lead to the optimal rate when applied to d =1 but it is a good warm-up for the high-
dimensional case. In particular, it allows us to introduce the Slepian interpolation and
smoothing. We note that the proof is related to the techniques in Chatterjee (2008) and
Rollin (2013) although Chatterjee uses a Lindeberg interpolation rather than a Slepian in-
terpolation.
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Let X1,...,X, € R be iid with mean 0 and variance o2 and let Y1,...,Y, ~ N(0,02). Let

1 1
X=-"12=YX;, Y="12=)Y
yn =70 vn &7

and so Y ~ N(0,02). We want to bound

A, :sup‘[P’(IXI <) -P(Y] st)‘. (38)
t

Anti-concentration. We will use the following fact: if Y ~ N(0,02) then
P(Y <t+e)<P(Y <t)+Ce

where C = (0v271) . This follows trivially from the fact that the Normal density is bounded
above by C. When we get to the d-dimensional case in Section 15, we will see that € becomes
€y/logd/e rather than de as one might expect.

Step 1: Smooth Functions. Before bounding A,,, we first bound E[g(X) — g(Y )] where g is
a smooth function. In particular, assume that g has three bounded, continuous derivatives
and let C3 =sup, |g"'(2)I.

Define the Slepian interpolation

ZW)=ViX+V1-tY. (39)
Also define 1
Z:(t) = ﬁ(ﬁxiﬂﬂ—m)
and

ZH(t) = Z(t) - Zi(2).
Thus, Z(¢) = Y; Z;(¢) and note that Z*(¢) is independent of Z;(¢).

Now
ld VA 1
Elg(X) - g(Y)] = E[g(Z(1)) - g(Z(0))] = fo g;t(t)dt: fo g (Z() Z'(H)dt (40)
where dZ(t) dZ (t) 1 Y,
Z'(t) = =) :—Z (\[ _L ) 2 Zi().

To bound g'(Z(t)) we use an expansion. In general, Taylor’s theorem with integral remainder
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gives
f@=f@+G@-af @+ [ -0
1
=f@)+(x—-a)f'(a)+(x —a)2f a- u)f"(a +u(x —a)) du
0

where we used the transformation u = fc%‘; Apply this expansion to the function g(Z(¢)) with
x =Z(t) and a = Z'(¢), and noting that x —a = Z;(¢), we get

. . 1 .
g(Zt) = g (Z W)+ Zi(H)g"(Z () + Z2(t) fo (1-u)g" (Z' W) +uZit) du. (41)

Inserting (41) into (40) we get
Elg(X)—g(Y)]=1+11+III

where
1 .
1=y fo ELg'(Z' (1) Z.(O)dt
1 :
II= Zj(; [E[g”(Zl(t)) Z;(t) Z;(t)dt

1,1 \
=3, f f (1-wElg" (Z' @)+ uZ;(t) Z}(t) Z}(®)]dudt.
i J0 JO

Note that g'(Z'(¢)) and Z(t) are independent and E[Z(#)] = 0. So

1 . 1 )
ey fo Elg'(Z' () Zj(t)dt =) fo Elg'(Z' ()] ELZ)(t)dt =0.

To bound II, note that Z¥(¢) is independent of Z(t)Zi(t). So

Elg"(Z'(t)) Zi(t) Z;(D)] = Elg"(Z' )] ELZ}(2) Z(D)].

Recall that . L ix v
Zit:—\/ZXi 1-tY;|, Z/.t:_(_i_ i )
0=V Imm), Zw=s 5T s
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and so

Zi(t) Zi(t) =

(B ) L (i)

2n(X2 FXY \/7XY Y2)

and hence E[Z/(¢) Z;($)] = (1/2n)(0* -0+ 0—0?) =0 and so II = 0.

Next, consider III. Recall that sup, |g"'(2)| < Cs. So,

1,1 _ 1
=y, fo fo E[1g"(Z" () + uZio)) 1Z)(0) Z30)) | dudt < Csn fo ENZ1(0) Z2(t)1d .

Let

1
o(t)= ——.
VEAVI—t
Then, using Holder’s inequality,
LS 1 @,
| Enzio zionde= | ww| |7 220
0 0 w(t)
1 ; 3 1/3
< f o) [E||Z22] | BZioPEZ@P| de
0 w(t)
Now
Z'(t) X; Y; X; Y; 1
B0V WXl IY g gy < Pl Y fw(t)dtsl.
w(t) 2\/n vn 0
Also,
EY; 1 < (E1Y;1%)%? = EB1X;1%)%? <E1X; 3.
Hence,
1
b f EIZi(OEIZ (0 dr = B, + Y1) fo o(t)dt < %

where us =E(|X; 13). So we have shown that

usCs
N

Elg(X) - g(Y)| =

Step 2: Back to Indicator Functions. We want to bound

PIX <¢]-PLY <t]=E[R(X)]-E[A(Y)]

30
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where h(z) = I(z < t). We will find a smooth function g to approximate the indicator function
h.

Let go : R — [0,1] be in C? be such that go(s) =1 for s <0 and go(s) =0 for s = 1. Let v be a
real number and define g(s) = go(w(s —¢)). Then

suplg(s)| = 1, suplg'(s) =y, suplg”(s)=y? Cz=suplg”(s)=viand
1
I(zst)Sg(t)sI(sta). (43)
From (42) and (43),
y°us
P(X <t)=E[h(X)] < E[g(X)] = Elg(Y)] +
3
<[F'>(Y<t+w‘1)+w ki <P(Y5t)+l+w b
N

In this last step, we used anti-concentration. To balance the last two terms take y = n'%.

Then

PX <t)=P(Y <=t)+— 1/8.

A similar proof gives

PY <t)=PX <t)+ — 1/8.

We conclude that

SupIP(IXI =H)-P(YI=dl=—53 (44)

1/8

This completes the one-dimensional proof. Note that the smoothing step changed the n ™2

rate to n~ V8. Clearly this is too slow for d = 1 but will give us the desired result in high
dimensions. In fact, the high-dimensional proof is almost the same except for two crucial
differences: we need to approximate the max function in addition to the indicator function
and we need to use Gaussian anti-concentration. These changes only add a term that is
logarithmic in dimension.

There are other smoothing techniques; see, for example Chapter 5 of Chen, Goldstein and
Shao (2011) and Section 3.7 of Nourdin and Peccati (2012). It is not clear, however, if they
could be used with the present proof to get a better rate.
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15 High Dimensional CLT

The main theorem is in Section 2 of CCK. The proof is quite involved because of some sub-
tle truncation arguments. Appendix F gives a much shorter simpler proof using stronger
moment conditions. We will focus on this simpler version.

A crucial part of the proof'is the CCK anti-Gaussian concentration result that allows us to go
from smooth functions to indicator functions. We will use the Gaussian anti-concentration
result here but we defer an explanation of the result until Section 16.

Let X1,...,X, € R? be iid with mean 0 and covariance X. Let X j denote the jth element of
the vector X;. Hence, X; = (Xi1,...,X;q)T. Let

1 1
X=—7)X;, Y=—)Y;
e Y=k
where Y; ~ N(0,X). Of course, Y ~ N(0,X). We want to bound

An=Sup‘|]3’(IIX||ooSt)—ﬂj’(IIYIIOOSt)‘. (45)
t

Theorem 14 (Chernozhukov, Chetverikov and Kato 2012) Suppose that 0 <c <[E[X l.2j] <
C for all j where ¢ and C and finite, positive constants. Then

(46)
n

AnEsup‘P(llelooSt)—ﬂj’(llzlloost)‘5M61i/4((0g( n)) )
t

where Mg =E [(maxj (1X,;1 + |Yij|))3] .

The main Theorem in CCK does not have the term M. This is the price we pay for focusing
on the simpler version of the theorem. In fact, we will assume form now on that My =
O(y/logd). (This is true for sub-Gaussian distributions wit n < d for example.) In this case,

the bound becomes
logd

Ap = 5up|P(IX oo < )~ PUI1Z |0 < )| < —-.
t n

47

Proof. We divide the proof into two steps: the first uses smooth functions and the second
derives a bound for indicator functions.

Step I: Smooth Functions. Define the Slepian interpolation

ZO=VtX+V1-tY =) Zi(#) (48)
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where

Zi(t)= i

\/ﬁ(\/iXi+\/1_—tYi).

Let ‘
Z'W)=Z@t)-Z;(t).

and note that Z¥(¢) is independent of Z;.

Now we define a smooth approximation g to the indicator function and another function Fpg
which is a smooth approximation to the max function. Specifically, let m = g o Fg where

s aofofe-c 2

and g € C3 with go(s) =1 for s <0 and go(s) = 0 for s = 1. Also let

1 d
Fp(2) = B105_3:(2 eﬁzj).

j=1
Let G; =sup, Ig(j)(z)l. Then
Go=1, G1=v, Ga<y?, Gs=<y’.

Define Y(¢) = E[m(Z(¢))]. Then

w(t) = Z 5 [E[djm(Z(t)) 0]

j=li=1

where

X;i Y,
Zi(t)= d Z ()= 1 ( J J)

2vn\vVi Vit

We will use the following version of Taylor’s theorem with integral remainder. Let f : RY — R
and denote its first and second derivatives by fi. = 0f/0x;, and fi, = 0%f/0x;0x,. Then

1
f(x)= f(a)+Z(xk —ak)fk(a)+Z(xk —ap)xe—ay) A 1-w)frela+ulx—a)du.
k k0

Take x = Z(¢), a = Z'(¢) and f(x) = 0;m(Z(t)). Note that x —a = Z;(¢). Hence,

d;m(Z () = 0;m(Z )+ Z;(1) Y 0,0,m(Z' (2))
k

1 .
+ZZZik(t)Zig(t)f (1—u)ajakagm(Z‘(tHuZi(t)) du
E 0
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Recalling that ¥'(¢) =E|0,m(Z(¢)) Z ;J.(t)] , we therefore have,

1
E[m(X)—m(Y)]=¥Y(1)-¥(0)= f Y(t)dt
0
n 1

d
Z Z rE[ajm(Z(t)) Z; (Hldt
=1
=I+

II+1I1

where
1 .
(=33 fo EL0;m(Z () Z, (] dt

=%y [E[ajakm(zi(t))zgj(t)zik]dt
k1

m=y Y f f E[0;0000m (2 (1) + uZi(®)) Z,,(0Zi(OZie(0)|du .
Ikl 1

Now Zi(¢) is independent of (Z;J.(t),Zij(t)) and

E[X;; i
12, (1) = 1 ([ J1 [E[YJ])_

oval Vi vi-i)
and soI=0.

For IT we have
E[0,0km(Z(t) Z! ()Zin(t)] = E[8,;0,m(Z* (t)] ELZ}(H)Zip(D)].

But

vz oy = L (K
Ziju)zlk(t)—%( — \/r)(‘[ EXip+ VI ;)

1 1-t t
=5 (Xinik | XY\ T YKk _Yinik)-

Recall that X and Y are independent so the middle two terms have mean 0. Thus
ELZ; ()Zir()) = ELX;; Xz ] — ELY;;Yir] = Zjp = Zjp, = O.

Thus II=0.
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Now we bound III. Because m is smooth, it can be shown that

Y |00k00m (2! 0+ uZiENZ, OZir () Zie(0)
.kl

is bounded above (up to a constant) by

(G1ﬁ2+G2ﬁ+G3)m]% Z;j(t)Zik(t)Zié(t)‘-
Jk,

where we recall that G = sup, | gY(2)|. One might expect the triple sum above to introduce
a term of order O(d?®). The reason this does not happen is because of the properties of the
function Fg. For example, 0,F4(z) = eﬁzf/Z‘rinzleﬁZ’". The sum of this term over j is O(1)
rather than O(d).

Let .

w(t) = ———.

VEAVI=t
Note that ,
Zij(t) - | X1+ 1Y Z (0] < | X1+ 1Y
o) |T  2yn WA '

Then, using Holder’s inequality,

1 Z'(t)

dt

1
| Etmaxizi o) Zuo) Zieoide = [ oo
0 k! 0

< fol w(t) ([E

1

1 M,
Sm p w(t)dthﬁm.

ma

a4 U) Zip(t)Z;(t)
Jk,

1/3

Zg @) ’ 3 3
ElmaxZ;;(#)|° Elmax Z; ;(%)| dt
J J

J
w(t)

max
J

Thus,
< GLBZ +G2ﬁ +G3

n

ITI M,.

To summarize, so far we have shown that:

G1B%+Ga2f+Gs

Elm(X)]-Elm(Y)]| = 7

M,. (49)

Now, the function Fs satisfies

logd

0<Fpg(z)-maxz; <
J
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Thus

logd Gilogd
g(Fﬁ(z))sg(masz~+ %8 )Sg(max2j)+ 1208
J J
and we conclude that
2
1
Flg(maxX,)— g(maxYJ-)]) (Gif +GoptGs, | Gilogd (50)
J j vn B

Step 2: Back to Indicator Functions. The last step is to replace the smooth function g
with the indicator function. Recall that

0<Fg(z)-maxzj<eg
J

where eg = %. Also,

I(zSt)Sg(t)SI(zSt+$).
We have
P(maxX; <t) <P(Fp(X) <t+ep) <Elg(Fs(X))]
J

G1f>+G2p+Gs, ~ Gilogd
S[E[g(F (Y))]+ Md+
B NG 5
2
<P (Fﬁ(Y) <t+ 1) + G1p +G2ﬁ+G3Md N Gilogd
v vn B
1 2 1
SIP(maijst+eﬁ+—)+G1'B +G2'B+G3Md+G1 ogd.
v vn I3

J
By the Gaussian Anti-concentration result in the next section,

1 1
P(maij <t+eg+ E) =< P(maij < t) + (eﬁ + a) V1og(dy).

J J
So

2
1
Glﬁ +G2,3+G3Md+ G1 ogd.
vn B

P(maxX;<t)<P (maij <t
J J

+ (eﬁ + %) V1og(dy) +

To minimize the last three terms we take

n1/8

=ylogd, =
:6 Y log v (logd)3/8Mé/4
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Thus we get

(log(nd))WSM(li/él

P(maxX;<t)<PmaxY;<it)+
j J j J n]./S

A similar argument provides the bound in the other direction. []

16 Gaussian Anti-Concentration

Now we give the CCK Gaussian anti-concentration result. Let ¢ and ® denote the density
and cdf of a standard Gaussian.

Theorem 15 Let X ~Ny(0,X). Let 0? =2X;; and define 0 =min;o; and 0 =max;o;. Then

supP(lmaxX; — x| <¢) < Cey/1Vlog(d/e) (51)
J

x€R

where C depends only on g and o.

Proof Outline. We will fix some x = 0. The proof for negative x is analogous. The first step
is to standardize the variables. Let

X:—x
WJ': 1 +f
oj g
Then Y .
=E[W;j]l=—-—=0
pj = E[W;] o o
and Var(X;) = 1. Define Z = max; W;. So
X —x €
IP(Imaij—xlse)slP(max 5—)
J J g; g
( Xj—x X 8)
<supP|max——+——-y|=<—
y J oj g (2

€
= supP(lZ—yl < —).
y g
So we can now assume that the variables have non-negative mean and variance 1.

The next step is to find the density f(z) for z. This part of the proof is long and technical;
I'll just state the result, namely,

f @) = p(2)G(2) (52)
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where (G is a non-decreasing function. Now we derive an upper bound on G as follows. Let

1 1) =
sz(——:), Z =max(W; —pu;)
g J

and let

< +v/2logd.

X
max —-
J Uj

a=E[Z]=E

Then, using the Gaussian tail inequality,

G)(1-D(2) = G(z)foocp(u)du < foocp(u)G(u)du

— _ (z-zZ-a)?
:IP(Z>z)s|]1’(Z>z—z)$exp(—T).

Hence, )

(z—z-a)y
and so

B (2) (z-z-a)? (z-z-a)?
f(2)=G2)p(2) < o0 exp (_T) <2(zv1l)exp (_T)
where we used the fact that
P2 oy
1-®(2)

For any y € R and ¢ > 0, we thus have that
y+t
IP(IZ—yISt):f f(2)dz=<2t max [f(z)<4t(z+a+1)
y—t y—t<z=y+t

and hence,
4 1 1
|P’(lmaij—xISes)s—E(|x|(——:
J (% g o

+a+1).

We only need to show that the right hand side has the required logarithmic bound.

In what follows, recall that a < \/2logd. If 0 =0 = 0 then we have from (53) that

4e(a+1

P(lmaxX;—-x|<¢) < M
J

and we are done.
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Now suppose that g < 0. Fist suppose that 0 < € < g. We consider two sub-cases. First

suppose that
x| <€ +E(a +1 /210g(g/8)) .

Inserting this into (53) and using € < g we have

4¢ o
P Xi—x|<e)<s—|(o/ ——=11]4/21 2—-o0loc
(Imjax j—x|<ée)= ” ((0 Q)OH(Q )\/ og(oe) + 2‘7)

which has the required form. The second sub-case is

lx| > €+E(a + 4 /21og(g/€)).

ElmaxX;]=E
J

Now

<ao.

X;
max —-o;
J Uj

So,

P(lmaxX;—x|<e)<P(maxX;=|x|—¢) < [P’(maxX- >o0a+0,/2lo (0'/8)))
i J i 8

€
<P X;=2E Xl+0,/21 /e)| < —
(mJax F [mJax jl+c og(a, 8)) o

where we used the fact (concentration of measure for maxima of Gaussians) that

2
P (maij = E[max X ]+ r) < exp (_rTz) .
J J 20

Similar bounds hold, with different constants, when € > g. Combining these cases completes
the proof. [1.

An immediate consequence of the result is that the perimeter of a rectangle gets small
probability.

Corollary 16 Assume the conditions of Theorem 15. Then
sup‘[P(maij <t+e¢)-P(maxX; < t)’ < Cey/1Vlog(d/e)
t J J

and
sup‘lP(maxIle <t+e¢)-P(max|X;| < t)’ < Cey/1vVvlog(d/e).
¢ J J

Some Geometric Intuition. Figure 1 gives some geometric intuition about Gaussian anti-
concentration. The left plot shows a rectangle and a contour of a Gaussian with no correla-
tion. The rectangle is distorted to show that, in high dimensions, the corners are far from
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Figure 1: A geometric view of Gaussian anti-concentration. Left: A rectangle and a contour
of a Gaussian with no correlation. The rectangle is distorted to show that, in high dimen-
sions, the corners are far from the origin. The Gaussian cuts through the rectangle in a very
small region. Right: Gaussian with high correlation. In this case, we are in the tail of the
Gaussian.

the origin. The Gaussian cuts through the rectangle in a very small region which is why we
get anti-concentration. The right plot shows a Gaussian with high correlation. In this case,
the Gaussian cuts through the rectangle in a more substantial way. However, in this case,
we are in the tail of the Gaussian so again the probability near the rectangle is small.

17 Gaussian Comparison

Before getting to the bootstrap, we need one more results from CCK. This result compares
the distribution of two different Gaussian distributions.

Theorem 17 Let X = (X1,..., X)) ~N@©O,ZX)and Y =(Y1,...,Y7)T ~N(0,ZY). Define

_ X Y
A= 12-1,2,§d'21k ijl.
Suppose that min; Z}fj > 0. Then
sup|P(max X; < x) - P(maxY; < x)| < CAY3(1 vlog(d/A)?? (54)
x J J

where C depends on min; Z}fj and max; Zf]

Proof Outline. The proof follows the same strategy as the proof of Theorem 14. First we
approximate the indicator function and the max function by a smooth function m. Then we
use the Slepian interpolation to bound E[m(X)]—E[m(Y)]. Bounding this difference is easier
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since both distributions are Gaussian. Thus m’ can be evaluated explicitly. Applying Stein’s
identity leads to a simple expression for m' that can be bounded in terms of the variances.
The smoothing in this case only requires a function that has two continuous derivatives.
This is what gives rise to the power 1/3. The error introduced by the smoothing is bounded
by Gaussian anti-concentration. []

18 The Bootstrap

The validity of the bootstrap is proved in Section 3 of CCK1 and in Appendix H of the same
paper. I'll present a simpler, albeit less rigorous, result here.

Let X4,...,X, ~ P. Let P, be the empirical distribution and let XJ,...,X* ~ P,,.

n

Theorem 18 Under appropriate conditions we have,

logd) (55)

P(ValIX —Xlloo <2 |Xl,...,Xn)—P(\/ﬁnf—unmsz)\ =Op (W

sup
z
where X = %ZiXi*.
Proof. Let = = Var(X;) and let £ denote the sample covariance. For simplicity, assume that
p=1(0,...,00T. Let

F(2)=P(VnllX - pilloo =< 2)
F@) =P(allX ~Xllw=<z | X1,...,X5).

Let Y ~N(0,%) and Y ~ N(0,3) where we treat £ as fixed. Then

sup|F(z)-F(z)| < I+ 11 +]1II
z

where
I=sup|F(z)—P(||Y|ls < 2)|
I1 = sup |P(||Y |loo < 2) = P(|Y ||oo < 2)|
¥4

11 = sup |F(2) = P(|Y || < 2)I.

By Theorem 14,

(log(dn))7)1/8

IsMé/“(
n
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Another application of Theorem 14 yields

1/8

7
111 5A’Ijl/4(—(1°g(dn)) )

n

where M, 4 refers to the empirical version of M ;. Assuming suitable moments conditions, we
have My <M ;(1+o0p(1)) and so

7, 1/8
III=0p (Mcli/4 (M) )

n
To bound II, apply Theorem 17. Then
IT < CAY3(1 v log(d/A))*3

where

A= max |Z;p-2l.

1sj,k,sd| Jk Jk'
Again, assuming suitable moments conditions, we can apply concentration of measure and
the union bound to conclude that
logd
A=0p ( g ) .
n

logd V8 _ logd
= pl8

Hence,

IISC(

n
and the result follows. [J

Since the limiting distribution is continuous we get the follow corollary.

Corollary 19 Let
Zg = inf{z P(VaIX ~Xllo>2 | X1,...,Xn) < a}.

Let 7
R = . )_(— OO__(X}
n {u Il ul Tn

Then

d
[P’(,uERn):l—a—O(IOg )

18
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19 Functional Version

CCK4 has an extension to empirical processes. Let
1 n
an = ; Z(f(Xz)_[E[f(Xl)]), f Egn
=1

be an empirical process over the class of functions %,,. Intuitively, we can get similar results
by approximating & with a finite cover and the adapting the previous results.

Let Z, = supfeg, Guf and let Z = sups. g, Gf where G is a centered Gaussian process with
covariance Cov(f(X;),g(X;)). Let F be a measurable envelope for & and assume that
IFllpq = [IF(x)|9dP(x) < co. Let x = (E[If(X)IPDV3, let N(Z,e) be the covering number

under the metric \/ [|f — g|2dP and let H,(c) = log(N(Z ,el|F||p2) v n).

Theorem 20 (CCK4) There are constants K and C such that, forall0<e<land 0<y<]1,

Then A
[P’(IZn _7] >KAn(e,y)) < y(1+8,(e,y) + —2
n
where
An(e,y) = pe)+y VellF|Ipo+n Y2y V9 M|, +n Y2y ~29) M)y
+n Yy VG, 2.2 1H (6) + 0~ Oy Ok e)
and

1
Snle,y) = JEFMPIFE /x> ey~ n' Hyle) )]

This is not easy to parse. Let us look at an example. Let pj be the kernel density estimator
with bandwidth A and let p;, be the mean of pj. Let

Z, =sup V nhd(py(x) — pp(x))

and let Z, be the corresponding supremum for the Gaussian approximation. The theorem
then gives

~ logn
|Zn—zn|=op( & )

(nhd)l/G

More on density estimation in the next section.
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20 The Bootstrap For Density Estimators

Let &, be a class of functions and consider the empirical process {Gn( :fe gn} where

1 n
Gu(f)=—= ) (FX)-E[fX)D).
f \/ﬁi:Zl f f

The results can be extended to such an empirical process by forming a finite covering of %,
and applying the previous results. The details are non-trivial; see CCK3 and CCK4. An
important application is for constructing confidence bands in density estimation.

Let X1,...,X, ~ P where P has density p. Consider the usual kernel estimator

1a 1 (=Xl
ph<x>_ni:zlhdz<(—h )
Let pj(x) =E[pr(x)] and define
[0(x), u(x)] = | pr(x) — ——, Pnlx)+ Za
! P P nd

where Z, is the bootstrap quantile defined by

P(Vnh?115}@) ~ Billoo > Za

Xl,...,Xn) =da.

Theorem 21 We have

uw(e(x)Sph(x)s(x) forallx)zl—a—O( logn )

(nhd)l/s

Actually, the result as I have stated it does not appear explicitly in CCK3. They use a
studentized version of the process and they use a multiplier bootstrap instead of the usual

bootstrap. Nonetheless, the version I have stated above appears to follow essentially from
Theorem 3.1 of CCK3.

Direct Coupling. There is another way to get a bound for the bootstrap for density estima-
tion: one creates a coupling between the data and the bootstrap sample. Neumann (1998)
does this as follows. First, he couples the data (X1,...,X},) to the output (X4,...,X,) of a
smoothed bootstrap. Then he couples (X1,...,X,) to the bootstrap output (X7,...,X ).

Draw Xj,...,X, from a kernel density estimate p ¢ with bandwidth g. Let 7 = [(p(x) A
Dg(x))dx. Draw B ~ Bernoulli(n). If B = 1, draw X; from the density

P(x) A pglx)
T
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and set X; = X;. If B=0, draw X; from the density

p(x) = (p(x) A pg(x))
1-n

and independently draw X; from the density

Dg(x) = (p(x) A pg(x))
1-7 '

Then X4,...,X,, are iid from p and Xl,...,X’n are iid from pg. Furthermore, P(X; :X'i) =7.
Now construct p, from (Xy,...,X,). By dividing the space into small cubes and bounding
the difference over the cubes, Neumann proves that,

1 1
sup| (51 () ~ ELpA(0)) — (B (x) — ELF, (@)D = Op J:ig (g2+ ;’;’: ) . (56)

For the regular bootstrap, we do not directly couple X to X;; this won’t work since the
distribution of X * is discrete and has no density. Instead we couple X to X;. Indeed, we
can think of X ;as X l* plus noise. Hence, we have the coupling 11X —X l* ll<vd g. This yields,
with p; now denoting the estimator based on the usual bootstrap,

~ . b A logn (g logn
—E - —E =0 = . 57
sup (Dr(x) —E[pr(x)D) — (B, (x) [ph(x)])‘ P J i (h + ngd ) (57
Choosing g = (h%/n)V2+d) it appears that
. - . . logn | 2554
sup|(pr(x) — E[pr(x)]) — (P}, (x) — [E[ph(x)])‘ =O0p ( T ) (58)
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