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Exact Consumer’s Surplus and Deadweight Loss

By JERRY A. Hausman™

Consumet’s surplus is a widely used tool
in applied welfare economics. Both economic
theorists and cost benefit analysis often use
consumer’s surplus despite its somewhat du-
bious reputation. The basic idea is to evaluate
the value to a consumer or his “willingness
to pay” for a change in price of a good from
say price p© to price p'. Because price changes
affect consumer welfare, an evaluation of
this effect is often a key input to public
policy decisions. Yet consumer’s surplus is
probably the most controversial of widely
used economic concepts. Both Paul Samuel-
scn and Ian Little conclude that the econom-
ics profession would be better off without it.

[t is my feeling of the situation that sub-
stantial agreement exists on the correct
quantities to be measured: the amount the
consumer would pay or would need to be
paid to be just as well off after the price
change as he was before the price change.
The quantities correspond to John Hicks'
compensating variation measures. An alter-
native measure which takes ex post price
change utility as the basis of comparison is
Hicks’ equivalent variation.! The controversy
arises in the measurement of these quantities.
The usual measurement procedure is to use
the area to the left of the Marshallian
(market) demand curve between two price
levels. Jules Dupuit originated this measure
of welfare change, and Alfred Marshall and
Hicks derived appropriate conditions for its
use. The primary condition for the area to
the left of the demand curve to correspond

*Professor of econamics, Massachusetts Institute
af Technology, and research associate, National Bureau
of Economic Research. I would like to thank Peter
Diamond, Erwin Diewert, Daniel McFadden, Robert
Merton, Rohert Solow, Hal Varian, Joel Yellin, and the
referces for help and comments. Research support from
the National Science Foundation is acknowledged.

'The reason that we still have two, rather than one,
of Samuelson’s six measures of consumer's surplus arises
from an index number problem of the correct basis for
the welfare comparison. I will give both measures but
plan to concentrate on the compensating variation.
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to the compensating variation is to have con-
stant marginal utility of income. Marshall
gave this condition, and if it holds, the same
quantity will be derived as the area to the
left of the compensated (Hicksian) demand
curve. This area to the left of the com-
pensated demand curve is exactly what the
compensating variation and equivalent vana-
tion measure. Thus the constant marginal
utility of income 1s a sufficient condition for
Marshallian consumer’s surplus to be equal
to Hicks' consumer’s surplus. In this case
Arnold Harberger's plea to use the welfare
triangle as one-half times the product of the
price change times the quantity change to
measure deadweight loss corresponds to the
correct theoretical amount of welfare change.

In a recent paper, Robert Willig derives
bounds for the percentage difference be-
tween the correct measure of either the com-
pensating or equivalent variation and the
Marshallian measure derived form the market
demand curve. His bounds, which depend on
the income elasticity of demand for the single
good in the region of price change being
considered as well as the proportion of the
consumet’s income spent on the good, dem-
onstrate that the Marshallian consumer’s
surplus is often a good approximation to
Hicks' consumer’s surplus. The fact that the
proportion of the censumer’s income spent
matters as well as the income elasticity was
first pointed out by Harold Hotelling. Willig
contends that the approximation error will
be less than the errors involved 1n estimating
the demand curve. Thus he hopes to remove
the need for apology that applied econormuists
often need to give to theorists who remark
on the inappropriateness of using Marshall-
ian consumer's surplus to measure welfare
change.

However, in this paper [ show that for the
case primarily considered by Willig of a single
price change, which is also the situation in
which consumer's surplus s often used n
applied work, no approximation is necessary.
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From an estimate of the demand curve, we
can derive a measure of the exact consumer’s
surplus, whether it is the compensating varia-
tion, equivalent variation, or some measure
of utility change. No approximation is in-
volved. While this result has been known for
a long time by economic theorists, applied
economists have only a limited awareness of
its application. Furthermore, for the majority
of cases the calculations are simple enough
for a hand calculator. It seems preferable to
remove completely any approximation argu-
ment from so important a matter as con-
sumer’s surplus. Also, my exact formulae
allow calculation of the precision of our
estimated consumer’s surplus in terms of a
standard error of estimation. Since unknown
parametess for the demand curve will usually
be estimated by econometric procedures,
standard error formulae allow construction
of confidence regions for the estimated com-
pensated variation. These confidence regions
might well be an important input to policy
decisions. In most empirical applications we
would like to account for the error in esti-
mating the demand curve rather than includ-
ing it in the approximation error as Willig
implicitly does. Lastly, for some important
uses of consumer’s surplus, Willig’s ap-
proximation argument is not useful. For in-
stance, in assessing the welfare loss from
taxation of labor income or capital income
the proportion of total income can become
so large that the Marshallian measure could
differ markedly form the Hicks' measure of
compensating variation or equivalent varia-
tion.?

However, a more important shortcoming
of the use of the Marshallian measure (and
Willig's approximation argument) arises in
measuring deadweight loss. Here we are nat
interested in the complete compensating
variation, which is a trapezoid to the left of
the appropriate demand curve, but rather the
triangle which corresponds to the excess of
the compensating variation over the tax reve-

2For recent uses of consumer's surplus in these situa-
tions, see Michael Boskin and Martin Feldstein. Many
important applications in public finance have the fea-
ture that a large proportion of an individual's income 1s
involved.
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nue collected from an individual. This trian-
gle corresponds to the welfare measure that
Harberger has used in his many studies of
the effect of taxation on the U.S. economy.
Even in cases where Willig's approximations
hold for the complete compensating varia-
tion, the Marshallian deadweight loss can be
a very poor approximation for the theoreti-
cally correct Hicksian measure of deadweight
loss based on the compensated demand curve.
Thus the Marshallian measure of deadweight
loss is not accurate for the important mea-
surements often undertaken in applied
welfare economics and public finance stud-
ies. But, again, given an estimate of the un-
compensated demand curve we can derive

- the exact measure of deadweight loss. As the

example in the concluding section of the
paper shows, the traditional measurement of
the welfare triangle can lead to badly biased
estimates of the true deadweight loss even
when the conditions for Willig's approxima-
tion argument hold true for measurement of
consumer’s surplus.

The basic idea used in deriving the exact
measure of consumer’s surplus is to use the
observed market demand curve to derive the
unobserved compensated demand curve. [t is
this latter demand curve which leads to the
compensating variation and equivalent varia-
tion.* In the two-good case using modern
duality theory, 1 begin with the market de-
mand curve and derive the corresponding
indirect utility function. These two functions
permit exact calculation of the compensat-
ing wvariation, equivalent variation and
deadweight loss. In the many-good case when
a single price changes, I derive the “quas1”
indirect utility function and the “quasi” ex-
peaditure function. I denote the appropriate
functions as quasi since they do not corre-

IHal Varian derives the compensaling variation as
the area under the Hicksian compensated demand curve.
He then remarks that “unfortunately, since the Hicksian
demand curves are unobservable these expressions do
not appear to be useful” (p. 210). Herbert Mohring
considers the properties of different welfare measures
and uses a technique similar to mine to derve the
compensating variation for the Cobb-Douglas case.
G. W. McKenzie and [. F. Pearce and ¥. Q. Vartia use
sormewhat similar approaches but use different methods
of analysis.
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spond exactly to the individual's indirect
utility function and expenditure function. To
derive these functions, one would require
estimates of the complete system of demand
equaticns. The complete demand system
usually cannot be estimated due to lack of
data. Instead, I use Hicks’ aggregation theo-
rem to demonstrate that the quasi functions
which correspond to the assumption of a
twa-good world would give exactly the same
measure of consumer’s sueplus as the actual
functions for a single price change. Thus, the
estimates of the uncompensated demand
curve are all that is required to produce
estimates which cotrespond to the correct
theoretical magnitude.

My approach differs from much recent
work in that [ begin with the observed market
demand curve and then derive the unob-
served indirect utility function and expendi-
ture function. The more common approach
is to start from a specification of the utility
function, for example, Stone-Geary or trans-
log, and then estimate the unknown param-
eters from the derived market demand
functions. The method used here seems
preferable on two grounds. First, the only
observable data are the market demand data
$0 good econometric practice would indicate
finding a function that fits the data well.
Thus, different specifications of the demand
curve, not the utility function, would be fit
with the best-fitting demand equation chosen
to base the applied welfare analysis on. Sec-
ond, specifications such as the translog func-
ticns force all the demand curves to have the
same functional form which are often dif-
ficult to fit econometrically. Since here [
consider only partial-equilibrium welfare
analysis, I need only estimate a single de-
mand function. Again, alternative specifica-
tions of the demand curve allow considera-
tion of the robustness of the results to the
chosen specification. The demand curve ap-
proach offers considerably more flexibility
than does the utility function approach in
obtaining good econemetric results given the
available market data.

In the next section, I derive the indirect
utility function and expenditure function for
the two-good case. [t 15 shown how the use of
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these functions leads to correct measure of
the compensating variation and equivalent
variation. Section II then extends the analy-
sis to the many-good case when only one
price changes. There [ show that the two-good
analysis can be applied with only slight mod-
ifications. The functions for the case of a
general quadratic demand curve are also de-
rived. Lastly, in Section III, T provide an
example of labor supply where the Marshal-
lian approximation is inaccurate for the true
compensating variation. I also provide an
example of the calculation of deadweight
loss to demonstrate that even when the
Marshallian measure of the compensat-
ing variation is reasonably accurate, the
Marshallian measure of deadweight loss can
be incorrect by a relatively large amount.
Section [V provides a brief conclusion to the

paper.

I. The Campensating Variation and
Equivalent Variation in the Two-Good Case

The basic tools which I will use in the
analysis emerge from the dual approach to
consumer behavior. The conventional treat-
ment of consumer behavior considers the
maximization of a strictly quasi-concave util-
ity function defined over n goods, x=
(xy.-., X,), subject to a budget constraint.

(1) maxu{x) subject to D, p,x,=p-x<y

i=1

where p, are prices and y is (nonlabor) in-
come.* The dual approach to the problem is
to consider the associated minimization
problem which defines the expenditure func-
tion

(2) e(p,id)=minp-x subject to u{x)=i

The expenditure function was introduced into
the literature by Lionel McKenzie; for recent

4Local nonsatiation will be assumed throughout the
analysis so that the budget constraint will hold as an
equality.
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analysis and applications see Leo Hurwicz
and Hirofumi Uzawa and Peter Diamond
and Daniel McFadden. Charles Blackorby
and W. Erwin Diewert have recently studied
local properties of the expenditure function,
The important property of the expenditure
function which we will find extremely useful
is that the partial derivative with respect to
the jth price gives the Hicksian compensated
demand curves.’

These unobservable Hicksian demand curves
should be distinguished from the observable
market uncompensated demand curves
x(p, ¥} At an optimum solution to equa-
tions (1) and (2) the demands coincide at
maximum utility u*, 2( p, u*)=x( p, »).

The other function we will use which con-
nects the utility function of equation (1) and
the expenditure function of equation (2} is
the indirect utility function which is the solu-
tion to the maximization problem

(4)  o(p, y)=max [u(x): p-x<y)

Properties of the indirect utility function are
derived in Diewert. An important property
of the indirect utility function which we will
use is René Roy’s identity which vields the
observed market demand curves as partial
derivatives of v( p, p).

®)
xj(ps _V): _ae(PaJ’)/aP:/a”(P: y)/ay

It is the difference between equation (3) for
the compensated demand curve and equation
(5} for the uncompensated demand curve
that induces the difference between Marshal-
lian consumer’s surplus and exact Hicks’

$The other useful property of the expenditure func-
tion which will be utilized in subsequent analysis is that
the second derivatives of the expenditure function
yield the elements of the Slutsky matdx S, =
dle(p.i)/Apdp, =3k (p. &)/ 3p,.
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consumer’s surplus when a price change oc-
curs. Since the indirect utility function of
equation (4) is monotonically increasing in
income while the expenditure function of
equation (2) is monotonically increasing in
utility, either function can be inverted to
derive the other corresponding function.

Let us now consider a change in the price
vector from p° to p' and formally define the
exact measures of consumer’s surplus, the
compensating variation, and equivalent vari-
ation, using the expenditure function.® Hold-
ing nonlabor income constant at y°, the com-
pensating variation CV (p% p', %) is the
minimum quantity required to keep the con-
sumer as well off as he was in the initial state
characterized by ( p°, y°) as he is in the new
state ( p', y° +C¥). In terms of the expendi-
ture function

(6) cv(p® p'.y°)=e(p' u®)—e(p° u®)

—e(p'a) =’

where «® =v(p? y%) from the indirect util-
ity function. Equivalently the compensating
variation can be defined through the indirect
utility function as o(p', y° +CV)=
o( p% »°). An alternative measure of welfare
change is the equivalent variation, EV( p°,
p', ¥?), which uses utility after the price
change as the basis of comparison:’

(7) EV(pS, p',y0)=e(p', u')—e(p° u")

Using either the compensating variation or
equivalent variation, it can be shown that the
area under the compensated Hicksian de-
mand curve corresponds to consumet’s
surplus.

*Willig and Avinash Dixit and P. A. Weller do a
similar derivation.

"The compensating variation and equivalent varia-
tion always have the same sign because of the monoton-
leity of e p, 1) in prices 50 long as the net demands do
not change sign. Except for the single price change case,
no inequality relationship holds in general,
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Let us consider the case when only the
first price changes from p? to p! with all
ather prices held constant. Equation (3) gives
the compensated demand curve, and in-
tegrating it between the two price levels gives

(8) CV(p% p', y°)=e(p' u®)—e(p°,u®)

14
“fplh (Pa dpl f;}l %)—dpl

The equivalent variation is derived in an
identical manner where u? is replaced by u'.*
Let us now compare this measure of
welfare change with the traditional measure
of Marshallian consumer’s surplus as the area
under the uncompensated demand curve of
equation (5).7 The integral has the form

A(p% 9 %)= [Px,(p, ¥ )dp,
i

_— 2 90(p, ¥° /ap;d
» do(p, p°)/dy

This integral i general differs from the in-
tegral for the compensating variation in
equation (8). To keep the individual on the
same indifference curve, y° which enters both
the numerator and denominator of equation
(9) must be constantly adjusted along the
path of the price change. Since y? is kept
constant, this produces the difference be-
tween the uncompensated market demand
curve with its Marshallian measure of con-
sumer’s surplus and the compensated de-
mand curve with its measure of the com-
pensating variation.

It is the supposed constancy or near con-
stancy of the marginal utility of income which
has often served as a basis for using Marshal-

fAn alternative but equivalent method of interpreting
our procedure ig to use equation (3) to write de/ip =
A (p i)=x{p,e(p, u)). In principle this 1mphc1t
equatlcm carl always be numerically integeated from P
ta p' to find the exact compensating variation. Vartia
gives a computer atgorithm for the numerical integration
method. My technique ta find closed-form solutions
nses Roy's identity ta derive a differential eqnation
which ean be explicitly solved in many cases.

9Varian (pp. 209 £} does a similar analysis
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lian consumer’s surplus as a measure of
welfare change. However, equations (6) and
(9) 1n general do not give the same measure.
The difference between the compensated
Hicksian demand curve which forms the ba-
sis for equation (6) and the uncompensated
Marshallian demand curve which forms the
basis for equation (9) follows from Slutsky’s
equation

(10)

ah(p,u®) _
ap ap,

ax,(p,yo)
dy

ax(p,y°)

A sufficient condition for cquation (10) to
g[ual zero is that both 3%v( p, y®) /dydp and
u( p, ¥*) /8y? equal zero. These conditions
correspond to the case of constant marginal
utility of income. For the case of a normal
good, the compensated demand curve has
steeper slope than the market demand curve
so Figure | demonstrates the inequalities for
a smglc price change EW p° p', y%)<
A(p% Pl yHy<sCW( p° p!, y°), an 1nequahty
found m Willig. His paper shows that even
when the marginal utility of income is not
constant that the percentage difference,
(CV—A}/A, is not large under certain con-
ditions.

Let us now turn to the empirical applica-
tion of consumer’s surplus. It turns out that
for many applications no approximation is
needed since equation (6} or {7} can be com-
puted exactly. I begin with the simglest case,
two goods only with prices p® =( p*, 1). Thus
I use the second good as numeraire and
consider a price change to p). Both the price
of the first good and income are normalized
with respect to the price of the second good,
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which does not change. While this case is
very simple, it is not totally unrealistic. It 1s
often used in empirical analysis, especially
when a separability assumption between the
good whose price changes and the othex
goods is appropriate. A very general treat-
ment of separability is contained in Black-
orby, Primont, and Russell, but for use
herein, a simple interpretation of separabil-
ity which allows us to write the utility func-
tion of equation (1) as u(x,...,x,)=
u(x,, g(xy,..., x,)} is adequate. The ap-
propriate price index which corresponds to
the structure of u(-) provides the numeraire
good. Separability of the indirect utility
function is defined in an analogous manner,
o py. k(py,..., p,) Where k(-) provides the
price index. In general separability of u(-)
does not imply separability of v(-) or vice
versa.

Separability utility functions justify speci-
fication and estimation of demand curves
that have only a single price in them. An
important example often used in empirical
studies is the linear labor supply relationship
(11} x,=aw +8y tzyte; j=L....J
estimated over a sample of J individuals
where w;, is the commodity price deflated (net
after tax) wage, y, is the commodity price
deflated nonlabor income, Z; is a vector of
socioeconomic characteristics, and &; is a sto-
chastic disturbance. Numerous other com-
modity demand equations are specified in
this form where the wage is replaced by the
price of the commodity.

To derive the exact compensating varia-
tion is straightforward and provides an exact
welfare measure. The basic idea is to take the
observed market demand curve and to use
Roy’s identity from equation (5} to integrate
and derive the indirect utility function.'® In-
version of the indirect utility gives the ex-
penditure function which allows calculation
of the compensating variation. Equivalently,
using equation (3) we can derive the unob-
servable compensated demand curve.

19This technique has been used in estimating demand
with nonlinear budget constraints by Gary Burtless and
myself, and in my earlier article.
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And equation (8) shows that the area under
the compensated demand curve yields the
exact consumer’s surplus.

In principle we can always perform this
integration for a well-specified demand func-
tion. This statement 15 the essence of the
famous integrability problem in consumer
demand.'' So long as the derivatives of the
compensated demand functions satisfy the
properties of symmetry and negative semi-
definiteness of the Slutsky matrix and the
adding-up condition, the indirect utility
function can he recovered by integration.'
In practice, many commonly used demand
functions in empirical work yield explicit
solutions so that exact welfare analysis is
easily done.

Returning to the two-good example, con-
sider the nonstochastic demand function
(where both p, and y are deflated by the
price of the other good, p, ):"?

(12) x,=ap, +éy+zy

=—dv0{p,, »)/0p/30(p\, ¥) /3y

I solve this linear partial differential equa-
tion by applying the method of characteristic
curves which assures a unique solution, given
an initial condition.'* To make welfare com-
parisons we will want to be on a given indif-
ference curve. As the price changes I will use
the equation o( p (1), y(f))=u, for some u,;
for example, initial utility in the compensat-

VGee Samuelson and Hurwicz and Uzawa.

210 addition a regularity condition is needed A
Lipschitz-type condition is given by Hurwicz and Uzawa.
A stronger sufficient condition that often holds is for
the demand function to be continuously differentiable.

131t has been pointed out to me by Diewert that this
demand specification cotresponds to a flexible fune-
danal form for the underlying preferences as discussed
in Blackorby and Diewert. Basically, three independent
parameters are needed for the demand function in the
two-good case, which equation (12) has, so that the
value of demand, the uncompensated price derivative,
and the income derivative can attain arbitrary values

l4Gee Fritz John or Richard Courant and David
Hilbert. Given that along an initial curve (here an
indifference curve), the initial values are continuously
differentiable then a unique solution to the partial dif-
ferential equation exists.
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ing variation case. Along a path of price
change to stay on the indifference curve, we
have

do{p(1), p(t)}) dp (1)

(13)

ap,(r) d
. do(p (1), (1)) dy(r) _
dy(r) dt

Then, using the implicit function theorem
and Roy's identity from equation (12),

dy(p))
(14) —-Hp——apl-l-ay—f-zy

I have now expressed y as a function of p,
and can solve the ordinary differential equa-
tion (14) to find

l o
(15} y(p)=ce’® —:s-(apl + E——f-zy)

where ¢, the constant of integration, depends
on the initial utility level u,. In fact, I simply
choose ¢=u, as our cardinal utility index.
Therefore, solving equation (15}, we find the
indirect utility function'

(16)
_ 1 o
v(p, y)=c=e M‘[J’*g(ﬂfp{‘*'g"'ﬂ’ }]

Then the corresponding expenditure func-
tion (again normalized by the price of the
second good) follows simply from equation
(16) by interchanging the utility level with
the income variable

4

_ |
(17) e(p,,u)zeap‘u—g(o:p,+a—f-zy)

It is important to note that this procedure
yields a focal solwtion to the differential equa-
tion over some domain in price space. It is

'*Any monatenic transformation of this equation will
of course satisly the differential equation since ordinal
utility is determined only up to a monotonic transforma-
tion. The only change would be in ¢, the constant of
integration.
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not always the case that there exists a global
solution to equation (12) which satisfies the
integrability conditions. However, we need
only a local solution to make the welfare
calculations that we are interested in. That is,
we only want to compute a welfare measure
at two price points, sat p} and p|, which
equations (16} and {17} permit us to do.

"We now have a solution to Roy’s identity,
but we need to check whether we have a
valid indirect utility function which arises
from consumer maximization.'® The indirect
utility function of equation (16) is continu-
ous and homogeneous of degree zero in prices
and income by my normalization condition
using p, as numeraire. It is also decreasing in
prices if «<0 and increasing in income if
§20. The other condition o p,, y) must
satisfy is quasi concavity which is equivalent
to the Slutsky condition

ahl(plaﬁ)
18) sy =—5—
(18) sy=—tt
=a+8(ap, +8y+zy)<0
where the compensated demand curve

k\(p,, ) follows from the expenditure func-
tion of equation (17} by differentiation with
respect to p,. So long as the sign conditions
are satisfied by the demand function we can
calculate exact consumer’s surplus and
deadweight loss using the expenditure func-
tion of equation (17) and indirect utility
function of equation {16).

To compute the compensating variation
we use equation {17) and equation {6) to find

(19) cv(pl, P\ 30)
:eswtv?}[yo + % (ZWL % +ap? )]
1
e oo
1 -
:EeS(p. p?){x?(p?')ﬂo)‘f‘ %]

—5 K0+ 5]

'“Diewert discnsses the appropriate conditions.
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This expression for the compensating varia-
tion, while certainly more complicated than
the Marshallian triangle formula, is still
straightforward to calculate. The correspond-
ing equivalent variation would be calculated
from equation (7). Furthermore, since the
parameters for equation (17) are presumably
estimated by econometric methods, well-
known methods allow calculation of the large
sample standard error for the compensating
vagriation in equation {19) (for example, see
Rao, p. 323). Note, also that the compensat-
ing variation now varies across individuals
by their sociceconomic characteristics and
their income levels while the corresponding
Marshallian expressions neglects these fac-
tors in its approximation. Use of the com-
pensating variation or equivalent varjation
ends all arguments about the appropriate-
ness of the Marshallian approximation since
they give the exact measure of welfare change.

Another commonly used demand curve
specification in the two-good case is the con-
stant elasticity specification!’

(20) x,=e"psy’

=—do(p,,y)/8p /3o(p, y}/3y
81

which is often estimated in /og-linear form as
logx,, =z y+alogp t8logy t+e, for j=
1,...,4."¥ To find the indirect ufility func-
tion we use the technique of separation of
variables and integrate to find

pita  y?
=p= —pft. = P
(21) U(pl‘!y) 4 € 1+ﬂ‘.’ +1_8

where ¢, the constant of integration, has again
been set at the initial utility level. The Slut-
sky condition is 5, =x{e/p, +8x /). The
expenditure function (again normalized by

Again this demand curve provides a fexible func-
tionat form for the underlying preferences.

BWillig considers a constant income elasticity de-
mand specification in deriving his approximations. For
&=1 the indirect utility function has the same form as
equation (19) except that the last term is replaced by
fog y.
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py}is
(22)
plra yjisi-s
TR = — T 2yl L
e(pi) [(1 8](u+e o )]

so that the compensating variation for a
change in price from p{ to p! is the quantity
e*

1+a
1/1—&

(pll 1+a__pr|}1+a)l+y0(|—a)] —p0

:{ (1-8)

(1+a)y03

(23) (b, i) = {1-0)]

[ it Pl »?)

1/1-8
~pix0(pt, )] +y°““”} -

Again an exact formula for the compensating
variation is derived for which a standard
error could be straightforwardly calenlated
given a covariance matrix for the estimated
parameters. No approximation argument is
required in using the compensating variation
as a measure of welfare change. It 1s interest-
ing to note that while the denominator of
equation {9} is constant for the demand
specification of equation {20) so that in this
case the Marshallian area also gives an exact
measure of welfare change, it is not equal to
either the compensating variation or the
equivalent variation. The income effect from
equation (10) is not zero so that the com-
pensated demand derivative and uncom-
pensated demand derivative differ by a posi-
tive amount. Thus, use of the Marshallian
measure still involves an error of approxima-
tion if either the compensating variation or
the equivalent variation are the desired mea-
sure.

II. The Many-Goad Case and More General
Demand Specifications

The welfare measures developed at the
beginning of Section 1 were all fully general
in the sense that they considered n different
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goods and allowed all » prices te change. In
particular, the compensating variation of
equation {6) and the equivalent variation of
equation (7) used the expenditure function
whose arguments are the complete price vec-
tor and the appropriate utility level. In this
section I generalize the methods of calculat-
ing the compensating variation to the many-
good case but continue to consider only one
price change.'"” While we cannot recover the
complete expenditure function as before, we
can still recover the quasi-expenditure func-
tion whose derivative yields the appropriate
compensated demand curve. Thus again the
compensating variation and equivalent varia-
tion can be estimated exactly given informa-
tion on the market demand curve for the
good whaose price has changed.

A complete specification of a system of
demand equations would have the general
form
(24) xa‘"__x(ﬂa}’:lafgh I':l,‘.‘,N
where p is the price vector, z is a vector of
socioeconomic characteristics, and €, is a sto-
chastic disturbance. So long as the estimated
coefficients of the demand system have the
property that the Slutsky matrix is symmet-
ric and negative semidefinite and that the
function x{-} is regular in p and y, then in
principle the system can be integrated and
the expenditure functions derived. However,
the usual case 18 that we do not have infor-
mation on all quantity demands at the indi-
vidual level. But suppose we do have infor-
mation on demand for, say, the first good
whose price is expected to change as a result
of the public policy measure being consid-
ered. A first-order Taylor expansion of equa-
tion (24) would lead to the econometric
specification™

N 5 N a.
(25) x(p,y)=zv+ T 2+ 3 Sy
i=12 I i=2 i

'9The one-price-change situation is the case consid-
ered by Willig.

31 am indebted to Diewert for help in improving this
section of the paper from an earlier version.
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The important point te note about equa-
tion (25) is that by assumption only p, will
change due to the contemplated policy mea-
sure, while z, y, and p,,..., p, will remain
constant. Thus, all prices except the first can
be written as a scalar multiple of a price
index, p, =A,q,..., py =Ayq where A,,...,
Ay are known fixed positive constants.
We can now apply Hicks' composite com-
modity theorem.?' Rewrite equation (25) as

(26) x{pi.q.¥)

8 1y (N a; \ p,
=Y PR V=W
=zy+82 +a%

N N
where 8= 2 8 /A, and a= 2 o, /A,
=1 (=2

Since equation (26) is the same as equation
{12) except that the composite price ¢ has
replaced p,, I can repeat the analysis of the
last section with the welfare analysis based
on equations (16) and (17). Note that the
resulting functions might best be referred to
as a quasi-indirect utility function and a
quasi-expenditure function. We have not re-
covered the complete indirect utility function
or expenditure function, but the *“quasi”
functions lead to exact welfare measures
when all other prices are constant. But they
cannot be used to analyze the welfare change
when more than one price changes (except
proportionately) without further analysis.

Let us now briefly consider some exten-
sions of our techniques to more general cases.
First, we can generalize the log-linear de-
mand specification of equation (20) to the
many good consumer

o)

(27) x.(psy)ze”ﬁz(%)a

M Ear ather references and developments of this theo-
rem, see Terrance Garman and Blackorby et al. and
Diewert.
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Again, if only the first price changes, we can
obtain the quasi-expenditure function corre-
sponding to equation (22) by the application
of Hicks’ composite commodity theorem to
obtain

N al

w &
2 2

28) x(p1as :en(& ) (i )2

(28) x{(pi.g.¥) p; g

Use of the quasi-expenditure function allows

exact welfare measures to be calculated.

I now return to the two-good case to pre-
sent some generalizations of the demand
specification with the observation that they
can be expanded to the N good case by the
techniques which lead to equations {26) and
(28). Thus, I again normalize by the second
price so that p, and y are divided by p,. I
return to the linear demand specification of
equation (12) but allow the price and income
coefficients of the demand specification, as
well as the intercept, to depend on individual
socioeconomic characteristics. Let §=:z4 and
a—za which leads to the demand specifica-
tion 22

(29) x(p,,y)=zy+zdy+zap +e

Calculation of the welfare measures proceeds
in the same way except that § and a vary
across individuals. Perhaps a more important
geneyalization is to allow interactions among
the price terms to move away from the linear
demand curve specification. A demand func-
tion quadratic in prices is

(30} x,(p,, y)=zy+8y+8,p, +Bpi+e

so long as the Slutsky terms is negative we
can integrate the cosrresponding differential
equation by parts to find the indirect utility
function

(31) o(p,p)=e P y+ap +a,pt+ay]

where a, =, /8+28, /8%, a, =8, /8, and a,

2G1achastic terms can be added of the type 8=Zd+
o, which lead to a randam coefficients specification. The
resulting heteroscedasticity can be accounted for in the
estimation procedure. This type of demand function is
estimated in my article with Burtless.
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=zy/8+28, /8% With equation (31) exact
welfare analysis is again straightforward since
the expenditure function, compensating vari-
ation, and equivalent variation all follow
from equation (31).

The last and most general demand curve
that is considered is fully quadratic in both
prices and income. The demand function is

(32) x1:,80+[3‘1y+,81pl+,83y2
+ 8,01+ Bsp yte

where 8, =zy. Using'Roy’s identity we have
the nonlinear differential equation

(33) £+Qy+Ry2+S:(}

dp,

where R=—f,, O0=—(8,+8sp,) and 5=
—(Bo T8y +8,p1). It turns out that this
equation can be transformed by changes of
variables to the famous Schrodinger wave
equation of physics. I give the derivation n
the Appendix where the indirect utility func-

tion is found to have the form

(34) o(p,y)=(rW -
where h=— B,y +(Bs /2X( B, +Bsp)* and W,
and Wl, functions of the B parameters of
equation (32) and prices, which are straight-
forward to calculate. Their exact form is
given in the Appendix. Again, the expendi-
ture function and exact welfare measures
follow directly from equation (34). Thus, we
have a very general demand specification
with associated exact welfare measures. In
fact, the demand function may well provide
a third-order flexible function form in the
sense of Blackorby and Diewert.

Wll )/( Wzl _hWZ )

III. Caleulation of the Compensating Variation
and of the Deadweight Loss

In the previous section, I have given for-
mulae for calculating the exact welfare
change by deriving the unobservable com-
pensated demand curve given market infor-
mation. Here 1 consider two examples to
demonstrate use of the formulae. 1 can also
assess how accurate the Marshallian ap-
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proximations are for the exact welfare mea-
sures. The first example of labor supply
shows that the approximation may be quite
poor for goods which form a large propor-
tion of total expenditure. Since Willig showed
that the approximation might not do well in
this case, the finding is not surprising. How-
ever, the second example raises severe doubt
about the use of uncompensated market de-
mand for a commodity which is only a small
preportion of the budget when we calculate
the deadweight loss from the imposition of a
tax. Even though the conditions for an accu-
rate approximation to the compensating
variation hold, the approximation to the
deadweight loss is very inaccurate. In fact,
this finding seems to hold in general. While
the Marshallian approximation is adequate
in certain situations for the compensating
variation, it is often not accurate under
these conditions for measurement of the
deadweight loss. Since measurement of the
. deadweight loss is often the goal in applied
welfare economics, this finding strongly rec-
ommends use of the exact measure dead-
weight rather than the Marshallian ap-
proximation.

The first example used, is a linear labor
supply function of the form of equation (11).
The estimates used are taken from a study of
wives’ labor supply functions in my forth-
coming paper. The estimated values used for
the jth individual are

(35)  h,=495.1w, —.1250y, +765.1

The left-hand side variable is hours per year
of work, w, is market wage which has a mean
of $4.15 per hour, y, is after tax income of
the husband which "has a mean of $8,236,
and the constant takes account of demo-
graphic factors such as age and children.
Here 1 calculate the required com-
pensating variation after the impaosition of a
20 percent proportional tax on labor earn-
ings. Compared to a no-tax situation, the
expenditure takes the form
o @« zy

wt — —

Y=, —dme zY
(36) e(w,ii)=e g 5 YRR

Calculating «° from the corresponding indi-
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rect utility function and using it in equation
(36) leads to a required expenditure of $9485
per year. I find that the compensating varia-
tion is $2,056. Using the formula for distri-
bution of a nonlinear function, I find one
standard error for the compensating varia-
tion to be plus or minus $481. Then to find
the aggregate compensating variation for the
complete population, a sample enumeration
would be done allowing the wages, husband’s
income, and socioeconomic variables to dif-
fer across individuals.

Caleulations of the Marshallian approxi-
mation is straightforward since we use the
estimates of equation (35) and measure the
area to the left of the labor supply curve
between the initial and final net wages of
$4.15 per hour and $3.32 per hour. The
Marshallian approximation is $1,315 per year
so that the two measures differ by 44.6 per-
cent. Thus, the Marshallian measure pro-
vides 4 very poor approximation to the exact
measure of welfare change. That the
Marshallian measure provides a poor ap-
proximation in this case is in line with Wil-
lig's results since the Marshallian area is
large with respect to base income. Hence,
the Taylor approximation which provides
Willig’s bounds demonstrates that the de-
rivation between the two measures can be
substantial. It is worth emphasizing again
that the exact welfare change is easily calcu-
lated from the indirect utility function and
the expenditure function. Then no worry
about the accuracy of the approximation is
needed.

The last example I consider is the more
important one, since it involves a quite com-
mon use of consumer’s surplus in applied
welfare economics. I consider the deadweight
loss from imposition of a commadity tax.

Consider the compensated demand curve
h(p, uy) shown in Figure 2. The compensat-
ing variation is the area to the left of the
demand curve between the initial price p°
and the final, post tax, price p'. But we are
often more interested in the welfare triangle
which measures the efficiency loss from the
use of distorting taxes. This triangle corre-
sponds to the Harberger measure. Therefore,
I define the deadweight loss to be the dif-
ference of the compensating variation minus
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the tax revenue collected. The rectangle in
Figure 2 thus has only distributional conse-
quences while the triangle i1s the deadweight
burden which cannot be undone. Optimal
tax policy typically tries to minimize the sum
of the deadweight losses to achieve a second
best optimum, for example, see Diamond
and Mirrlees.

The particular example I consider is meant
to approximate the long-run demand for
gasaline, although the numbers used are hy-
pothetical. The demand function is

(37) ¢, =—1422p+.082), +4.95

Choosing income for the mean person to be
$720 per month and initial price to be $.75
per gallon, the price elasticity is .2 with an
income elasticity of 1.1. Both elasticities are
similar to elasticities which have been found
in empirical studies. Let us now consider
imposttion of a tax which raises the price of
gasoline to $1.50 per gallon. Using equation
(17) we find that the compensating variation
equals $37.17 per month. The Marshallian
approximation equals $35.99 per month, so
that the two measures differ by only 3.2
percent. Thus, the Willig results are con-
firmed since demand for gasoline 1s only a
small part of the total budget for the individ-
ual.

However, when we compare the two mea-
sures of deadweight loss we find a substan-
tia] difference. The compensated measure of
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the deadweight loss is $2.88 while the
Marshallian measure is $3.96. The two mea-
sures differ by 31.7 percent, even though the
approximation is good for the compensating
variation. Why can the approximation be so
poar for the deadweight loss? Using order
arguments somewhat loosely, the compensat-
ing variation is composed of two pieces, the
rectangle which is a first-order quantity of
demand times change in price while the
deadweight loss is a second-order quantity of
one-half the changes in demand times the
change in price. While the Marshallian ap-
proximation does reasonably well for the
first-order part of the compensating varia-
tion under certain conditions given by
Willig, its performance on the second order
part may still be quite bad.

In Figure 2 we see that both measures of
the compensating variation have rectangle A
in common, which is a large part of the
whaole. In measuring the first-order effect
they differ only by triangle D, which is small
compared to the whole. However, in measur-
ing the deadweight loss, the percentage dif-
ference will depend on the difference of area
B and triangle E compared to the area of
triangle C. Figure 2 shows that this dif-
ference can often be substantial. Thus, the
Marshallian approximation 1s not accurate
for measurement of the deadweight loss. In-
stead, the exact Hicksian measure should be
used. While the Willig results will hold for
the compensating variation, if the goal of the
calculation is deadweight loss, the Marshal-
lian approximation should not be used. In
many cases it is a very inaccurate measure of
the true deadweight loss.

IV. Conclusion

In empirical situations where a measure of
either the compensating variation, equivalent
variation, or deadweight loss is needed,
economists often work with relatively simple
demand specifications. For these types of
specifications we have developed the exact
measures of welfare change. While it has
been known that use of the compensated
demand curves lead to the appropriate
welfare measures, it has not been generally
recognized how straightforward it is to de-
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rive the compensated demand curves from
abserved market demand curves. 1 derived
methods which are easily applied to the two-
good case. These methods are then extended
to the many-good case with one price change.
The quasi-indirect utility function and ex-
penditure function provide the appropriate
compensated demand curve and thus the ap-
propriate welfare measure. While our mea-
sures tell us the appropriate compensation,
they, of course, do not necessarily give the
correct measurement of the loss in social
welfare if no compensation is paid.

Through two examples | attempt to assess
the accuracy of the Marshallian approxima-
tion. For a good which forms a small part of
the total budget, the Marshallian area is rea-
sonably accurate as proven by Willig. But if
the good forms a large part of the budget,
the approximation may be quite inaccurate
as our labor supply example shows. A more
important finding is the high level of inaccu-
racy when the deadweight loss, or welfare
triangle, is measured. For deadweight loss,
the Marshallian area can often be quite far
off even though it 1s reasonably accurate for
the compensating variation in the same
situation. The gasoline example shows that
the deadweight loss measures differ by 32
percent even though the compensating varia-
tion. measures differ by 3.2 percent. Thus, it
seems inappropriate to measure deadweight
loss by using the market demand curve. But
since the exact deadweight loss measure can
be often calculated by use of the com-
pensated demand curve, no special problem
arises. The formulae given in this paper per-
mit exact calculation of both the compensat-
ing variation and of the deadweight loss.

APPENDIX

Let us consider derivation of the indirect
utility function and expenditure function
which corresponds to the fully quadratic de-
mand curve of Section I11.3

2 Generalization to the many-good case is straight-
forward. Only a sketch of the derivation is provided
here. Further details may be obtained by writing the
author.
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The demand function that [ consider is

X, =B+ B y+Byp BB P}
+Bsp vt

where fi; = Zy. Using Roy's identity this de-
mand equation may be written as the non-
linear differential equation

y'+Qyt+ Ry +8=0

where R=—4,, 0=—(f8,+8sp,) and 5=
—{(By+ B, p +B8,p}) 1 do one change of
dependent vanable y=(1 /R)«'/u) and cne
change of independent variable r=45, +8sp,
calling the resulting function ¢(z) to find

"+ Bt +q=0

where g=fISR. Thus, I have transformed
the nonlinear equation, a Ricatti equation, to
a second-order differential equation of the
form studied by physicists. I then transform
by W=g¢ef/* to put the equation in
parabolic cylinder form W+ WA =0 where
M=§,+8t+8,1> and the §’s are easily
calculated functions of the 8%s. I have thus
transformed the original equation into the
famous Schrodinger wave equation. One last
change of independent variable x* =4(8,:+
§,¢%) and we have the final form

W+ W(8, +(x*/4))=

Define the functions W, =1-+8,(x /2)+(§(J
~{1/2)x /4‘)+ .and W, =x+8,(x*/3)
+(83 —3/2)0(x3/5)+ ..., which converge
quickly for values likely to be encountered in
economics.?* Now define v, =88, +8, 8%, v,
=8 B85 +28,8,8;, and v, =8, 5 and we have
the W, function 1n terms of prices W, =1+
230(7| Tvp +Y3Pi) + /308 ~ 1/2)(71
tyv,p t1pt) and W, =29 u(?z

27’3P|)‘+‘(1/3)(‘52 —1/Dn et 71P1)
(v, +2v;p )+ ... which again converge

M Description and analysis of the parabolic eylinder
functions is found in Milton Abramowitz and Irene
Stegumn (ch. 19). The successive coefficients of the ex-
pansion have a simple recursive formula which eages
calculation.
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quickly. The indirect utility function thus
takes the form
(5. 7) W, — W/
M B I ———
Py T,

(A1)
where h=—f,p+B.¢2/2. The expenditure
function also takes a simple form in terms of
the W functions

2
(A2) e(p0)= 15—

W[J_‘_aﬁé’
W, +aw,

Then equation (Al) is used to compute util-
ity at original prices p? and equation (A2) is
used to compute e{ p', ) so that after sub-
tracting off y, we find the compensating vari-
ation. The W functions are straightforward
to calculate and both tables and computer
routines exist ta do the calculation.

I might note that it is straightforward to
generate demand functions and correspond-
ing indirect utility functions and expenditure
functions that are closed form and contain
quadratic terms in both prices and incomes,
But I have not yet found demand functions
of this type which can be estimated using
linear regression techniques. The specifica-
tion leading to (Al) and (A2) has this ad-
vantage although specialized computer rou-
tines then become necessary to evaluate the
consumer's surplus and deadweight loss mea-
sUres.
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